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Symmetric Relations and Geometric Characterizations
about Standard Normal Distribution

o Standard Normal
by Circle and Square Distribution
Shingo NAKANISHI (Osaka Inst. of Tech., Japan) (Aspect Ratio:1.0,
Masamitsu OHNISHI (Osaka Univ., Japan) u t=1)
Please remember 4 p Random Walking
the following values. g T Good
Pearson’s finding probability point: S| . ""_ .'w%o. 612003 b (W)
A=0. 612.003. . . .. T% bty o oy W .""..“""“ " “ > U Middle
Its cumulative distribution probability: Z T Wi, ~0.612003
®(—1) =0.2702678 e O Bad
Kelley’s formulation as 27 percent rule:  u(¢t)~N(0,t)
$(A) = 2AP(—1) = 0.3308 Grouping such as
the proposal by Cox )
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Aims and Viewpoints about Our Research

1. Reasons why Pearson’s finding probability point, 0.612003,
is important.

2. Symmetric and Geometric Proposals
of Two types of Differential Equations
between Standard Normal Distribution and Inverse Mills Ratio

3. These drawing methods with Circle and Square
between Winners, L.osers, and their

Nakanishi’s Website:
http://www.oit.ac.jp/center/~nakanishi/english/
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Winners Maximal Profit are equilibrium to its Fee by a Banker at t=1 and c=1

The maximal profit
for winners is a parabola
based on the winners

probability 0.2702678 =
constantly. S
S
2%
Profit of a Winner :

Y (a,t) = max(X(a,t),0)
-------- 5
Loss of a Loser: >3

Y, (a,t) = min(X(a, t),0)

The fee at is equal to A1 ( = 0.612) times of o+/t and o = 1,

A

0<t=<st

Uy (a,t) = max E(Yy (a,t)) = Ad(—=21)Vt = 0.612003 x 0.2702678+/t

d(=1) 0.2702678

Changing the fee a under the condition
a=0.012+ 0.1k (k=0,---,20)

Dashed'CUfV'é-is a winner’s expected profit which is greater than O :

“E(Yw(@ ) = j Y (@ t) -
0

1 . (_l(yw(a,t)+at)2

X d a,t
o ,_27'[1: 2 o2t > yW( )

Number of trial: t

Integral from 0 to oo of PDF

Equilibrium formulation :

X(a,t)~N(—at,c?t)

Number of trial: t

based on ®(—1) = 0.2702678

0

a
(E) \Jt = 1 = Const.
A1 =0.612003

Ift=1

a=A
Ref. TORSJ, 55,1-26(2012) |
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Uy() = A(1 + D(-A)VE

Risk Preference
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Uy (t) = 20 (=Dt

Uy (@)

U,(a,1) /

TR
W
LNy

14+ d(=1)
1—d(=1)

Vi(a.0)

f. TORSJ, 55,1-26(2012)

0 t=1 . .
. o Ref. ORSJ(@Kansai Univ.
F| X ; Equilibrium point of
Sk e ok q mp U] ;
e‘ﬁe | Maximal loss out of ®(—1) is equal to its profit : 1 nvarss Mills satin: O(-1) =211 Sep 9 20 1 7)

7 | "+ 4=0.612003
= | 1 1 (ut 20
S ‘ Plu(r) = exp| ——
= ! N2t 2 t ¢ é 1 | B
= i -u(t) (u) = p(u(l)) = cxplf—u')
2 1 O-u() = [ Pz(t)d=(1) 2z 2 0
‘ ) If we think of a profit, then we use + Ar on the equation. O(—u) =0O(—u(l)) = Lﬂ P(z)dz
| If we think of a charge, then we use — Af on the equation. -
\ = If we do not think of them, then we remove * Ar on the equation. (As pect Ratlo .
! 1.7 p() 1 O)
! - D(-u) )
1.7 Relationship of $u)
- square and s
ﬁ normal distribution : ? w(u)
= | under 24 \ = (1)
S “ 1V S At A S Expectation of
= S <O = P
] l ’OE,ESQ _/ @ ; truncated normal
= ¢ ‘ e —— ~ %] distribution ()
5 | .9 Sl D
3 ' P i ¢ ~
= - S %y | =
== . g SN\ = S
g8 v Expectation of g v N
25 : truncated normal g € ] e
g = 7 distribution () g 2 ¥ & O -t
i g “f a - 2 LN Relationship of
e B < | &= 2 L square and
|7 S - ~_~ 7] _3 (2 5q C d F
4 2, Sr‘, 53 f;» g < e normal distribution
= ~ = % ¥ = é, :. under 24
T 1 < ‘ S P
DA B =~ : 1719 1S | = ; 0]
s &l 1 2 [E ]S = 1
= ey B X EERR CR ki V(¢ 1
g oy : e P | L i ( ) e
8 » 1 a4, ISy areL 21 L
8 & 3 PDFof 3% & %5 T PDFof
o é truncated normal distribution: 5' 5 ‘ © : I - truncated normal distribution:
H 7] b
6 e ) LIL ; S lg il LA N
w(u) ={ B(=2) s | S ¥ p )= 0-4)
A
Case: @ = 4=0.612003, v=1.0 0, (>-7) < | o L <)
_ ; : ; S i
:Kl:n It 1t0 a?d(); 13, mommane bl b = | Maximal profit out of @(-2) is equal to its charge : A
pect ratio=1. = : - Sl bt
Positive return of normalized term under maximal loss: A % r\ i ‘ﬁ
Negative return of normalized term under maximal profit: -4 0 r=1

0

-~
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Relations between Inverse Mills Ratio, Conditional Expectation,

and A = 0.612 Ref. RIMS2078-10(@Kyoto Univ. in Nov., 2017)
Ref. ORSJ(@Keio Univ. in Mar., 2016)

PDF of truncated normal distribution:

P(u)

, W<-4)
w(u)=10(-1)
Bernoulli 0, (rr—4)
differential equations v (u)
qb(u) X P(u)
gp(u) = m D(u)
Kelley’s 27 percent rule, 0 L
d (1) = 2AP(—21), shows ¥l k
the conditional expected values: | [N 4 o | -
-1
oupwdu  ¢) - - :
) = — — = — =3 ' | i - -
f_oo ¢(u) du (D( /1) gy H —— i —- ey e -
)20 | T a
A A A
Conditional expected value of w(u): 1*=0.30263084 Equilibrium point of inverse Mills ratio :
[ _ o _ p(A) _ o B
E(U|-0<U<-1)= Lﬁ wy (u)du = o 24 e 24 -4 =0.612003
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Inverse Mills Ratio, Standard Normal Distribution, and Bernoulli Differential Equations

Survival ratio of a Hu) Inverse Mills ratio Hu) When C =®(—A) then
standard normal distribution: ' known as hazard function: —— if (A
@) | | TR T . ) B . .
Probabilistic density function du) O=A)+DO(—u) 20(-A4)
of a truncated normal distribution: P(u) $(4)
(=4) max = =k
S ) =—u gt Tay=u  OE)+Ow) 20(-1)
2AD(—11) ) :::’-'-"'—"—"r—"-'-""—:::\—‘, GRS e 24 )
S L 0L 1, L
O(—u) : T A ,“:/7*“/ """"""""""" 12-0 D(u)
AN el 2

___________________________________

- ' \\ \/ﬂ
Kelley’s 27 percer - \%s ------------- g 2

¢(/1) = —&4d == A :"::::::::::::::_::E“:;:;;_; T2 220(-2)= (A
B o _— e AD(-1)
() == i . i = )

u e
D(-2) + O(-u) -4 A D(-2) + D(u)
Probabilistic density function
Ref. RIMS2078-10 (Kyoto Univ. in Nov., 2017) of a standard normal distribution: S BT
Bernoulli differential equations for a ratio of a probability density function (1) = Lexp{—l ”2) D(-4)=0.2702678
out of a cumulative distribution function of N2z o\ 2 ) P(A) =2AD(-A4)
the standiid normal distiibution suck as Cumulative distribution function
of a standard normal distribution: EPIR
dgp(u) il SR =0 B AC) N . 1 i n = 0.30263084
du C+@(u) D(u) = j exp(—;u“ ]a’u @(—n) =0.3810856
de . (u u N2 - M) = D(=n)
D 4 g () - gy @) =0, gyl ==L o1 Ly, HssEm
du C+@(-u) or O(—u)= j exp( ——u’ |du
=27 2



SETA2019 (Toyonaka Campus @ Osaka Univ.) June 2nd, 2019 © Shingo Nakanishi (Osaka Institute of Technology, JAPAN)
v@)  Ref. ORSI(@Kansai Univ. in Sep., 2017)

Standard Normal PDF of truncated normal distribution: $(u)

. . . D(u) CDF of N(0,1%):  ®(u)
Distribution LG I v PDF of N(0,13):  ¢(u)
. p(u) =4 ®(=4) sy
by Circle and Square 0 w>-2) 7 [ .
for Winners, Losers, , ‘ - 1.0
. 2D(-A / b e [~
and their Banker 2 e P G2
\/ / ™~
A(1- (1) i A s AL+ @A)
L 2 — : / \ = —
—_——— o =00 e e i . U
AD(-2) H(A) = 22D (~1) |‘7"7'| u
: . . : . ) 1 Maximal profits of winners: U, = AD(=A4),
v : Entire Viewpoint (Vertical axis) A(HCD(—/DJ these Tosses of losers: U, = A0+ (=),
u : Individual Viewpoint (Horizontal axis) 1-®(-4) and these fees: Uy, = A
based on the conditions: fees=A, standard deviation=1.0
: : : 1 1
Intercept form of a linear equation for winners : IR TYey L 1
1 1
Intercept form of a linear equation for losers : — u+ v=1
p q 1 (1 + d)(—/l)) A1+ d(=2)
1—d(—21)
. : : 1 1
Intercept form of a linear equation for their banker : —sut+ov=1 7
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Variable coefficient
type Second-Order
-~ Linear Differential
Equations
about Integrals
of CDF of
Standard Normal
Distribution

h;\, () + uh}v (u)=hy(u)=0 hy (), hy (1), v h; (u) +uh"p(u) —h,(u)=0
Equiliburium point hy (1) = d(u) —u®@(—u) Pu), @),y () hp(u) = ¢(u) + ud(u)
between a banker, winners 1 h}v () = -D(—u) h"u ) =D (u)
and losers : ¢(4) =2AD(-1) ; ?
N Ay (1) = ¢d(u) h,(u)=¢(u) #
4=0.612003 A s Rk} " ¢//
Probabiljty-density " a N ‘
function of a truncated H(u) g " 242 @)
normal distribution : y(u) = D) i IR el v it 15~ . i [ 0w
< " s / /,/— \’\’ [
< 5 Za K h X
N | - 2 N
N >~ = - S B
T ~ " @
o e et
| a 0.0, 3 | u
A A A
Tangent lines of A, (u) ; ! ! i 5 Tangent lines of A, (1)
v=—@(Au + ¢(A) =—D(A)u + 2AD(-A) (u=-A4) v=@(-Au+d(A)=P(—Au +2A@P(-A) (u=-4)
v=—@-Du+@d(A)=—-DP(-ADu+21P(-1) u=A41) v=@(Au+ (L) = D(A)u +21D(-A) (u=A24)

Probability density function of a standard normal distribution : ¢(u)

Cumulative distribution function of a standard normal distribution : @(u)

. - 3 & : 1
Intercept form of a linear equation for winners : ——u +

A

1
3
AD(—A)
1

Equiliburium point

of an inverse

Mills ratio : M =24
D(-A)

1 1

Intercept form of a linear equation for losers :  —

/z[

1+ @(-1)
|

: )i oo o 1
Intercept form of a linear equation for a banker : —u +—v =1

A

A

U+ Vv
A(l+D(=A))

Utility function for winners :

Uy (1) = ($(A) = 2D(~)1 = 2Dt

Ref. RIMS Modified Version 2078-10
(See Research Gate 2019)
Ref. ORSJ Workshop((@National

Graduate Institute for Policy Studies,
in Nov., 2018.)
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ho(u) = @(u) + ud(u)

Tangent lines: /
/ [

v =@(-Au +@(A) ’ Radious = A\/i +D(A)
v, = D(A)u+ P(1) 2

Integrals of CDF

S
0
NS
-/
+
S
=
()
\—/
Il
—

22

() = D(u)

0.612003

’ v,

A=

A%%(A)

] 2/17(1)(7/1)
AD(=A)

AD(=A)

T | ’?;(?!)7: ¢(ﬁ)

Negative =22 10 =

-

~ p | | N N J\
i ' / T

! V
_— +— 1
. . '| AD(2) ——4
Inverse Mills Ratio A A Modified intercept form of
® linear equation for winners
Truncated \ A
. ° 0 \\ ——u+
Normal Distribution % A
~ D(=4)
= S %

z = &1 linear equation for lose

ﬁl B § *;u +—1 v, =1 ‘
S HA T ) C
}é hy(u) = @(u) +ud@(u) q)(,l)

. i Modified intercept form of
from h, () +uhy, (1) — h,(u) =0 o PR

Inverse Mills Ratio

linear equation for a banker

P(u) 1
gp(”) = e 1 1
Dw) mp(u - 4 y=
‘ _ (1) ’ p(1) - o) u+¢(l)v 1 .
g ot D)+ D(A) Modified Intercept forms
and mp (u) —um, (1) —mp,(u) = . .
4 u=00 2=0.612003 of linear equations



SETA2019 (Toyonaka Campus @ Osaka Univ.) June 2nd, 2019

© Shingo Nakanishi (Osaka Institute of Technology, JAPAN)

k =Probability points Y Integrals of CDF
1. k=40.0 s | NE
2. k=+0.30263084 74 1% V4 A
3. k = +0.506054 1
4. k =+0.612003(= 1) !
5. k =10.67449 § 2
A‘ Modified intercept forms
— . . .
7 = of linear equations according to k
Negative -'"_:r:—m"\'\" Z 0 A N | u 1 _
Inverse Mills Ratio | 0 u+ 500 v=1
Truncated \N @ (—k)
Normal Distribution LY 1 N 1 1
N — u V=
Y/ p0) " P
© Shingo NAKANISHI Osah. ' titute of Tachnology in Japan

Mazamitsy OHNISHI 2t Otalia U

1 ¢

Jversity in Japan, Feb. 15, 2019

Inverse Mills Ratio
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k =Probability points Y Integrals of CDF
1. k=40.0 s | NE
2. k=40.30263084 74 1% V4 A
3. k = +0.506054 1
4. k =+0.612003(= 1) !
5. k =10.67449 § 2
A‘ Modified intercept forms
— . . .
7 = of linear equations according to k
Negative -'"_:r:—m"\'\" Z 0 A N | u 1 _
Inverse Mills Ratio | 0 u+ 500 v=1
Truncated \N @ (—k)
Normal Distribution LY 1 N 1 1
N — u V=
Y/ p0) " P
© Shingo NAKANISHI Osah. ' titute of Tachnology in Japan

Mazamitsy OHNISHI 2t Otalia U

1 ¢

Jversity in Japan, Feb. 15, 2019

Inverse Mills Ratio
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k =Probability points

k =+0.0
k = +0.30263084

k = +0.506054

k = +0.612003(= 1)
k = +0.67449

A

The proportion : ®(—k): ®(k)

Negative

Inverse Mills Ratio
Truncated

Normal Distribution

5 y
\ /
e
) VA /
\ 2L M
& ‘,-”. [\
i s
|
\

© Shingo Nakanishi (Osaka Institute of Technology, JAPAN)

v ,Integrals of CDF

Modified intercept forms

== of linear equations according to k
.......... 0 1 u . 1 1
: — u V=
¢ (k) ¢ (k)
®(—k)
1 N 1 "
— u v =
¢Ck) ~  p(k)
‘."\‘ (p(k)

© Shingo NAKANISHI 2t Osaks Ingtirote of Technology in Japan
Masamitsy OHNISHI at Oadia Upfversity in Japan, Feb. 15, 2019

Inverse Mills Ratio
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k =Probability points -4
1. k =40.0 |
2. k=+0.30263084
3. k=410.506054
4. k =40.612003(= A1)
5. k =+10.67449

Negative S

Inverse Mills Ratio ‘

Truncated

Normal Distribution

i

@ Shingo NAKANISHI st Ddakcs '
Masamitsy OHNISHI at Ofgiia Uj

\ |
i

© Shingo Nakanishi (Osaka Institute of Technology, JAPAN)

Integrals of CDF

Modified intercept forms
of linear equations according to k

""""""" _1“ N 1 .
qbqs((klz)” (k) -
=1
%” o)

tifute of Tachnology in Japan
versity in Japan, Feb. 15, 2019

Inverse Mills Ratio
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hp(u) = ¢(u) + ud(w),
k =Probability points . : ~ Integrals of CDF

; d*hp(u)  dhp(u)
k =+0.0 - (D(—k) = q)(k) = 1/’2' T +u d —hp (u) =0
k = +0.30263084 = ¢p(k)/D(=k) = o “

k = +0.506054 = k = (k) [D(k) 25% : 75%=1/4 : 3/4

k = +0.612003 - ¢p(k) =.2kP(—k)
o
Modified intercept forms

k =+0.67449 - cb(—k) = 1/4, CD k)
4\ /\ s, of linear equations according to k

A

o)

gp(u) =
Negative CD( ) 1 1 _
Inverse Mills Ratio ¢(k) qb(k)
Truncated o(—k)
Normal Distribution 1 1 1
M u+ 500 v
dgp(u) (k)

du +ugp(u) + gp(w)? =0 \
' ® Shingo mxkim nomﬂ titote of Technology in Japan

Masamitss OHNISH) at Otaka Ppfversity in Japan, Feb. 15, 2019 . .
‘ Inverse Mills Ratio

Pythagorean Triangles show the probability as CDF.
Inverse Mills Ratios and PDFs are discribed as Modified Intercept Forms.
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Concluding Remarks / Thank you

for your kind attention.

1. Importance of

Pearson’s finding probability point, 0.612003.
2. Symmetric Relations and Geometric Characterizations

about Two types of Differential Equations

between Standard Normal Distribution and Inverse Mills Ratio.
3. Greek Pythagorean Theorem about CDF

and Ancient Egyptian Drawing Styles with Circle and Square.
4. Proposals of Modified Intercept Forms

for Winners, l.osers, and Their .
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