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Spirals based on Equilateral Triangles about Various Related Padovan and Weighted Gibonacci Sequences
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Abstract: This document presents the visualization for single, double, and triple equilateral triangle spirals using the related sequences and ratios.

Single spirals based on plastic ratio or the related sequences such as Padovan sequence and Perrin sequence are displayed clearly by flexibly changing

the initial constants if we admit small amount of reminder or short of the sequences. In the same way, we can show double spirals using equilateral

triangles such as Fibonacci sequence, Lucas sequence, k-Pell sequence, and k-Pell-Lucas sequences and related metallic ratios. We call those

sequences weighted Gibonacci sequences based on primary metallic ratios in this document. The double spirals based on this thinking about primary

metallic ratios and the related sequences are illustrated visually. About showing triple spirals using equilateral triangles, we would like to consider

the ratio 2 as the second secondary metallic ratios. We should use the sequence of powers of 2 as the sequence based on Jacobsthal sequence with

changing initial constants by applying this concept. Moreover, we can investigate the characterizations about Jacobsthal and Jacobsthal-Lucas

sequences to create the spirals if we consider some geometric shorts of spirals about the characterizations.

Keywords: Plane geometry, Metallic ratios, Plastic ratio, Fibonacci sequence, Lucas sequence, k-Pell sequence, k-Pell-Lucas sequence,

Jacobsthal sequence, Jacobsthal-Lucas sequence, Padovan sequence, Perrin sequence
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Visualization about Padovan sequence using Pascal’s triangle
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TEZEHITHD. UEOZLEEI LTI NVIE=f
TEMRRERI DTG N HIFFCE 5 2 L ORI &2 5. RE
TIE, F7NVIE=ABIEER E LT7 1 R Ty FHINR
AR I B 2 BN AR S A 2T C,  [R URsAR A3 A
TERWNEBLET L.

4. 24 Ry FEINERVE=ZARIC K SIRER
EZDIGABI
7 4 RTy FHENOERNE & 2 1TK6IT R~ K 9 ITIE
T7 1% % RPN T X 28 AT 2 ORI K D TH S.
L L7235, Sharpll &2 4 7 /VIE = A IIREER OFF
D LS ICIE= AR E HWZRTO X 5 RIE=/ATE L
7 4 T FEHEN e IO TR FRETH D, 7 4 R
T F K
Fano=0Fan1=1,
Fanj = Fan,j-1 + Fan,j-2 G=2) (13)
W&o THERSND 7 4 ATy FREMNT MOE=
A2 MR LEHEN & LT/ NN 7 VEINCAT T4 6
TREFEIERTESZ &1L, FEVPHAHPIZY = 7 A
B2 ET, HARTIEH LA TWRD 720, BIGZA8
BRipole X HThD. OB EIFHNTMEIZXN8D
O THDOIE=ZATEE VRN LT R Ty FEIID
AT T 5 2 & 2 ORSER2023F KT JER LS T
FEFR LRI, fK L CEB kel TEmR, RUEMD
BT D 3F T2y, BEICPETE CIEERID &L 5 Th o7z,
LiehoT, MTIDT7 4 RF v FEINC L DIE=fAE%
FWTMEFERNITIRE TIER L, B Thd 2 L amihic

PVEEE, 2024 47 4 R v FHEWIEES



THRFI LWL, ZORENEEZ DN DHT-RKBLO
PERMERRUC X DRI IEZRE L TOE T2,
AT, WHEE IO T ODEOREMAEE2g,,
G ETOHEBHAEERE LIEEINOZ L 2T 4R Ty
FHIN L RO R Z 2 < A3 5 2 & 56 Gibonaccilk
#1[119.201 L TR,
G0 =90 Gana = 91
G(1,1),j = G(1,1),j—1 + G(1,1),j—2 G=2) (14)
22D EAENMOEN TS, Z DGibonacciffF T 6 X
RO b LTRSS T E2FFEITIE=MATF & i - i3 E X
EHET D ZERBITE D, MTIZBRIZHIRL TWD &
BY, LTFTOBIINERHSATWD., —2i3Y 2 W55
Lapo =2 Lani =1,
Lay; = Layj-1 + Lanj-2 G=2) (15)
MNEAEN, H>—flE LT, &7 YMulatwisl

Mo =4 Mg =1,

M(1,1),j = M(1,1),j—1 + M(1,1),j—2 (] = 2) (16)
DIER BT THRLTWD., ZHODEINZL L4 T
NVIE=AMATGIERERNIITO LBV, daka EEICIRAE
TOEANDTZDYEHEDOHRY ZRFIXL o020 & &
7 IVIEZATPEER A L TV D Z e N aho T Tl
MICHIEDKR Y ZFFRT 572013, E=fAEaEn:
WERZMERL TE 2 Z L2, BHERERT 2 O
FIDOBAEDAHTE LA R DS B IE = A JE OMRTE 1 34H 737
THITHIM L TWD Z ENRHERTE D, LEER-T,

AN AE

Golden ratio
0.618-:::1=1:1.618---

Silver ratio
0414---:1=1:2.414--

Bronze ratio
0.302---:1 =1:3.302---

How to display golden ratio,
silver ratio, and bronze ratio
using right triangles, squares, and semicircles

© Shingo Nakanishi, ORSJ Spring 2023, Japan

Be 75147 —nEEREL (H&tt, AR

7123

M7 TIFRAD DX OEAICHES X EfEICIE =AEE
HERIFFER AL TE 2 Z ENAPEIn TS 2 &
DEETX 5.

FERIS, K8 BB 0D XY 2B EFND K5Iz
PIEMNE _HE Y KE WDz, KTOMEERTH KR
DERLTWVWDZ EbFtAND.

5. k—RIBINE & UVk —R)L - ) 20 8FHFAL=
EZAIC & 51R0ER & £ 0
70X 51, BRAGIZ LD E=AFOBER S 72,
FEEOREMIZLY, KRy LRESTEZFEE, 172
D HEHS AN ERBIFTE D, SHRDIEHD
b, ~HES
Fono=0Fgp1 =1

Fou, =2 Fauj-1+ Fej-2 (G=2) 17
YL - U 2 B

Leyo =2 Leni =2,

L1y, =2 Laayj-1+ Lenj-2 (=2 (18)

DA BEZ THIW. £, ~VEHT2EL TR LA
D ELE2N EOBELICE Y #x -k — L5
Foo=0Fepr =1

Fan, =k FonjtFen— (22) (19
Rk =~ U = IS

Lgeyo =2 Lggns =k,

L),y =k Layj-1 + Lagn,j—2 G =2) (20)

Jﬁ/auj\

Ref. Metallic mean by Wikipedia English version

. BfALL) ZAWIEAREERT-EIER
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2 spirals using equilateral triangles

and Fibonacci numbers and Lucas numbers

2 spirals using equilateral triangles

2 spirals using equilateral triangles
and Mulatu numbers

R ¢4 28 \ .
\ AN A Fibonacci numbers
29 18\ 0,1,1,2,3,5,8,13,21,34,
\ 47 Lucas numbers
A 45 6 2,1,3,4,7,11,18,29,47, -
74 e 17 Mulatu numbers
/1@ A U 5 4,1,5,6,11,17,28,45,
u V3% & 4
4/57 6/ 1
34
47 \ Rotationally symmetric
13 .
21 18 29 45 spirals
28 with equilateral triangles
0 N ? \ & They will be one flesh.
2N
Fibonacci sequence Lucas sequence Mulatu sequence
Fanoe=0, Fani=1 Lano=2  Lani=1 Manoe=4 Mupni=1
Fupj=Fanj-1 +Fanj— (22) Layj =Lanj +Llanj-2 (G=2) My, =Mayj-1 +Manj-2 (G=2)
Fibonacci numbers
s 7
13 1
Fibonacci bers Lucas numbers 3
3] 1 4
H2| il
5 2F1,-1,0,1,1 3
-3 -11
13 7
8

Refs. ORSJ Fall 2023, Japan,

Annual ting of Japan Fib

7 74 HRF v FHI

Goldenratio (n = 1) Geometric visualization

2024

Lucas numbers S Golden ratio

Dah#, LS VESEZRW-ZHEOE=ZAREER - IEER

11571,1) —Fank Ay =1 Fanx-1=0 or Appy—n-Anny—1=0

pr 1++5 —161g... forFibonacci & Lucas sequences VN2 + 44, 1y = Loy Ay = 1+ Lnaye—1 = 0
y 2 using equilateral triangles Fin10 =0, Lo =2,
Fani=1, Lani=n

Fibonacci sequence (n = 1)
Fanoe=0, Fani=1
Fanj=Fanj-1 +Fanj—= (G=22)

Fayj=nFanj-1+1-Fanj-2 (G22) Lnyj =1 Luyj-1+1-Lnyj—2 (G22)

Equilateral triangles
using positive and negative

Equilateral triangles
using positive and negative

Fibonacci sequence

Silver ratio (n = 2)

Pell sequence

Aoy =1+V2 =2414- // -
Pellsequence (n = 2)

Fouo0=0,  Feni=1 - MO - 0
Fonj=2-Fenj- +Fenj-= (22) TNA /
Pell Lucas sequence (n = 2) /WW - - 2
Leno =2 Leni=2 =

Loy =2 Leyj-1 +Leyj-2 (G=22)

(n

D

Lucas sequence

(=1, b=1) Fibonacci sequence
Ref. (a=2b=1) S sequence o
ORSJ Fall 2023, Japan 47 —29,18,-11,7,—-4,3,-1,2,1

X8 T« RT v FEF,

b IE = ATNE X OE# 2 7R 2. T b OFEHIZ X
% 27 NRRE OAEE AN R EN TN D, 72D
B, ZHOIE=MA 2 ERIIEER D 5 5, —2o032f5 b
L < U3k A% U7l O AR L 72 e o fiR & LT3
MEYRET 272 61F, 74X Ty FEINRLY 2 W HH &

FERICHE T 2 Z LM o7z, Lok olz, #

8/ 23

Equilateral triangles
using positive and negative

-,34,-21,13,-8,5,-3,2,-1,1,0,1,1,2,3,5,8,13,21,34, -+

- 11,18,29

(n=2)

Equilateral triangles

using positive and negative

Pell Lucas sequence
Pell sequence
-+,169,-70,29,-12,5,-2,1,0,1,2,5,12,29,70, 169, ---

Pell Lucas sequence
7 -+,198,-82,34,-14,6,-2,2,2,6,14,34,82,198, -

Jah#H, NS, R)L - ) ah BRI EERREE=AROBRR

TIVIE A TARRE ORI AT RE & 7 o 7. [RIRpIC R YE
ERBURNT T4~ ) —DEERILE—HKT DT,
IHNBDLRT Y X 7 VIE =M TMRNE % REICH T 5 =
LMot FIT, MK T IVIE = MIEIER & L
TR LA L, sh4tt, AR, HERORIEX %
W72 6 ZOHEIERIL TV A Z LR TE 5 &

PR, 2024 F7 4 ATy FHRTEES



IR L THATZ. £, ZhbDopRrTIE, £
TEAZ £ BRI BRI L 2 R FIIZ X 2 HlRBU LA
BN EFEMTHD. MAT, E&RLEIERAL
TFIEZARICELDZ AU v 7 OMEBILFET B0, AN
WFFECHD 4 5 E& R X D Z 7 VALIE = f I8 HEX]
IR DIEF T & 2 W e D3R % % IE = A TR & < #
ATTATTELTRMTEDL L, B48BLODDIE
A OB EZ L L TMAD LD TH D120,
TNEBDICH TIVIEZMTBIRE COFI 2T A D
EBRVIGHERRFE L.

6. YaJRE—ILEFIDOHIR
LIAT, BH R —OFE2ELERBIIITRRO K
FHRERN S
Mz =z +2,
v Az = 2. (21
ERED. ZOLEDRLEDLTEANL2THY, 74
ATy FEINORLAEDTEANRQDICE S L%, ¥
T RAE—VEE

F(l.z),o =0, F(1,2),1 =1,

Fuzj=Fapj-1t+2 Fapj2 (=2) (22)
NELTED., DRETE IESN AL LT T A
~V—OEERLOHBIEHENT, EH XY —DK
ERIITZHEVHONTHORNE S THD. 2D,

Golden ratio spirals Silver ratio spirals Bronze ratio spirals

X1 X 2/3 x1/2

Fibonacci numbers Pell numbers

109
34 70 29
1.12,3 33
12,5 1,3,10

13 21

Lucas numbers Pell - Lucas numbers

82
47

34

36
s 2,2,6./ 14 2,3.11

18 29
We can draw the spirals such as illustrations.

Rotationally symmetric spirals with equilateral triangles of primary metallic ratios

k Pell numbers (k = 3)

k Pell - Lucas numbers (k = 3)

If we admit the small error of numbers about the sequences,

FEHITLA), BRBILOBELL & MO b 5EE D
T&z Lo, b LD ¥ ) —DFE2E
BRBEIZOWT, BINLZ NN SR T HHI-OFREE
RAOTTl), ZOMNZRCRB O EZ MO L
bHY, THoAARLOELE LTI Ho TAFK
L C & 7=[8337],

BEBILOREH TH HDe Spinadeliz Livid=v 4
N mAEINTEL LVR, TSI~ ) —DESRBIIC
BV ONDEBRRTUERLFE LTEEL2OHDH LD
DT, A TITRELAZBET 2 WO THICED &) —
DOF2HEEBILD LIZAIF2ESRBIL LIS LITL
7z, —h5T, U ahBIOY a7 22— VBB,
YagAZ—N - U2 BEFN TN TEY,

Lagoe=2Lan1=1

Lagy; =Lazyj-1+2 L2 G=z2) (23)
ERFLTED., LEENoT, Yagdry—xEKiL
THR@AE, ATy BHIORRICEDED L

01y _ 01 _
P(l,Z),O =0, P(1,2),1 =1

Pamy = Py ¥ 2 Py, G22) (24)
rEF oL ?E)Efﬁ'éf, YaTAKZ—)L .1 17:7%(%]%_’2‘%
LT 523 b £z

P ((12,'21)),0 =2,F ((12,'21)?1 =1

13((12,'21)?1‘ =R ((12,'21)?1'-1 +2: P((12.'21)).j—2 (=2 (25)

Golden ratio Fibonacci sequence
1 V5 Fano=0, Fapi=1,
1(1,12) = gbag T o18, Fanj=Fanj1 +Fanj—2 (22)
v Aan—4Aan —1=0
Lucas sequence
Lo =2, Lani1=1,

Lay,; =Lanj-1 +Llanj—2 (G=22)
Silver ratio
Aoy =1+V2=2414--.
v Ay =21y —1=0

Pell sequence
Feno =0, Feni=1,
Feunj=2-Fouj-1 +Fenj—2 (=2)

Pell - Lucas sequence
Leno=2  Lepi=2
Lonj =2 Lenj-1 +Leyj—2 (G=2)

Bronze ratio k Pell sequence (k = 3)

3 Vi3 Faeno=0,
'1(3'12’ =gty 3303 Fau,y =k -Faunj-1 +Fanj-—2 (G22)
v Azp =34y —1=0

Feni=1

k Pell - Lucas sequence (k = 3)
Leno =2 Lagni=k
Ly =k Lgenj-1 +Lapj—2 G=2)

Fibonacci numbers
0,1,1,2,3,5,8,13,21,34,---
Lucas numbers
2,1,3,4,7,11,18,29,47, -
Pell numbers
0,1,2,512,29,70,-
Pell Lucas numbers
2,2,6,14,34,82, -
k Pell numbers (k = 3)
0,1,3,10,33,109, -
k Pell Lucas numbers (k = 3)
2,3,11,36,119, -

ting of Japan Fil i iation, 2024

Ref. Annual

K9 k—RILEFIHLLIE k=X)L - ) 28I ERANEZAR ZERZERG = 1,23) &
To4<7)—DEEREL (Et, AL, FHRL) (k=123)IC& P E=ARMERERROIER

9/ 23
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Visualizations of golden ratio (first ratlo) ,1("111) = ,1(“121) + /1(*131) —0+1 .,1(-111) 5 =5 +5 =2+ (-
using Fibonacci sequenceand ,11(11 = Ay + /1(—12:1) =1+40-2¢1 g =B N 142
Fibonacci sequence First ratio 0.618- =1:1618-- Aél'l) = /1?1,1) + /15:11,1) =1+1 '1(111,1) 5 =+/5 +5 =3+
- _ " 2 1 ~1 = = B
i(m),o = 1‘_} F(l'l)'zl:_ L 022 Aoy =ty + A =2+ 1 Aqy = + =4+
anj =Fapj-1 +Fapj—2 U= ) Bin=24y+ly=3+2- 17 5 =5 +v5 -7+
d J ¥ Golden ratio an =Aan+Aan (1,1) = =
145 i ) =
2 = Ay =—5—=1618- Moy = Fania + Fan - Ad 52 . = i
B N o Fibonacci sequence Jacobsthal sequence Aa) = /{(7122) +2- /{(’13’2) =0+2-(1/2)- Ay
M =14+1-2¢ T e el il B s Faze=0 Fapi=1 W12 =iy + 2 Ay = 1+2:0- A1y
an = an _Ih &y s c B Fazj=Fapj-1 +2-Fapj2 G22) 2 =20, +2- A3, =1+2-1- 2
o ) S Bipy=Any+2-2 5 =3+2-1-27
Jacobsthal - Lucas sequence a 2) B /{51'2) 5 /{(11'2) 2. g /{(711,2)
Mgy =1+2%x1-27y Lazne=2 Lapi=1 IS 4G 4R 0 % 27 3nAG D
o -1 - ’ :
3=1+2%x2-2 Laa; =Lazj-1 +2-Layj—2 G=2)
_ 1,2) (1,2),j (1,2)j-1 (1,2)j-2 -1
T =2+1-2qy MY 5 ) . Y2 = Fapjn +2-Fagj Aaz
5 [\ T s \ A =3+2x1-24 o) o o
o = =Y 3 AU 2 s +2x1 ,1(*1'12) 32l = 340 + 230Gy = 2+ 2+ (=1/2) - Ay
= =5 . 0 = -2 —
2 a2 3,1512) = 3,1(()1%2> +2- 3,1(112) =1+2-2- /1(1;2)
S :1=1:2 35 =320,+2-30 1y =5+2-1-2;
Fibonacci Jacobsthial Second ratio 0.5:1 = 1:2 ;1,2) - 512) (()1,2) - 9{2)
numbers mumbers 3212 = 3402 + 23202 = 7+2-5 2y

A 1 2=
‘@J
J acobslhal

- Lucas
numbers

Ay =3+2- Ay

K 328y =742%x5 145
2 =7+2X (1,2)

5+2X3- A1y

312 =302 + 2302 = 17+ 27 Ay

312 = Lagj+ +2-Lag, - Ady

Visualizations of second ratio
using Jacobsthalsequence and Jacobsthal- Lucas sequence

E A sech (1 2 =11+2X5- /rllz) Second ratio
S~ §§ 7 j b} 3/1(21)_17+2><7 1(12) ,{(112):2
= B N
E ) 5,+3 () [ 1 Y -\I S Jacobsthal sequence
= / .,—5/24,3/23,-1/22,1/2,0,1,1,3,5,11,21, -
Jacobsthal - Lucas sequence
- 17/2%—7/23,5)2%,—1/2,2,1,5,7,17,31, - ReLORSI Fa“;:lf:l;

H10 #EELEET 17
YaATRE—)LEF,

Ty FEF,

How to structe quiangular spirals using Pythagorean theorem
about Fibonacci sequence #(11)0= 0, F1,11= 1, F1,1);=Fa,1)-1 + F,1)j—2 G
orLucas sequence :L 1)0= 2, L(1,1)1= 1, L(1,1),;= L,nyj-1 + Laaj-2 0 = 2)

1 5
91%1,1) =Golden Ratio = > + g =1.618 -

- 2)

@ V5 x A1 1) = V5 xGolden Ratio = 3.618 -

Pythagorean theoremusing Fibonaccisequence

ey = —2 _ 1
Moy = Hap + 1 M= Fanja + 1 Fanidan

Pythagorean theoremusing Lucas sequence
‘/—1(1 o=V, +1- ‘/—1(1 H=Lanj+ +1-Laniian

/1(11) = /1(1 D+ 1 Agn = 0+ 1% 1-24y

’1(11) —/1(11)+ LAy = 1+ 1X0 Ay =1

Ay = Aypy + 1 2ay = 1+ 1% 123 = Golden ratio
Ay = Ay + 1Ay =2+ 1% 1 Ay

Kaay =y + 1 Aapy =3 +1X2- Ay

gy = Ay + 1Ay =5+1x3- Ay

VBAhy = Vi + 1 VBAGhy = 2+ 1% (1) Ay

V5281 = VB + 1 VBAGy = 1+ 1x 2 A5y =5

VB4 1y = V540 1y + 1+ VB2l = 3+ 1 x 1+ A3} = V5 X Golden ratio
V521 = VB2{y1) + 1 VBl = 4+ 1% 3 Ay

V521 = V521 + 1 VBl = 7+ 1% 4 A

V521 = V5281 + 1 VBAG 1y = 11+ 1 7 -2

X11 &£tk & 7 0 RF v F#H35,
YaJRE—)L -

’1{:11.1) = ’1(_1?1) +
’19,1) = ’1{:1,1) +
Aan =Aan +
131,1) = 131,1) +
A =gy +
A = A +

UL ¢l

Q90000 Q000G e

Q9000@

kﬁ%mﬁb?:kﬁﬁéé.Lkﬁof,i@@@&@

(CHITE & 2T 2 L CEE L TR 5 & &
ﬁ%é:&%i%ﬂwti%kw.uiifwﬁﬁu%
NENDREITNS K BN LAEZ R0 E LIV,
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YaJRE—)L -

JahBIELVEIE2EERLE
) a2 hBINDRHKDERE

How to describee quiangular spirals using Pythagorean theorem
about Jacobsthalsequence F(;5)0= 0, F12)1= 1, Fu,zm:F(LZJ,]—l +2- Fu,z\,—z G=2)
or JacobsthalLucas sequence :L; 0= 2, L12)1= L L2);= L)1+ 2 Lag)j—2 G =2)

Pylhagol\’an theolemusmg Jacobsthalsequence
Kz = iz + 2 Aoy = Famjn + 2 Fa Ay
Pythagorean theoremusing JacobsthalLucas se quence

J o -1 j-2 — . -1
3M12) = 3Muz) + 27312 = Lazyj + 2 LazAin

Isosce}e’g x 305 =3 Isosceles
right” right
trh{ngle s triangles ~
1 o g
© 215 =2
@3xA=3%2=6
Ref. ORSJ Fall 2023,
Japan

2.
2.
2.

Ay =0+2%x1/2- 2
A = 1+2X0Agy =1
Ay =1+2%x1-Ag) =2
2 Ay =3+2x 123y,

2 Ay =5+2 %32y

2 Xy =11+2x%5

3y = 3450y + 2
315 =35 + 2
3A{12) = 3y + 2
31 = 3y + 2
310 = 3Gy + 2
31?1,2) = 31?1,2) +2-

3G = 2+ 2 X (—1/2) - Ay
30y = 142X2- 2, =3
300y = 5+2X 1 A3 =3 %2
3410 =7 +2X 525

31y = 17 +2X 7 Ay
3015 =31+ 2% 1723y

Q00000

. l(—11.1)

BLUVRIFE2ERRBLLE VI TR —ILES,

JaABIIDER TS ADEEIZKL HFHIFE—DOHERLE

BI10D & HIZHIRRI L THA D LY a T A& — 5| L
YaTxRE—v U 2 BEH|ORHEDR~IVEERL~L -
Vo hEH &b B BEANH D Z LB R 2 TL
5.

o 2L

ElI=F]

2024 £ 7 4 RF v FHEWIEES



BT ENTIERVOA, K100 X 5 Ik E 7 4R

T FHESN e KANDOIEFE & INTHE 2R 63T 5
BIKIIFATHD. —H T, MNZBEMLZMILE ES
JEORIZZNETHMOENTW o7k H THD. ZD
X% L <RI 5 &, U o WS & A OBR % Rk
IR LTV D 2 EBNFATIND.

22T, EFREERET EMoMINIIE, 7oA T
v FHINRE, FHMOMIMNIILY = W8S RERT &
MDY a7 AL —VEHNHEIE TE DERAT e ZAH
BB ThHo7oDT, KIUHIR L THIZ. FERIZ, EAHE
LCL2m D —fMEZR72E 2L ECIEL TH Z 0fl
BlIk Y > Z &R L TEL.

Fo, ZO&EZ, MM L TWDEEE 7 ¢
AF o FEF, b LT E Y 2 SO BIRAN
AL L TWHZ EHERTE 5. BlF2E®RILE =
TAZ—=NHH, b LLITRIE2E®RILLE Y a TRy
U 2 BN S 72RO BURKN AR Y S - T D
T EEMI0ICAHFL TV D,

\__.}]/.

6.1. EATSRAOEEZAV-FARES LTOH
X
101270 L= KO BIRIE, FEITK 1007212/
F 5o KI4004ERTIZ F%/@ﬁ77~i&@a
WERL TS, Thbb, [RIFAII200ENRD 5,

—OIFE X ITADER, b O —olI P GEeth)

Refs.

Thsd, —DBIREHELS, “OBITEEREA LM
ST L BEAHB | L) SHEEFE L TVDN,

201EAC 3 K& A 5 &9 B EEIZ, De SpinadeliZ X A 1218
TEHERIOABER % FiF, 777 —biE< A
ERDOND T 4 Ry FEINE X IT A0 EHRITHI
EIRTHNPOE 1L, FEHIIKIUHIRT B L 9 I2%A
WRE AR T2 2 & AT X 7Bl

Z OROEMAIRHETIE, 22kICHAZEZ TR XY
—DOFEESBIIC X D HEMARER & LIRS 5 2 &
LARETH D Z L 2L TERL . TOSMIRREX DL
XL, B CHIULT 4 BTy FEINOIEEE DS
AT YR LI E#R AL LT

Mwy = Naioy + - Ay = Fagojor + k- Fapo jAG (26)
ERLTEDZ LB LI0ET, [FERIZ, £ O
BRREIZBIR LT ey, b L, BEBR O %5 A IREE &
ERDELICERTIRLIE, VR FHEHEL, %
DIERE FIZ S AIRIE 2 1 < A A T —DAREJLIE L3
XL LTERTES.

Thebb,

x 1
zZi = ’/1(1,,() exp (i arccos( ;i )x)
(€99)
x 1
= ’/1(1,1() (cos (arccos ( ) x)
A
1

+isin| arccos x (27)
(s (7))

. Fibonacci sequence Jacobsthalsequence PP=¢p+1
ORS]J Spring 2021, Japan ) £ ~ (e = 0)
EUR02021, Greece ® ‘ / Tk
2 | X 4 _ 5 —1 i
2 A A2y =11+ 2% 50, ) /. 22 5
¢3_3+2¢1 N — e az=Aan
< Y #*5 2¥1¢71 >
\\\\ 5 /¢ SEX £ N
~ i ¢! B S s -
/ ¢*=5+3p1 Y /
' 1=¢%= 2y 3 e, ' o
= / w ;A =142x ll/ '1(1 2 =X 25 (1»2)\\ \ \ First Ratio (Golden ratio) ¢ using Kepler triangles and Fibonacci numbers
L 2= @2 X3 2 ] > & Second ratio A(17) using right -angled isosceles triangle s and
2X 1(1 2) /1%1 »=8+ex1 ,1(112)’ yd Jacobsthal mumbers based on the weighted Pythagorean theorem
4
v ! L 2v—) a3)
261X 7 Z /| i < T’ I A
* \/ 2X 1(1'2) / Title: The first ratio and the second ratio, ﬁ \/$
B they will be one flesh.
e
<5
<>Z —2,2 0,2
< (-22) 02 5
i ) ¢+1 : ¢
L =S S Vo'
{1 |A T Isosceles
right
( iangle s ( 11 ) (2,1)
‘ Keplel \/ \/E ﬁ 1
| triangles (AN \ (2,1 . —>
o e ~ (-2,0) \ ‘ Jé
4 The primitive 1 1 0 (0,0) (1,0) (2,0)
Archimedean spiral ¢ ﬁ d

Eqmangular spirals about n-th secondary metallic ratios based on
the weighted Fik and the weighted Pythagorean theorem
(the first ratio (golden ratio n = 1) and the second ratio (n = 2))

M2 B|EHET1RFT v FRINE S VEIE
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the primitive equiangular spiral
of second ratio

of first ratio (goldenratio) & (

w)
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LPRTEDRLVWARBITH D Z L 2R+ 5. K11
TR, 74 R Ty FEINOFMERNEX %2 L — b5
% LTSS AENER A ) 2 DB & OIS L LTHIRTE

7-. ZOEZ Y AT AE— VY O%EAEFERIC G
WHT AL, YaTgxz— ) 2 BEIN e LT-3f%

DEMIEEN & L TR TE ML Z 0 & & 035054
DETELRT 2 U 7 VRIE = 4 TUMEHEX ORI b 1%
T D L2 RITETHFA L TBE 2.

6.2. ¥ FTS5—=FARKEL

X
TIETTART v FEINE Yo T R — LEFIC

SOUWTIR UHMEIC L A IR % LT & 7273, AiTfl o5 i

EAZFI=AR0EEDH

FETHWE MoEA =ZAICHER Lz, —DI3E4e
= N Sy aPS) /77°?~3%ﬁ2[3&391, b9 —OIFREIF2E
SBRLIZIGT 5 EUEMA AR THSH. ZO Mo

[ER ﬁﬁ/%ﬂ%b\flllfi AR E DVER 2 3 A T
DT, i< ABREZEE TN 2D B A RRER D KN
RERTWEZE 0w, T72bb, K120k EO X HIC
W DL AIRNE A BT D & T DR/NBMRMRA A=
TE5. ZOLED_MOEMBHER NS0 b0 R
WEMEO X D ICEZAEZT LTS XK LB =D
T, a2 BlKEAE LR D RURERARTZ. £ 5T

n-Ja
Aam(Aam = 1)

n
n
n

1+
1+
1+
1+

Nested radicals & ExtendedContinued fractions
of Secondary Metallic Ratios

‘)(_.

n
1+—
1+

—

& equilateral triangles

ODEU/\ b D X O ZHIRNTINE 72D T, BEEDEA)
NT—E2% ) OFFEREZIEA LT, KoEAR &
LT rTheywﬂlbeoneﬂeshj ZRIOEE & LTHFEEL
TWa. F72, K204 LD X 512, EHEERSMI,
T —EAEHIR LT E DA, 777*;%%&%‘%
WOBREBIRT 20128 THEEGR RN >72DT, L
6 < ZOFIRZTEH Leh bIF5E 2 e T & 7213637
IO 7T — AR ORHEIC W T, §E L <Xk
88391 % W& T2, F 2, ATOLHITHTTT—
SAREREIRE S LT, BEA AL HEuRE (A
IRGE) DFEMEL LTHIRL, RUUOREIZHWEZIER
FBAZEDECHRLIZEZ A, ETHRWHEIERSE LN
7Basel KR Z, TN TN DIEA = A2 W 7278 HIE
ﬁ%%ﬁbf WA OFER 2N & 2 A, FERN
WFCEZ YN E THHENRREWNT LR TE, &
ﬁ%&l@ﬁE#%mT%Twé_&#%#okM.

7. YA TXR2—)EHIC & 55 TIVRIE=ATIREE
TN, FTNVANE “AIREN A B L L CE TR,

Z 7 NVRIIE = A TR NE K OB 22 THEY - 725511

k —~VEBNZ X 2 IE = AT mlfkot.é@i,!

13D EXIC T L9101, k=23 OBED k—-VvaT =z
2= VEHNZ L DIRER bW TR DIEN, Lo< Y

cobsthal sequence
Jacobsthal sequence

& equilateral triangles

0,1,1,4,7,19,40, ... 0,1,1,3,511,21, ...

Fanyj = 0,Fany; =1

F(l,n),j = F(l,n),jfl +n- F(l,n),j72
Ky =Aamy +1 (=22
1 V1+4n
A(l,n) = 3 + 2 7
Pythagoreantheorem / \
using n - Jacobsthalsequence SN /1
Hoy = Ko+ - /
o= = / 16
= Famyj+1 + 1 FanyjAdn /
/
/
(1} A((;ll,n) = laj") +n- /1(712“) =0+nx1/n- 11(711',1) /
O Ay =Agm+n Ay =1+0x0- Ay =1 /
© Hiny =0+ 1Ay =141 X1 A \/
D Amy=Aamy+n Ay =m+1)+nx1- A(l n) \ ] i
5] A?Ln) = lﬁn) +n '/1%1'“) @Cn+1)+nxn+1)- /1(1 oy L=
(6] I(‘Ln) = A?L") +n '/1?1',1) M +3n+1)+nx@2n+1)- A(l by © Shingo Nakanishi, OIT,
Japan Fibonacci Association, 2024
HI3 k—-VYaATRE—ILEIERAWVEZAREER-F JIVE=ARRERRZILKE = 2,3)
BLUZTDEFTSRDOEERIZL 2FARIER & D LLEAHIR
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Jacobsthal — Lucas numbers:
2,4;:5:7:17:31,65;:

Jacobsthal numbers:
0;1,1,3,5,11,21,43,:=

uer f 1
12) _ e
11 = 2 16
a2 _ (1,2) (1,2) 5
Papj=1FPapja+2-1-Payj2 (22

,1,2,4,8,16,32,64,128,258,---

N| =

N

R =

0 ski q
a2 _
Fipo =LK

0 skipped Jacobsthal sequence
©01) _ 01 _
Pago=0Fan, =1 4
01 _ (0,1) (0,1) : AL\ N LN N
Bia =1 Papj1t2 1Py, (22) N X A/

0 skipped Jacobsthal — Lucas sequence
@1 _ 21) _
Fazo=2Fipn1=1
@0 _ @1 2,1) 2
Bisy = 1Py +2-1-Piyy;, (22)
12 _ p01) , pO1)
Fizy =Pz + iz

p2) _ p@D) | p@D
3-Fiyy =Fay; tRaja

X3

Pythagoreantheorem using Jacobsthalsequence
i — 1 Jj 2
A2 = Haz T2 Az

_ p(01) (01) 51
- ‘D(l,Z),j+1 +2- P(l,z)ﬂﬂ,z)

j-th Jacobsthal sequence Jj-th Jacobsthal — Lucas sequence and
and (j — 1)-th Jacobsthal sequence (j — 1)-th Jacobsthal — Lucas seq
means j-th powers of 2 means 3 times j-th powers of 2

Double and triple spirals
using equilateral triangles
*, Jacobsthalsequence
and Jacobsthal- Lucas sequence

Pythagoreantheorem using JacobsthalLucas sequence
j =331 j 2
31,2 = 3k 27 3%
— p@Dh 21 4-1
=Payj+1 T2 Payidae

Triple spirals using equilateral triangles for2*
Second ratio of secondary metallic ratiod(; 5) = 2.
Ref. Annual meeting of Japan Fibonacci association, 2024 /1%1,2) - /1(1,2) -2=0

14 SFTIEEREE b TIVREEBID Iy TR 2 — LS,
YATRE—)L - Jah#FzRAV-EZAR T ERIEERI T S0 EIHIN

Relation betweenpowers of 2and Jacobsthalnumbers P((1122>)/ = P((lozl))} + P((f'zl)?jfl Triple spirals using equilateral triangles for2*
341 Second ratio of secondary metallic ratiod(; 7y = 2.

0 1 3 5 11 21 43 85 17 !
v Ay —Aay —2=0

1
+ 05 0 1 1 3 5 11 21 43 8 171
0.5 1 2 4 8 16 32 64 128 256 512
0 skipped Jacobsthal sequence Jacobsthal numbers:
oy _ 01 _
Pimp=0Papmy =1, 0,1,1,3,5,11,21,43,

N

o1 _ (0,1) 1) .
Paj =1 Papjat2-1-Papi. (22) C )
( for L 111124—8163264—128258 . a
) s sequence 2 R, S B G 7 y X
'1¢'g'3 7' 148 ,32,64,128,258, LAY N}
12) _ 12) _ 16'8'4°2 1
Fino = LFiz1=2 o
12) _ (1,2) (1,2) P é & /
Fayj=1-Papja+2-1-Fapje (22) N
> Jj-th Jacobsthal sequence 1 1 5 3
B and (j — 1)-th Jacobsthal sequence X — X— : ' 1
means j-th powers of 2 55 15
Triple spirals
using equilateral triangles KRS /
and Jacobsthalsequence
A
. z 2=1+1
Modified Pascal’s triangles for2* Fe o) PRIERIORG Y
based on the skippedJacobsthalsequence N\ 4=3+1
.
o0z am
= - . B =543 /16
o a0t oo 020 a0 s 013 ase 55 fil5 =11+5
o as 0 a0 an am ois 030 an
905 am am ose 0.8 0z sy 03 005 o 033 10 0% 025
0 Qo @ 083 4% A8 025 nsa o o 8 o o o E ﬂ .
002 am amess ax w3 8 4 osast amiezs as o[ T o4 4 asos an am oxs e[ T2 o Ref. Annual meeting of
H ) " 3 A o 3 ot . Japan Fibonacci association, 2024
pt2) W 2 om omem w pOD q i @ oe ue w w pOY T
12),j 32 2 2 14 4w W0 3 S2 w 1.2),j zn 14 Mo % m de om (1,2),j-1 u 2 50 10 Mom & o
6 2 o s 7m0 N e s 2w B 1 i ur e o om om e = 21 ou ouom s e om o
= s s
= o =

X15 2DRER/ENVATRAE—ILEINZRANEE=ARE &R ) TIVIETER % 5K

LRV T, k—~VESNCHOMAE LT L 25 AKETIE, WebABARTRIZY 4 AT FHEESITHESE

FEFL VoD TH AN, YaT AL —VEI DOk B
N MUFNVIE=ATIRERK 2T 5 & 2 AF THER L
72T, FDO—HBIT OV TEEICWeb AR &R ATV S.
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HFIABZ B Z TW=DT, BEHOHIEE L TWebZAB
TEFE LY a 7 A4 — /VESI3 g2 7 VR EEX T
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59, TOZEANKELTO MY 7 IVIE = MIBIRFEX D
TR KREFS AN BT 2 & 2T 5.

FT, K14z B\ eEsown., —FBEOE =M
WHERIE, Yo7 A2 — VB OWIE A1, H2H A 200
SRR K5

P((I.Z) —1,p02 =

1,2),0 (1,2),1
12) _ p12) p(12)
Fan =R + 2Py

(1,2).j 1,2),j-1 (G=2) (28)
ZHEITHIWETH D, LR -oT, KMOZEMIZE 9
— D[R UKHEDIRFER 23 M> Y NV 7" /e & #i < 2
LWARETHDH. —HT, HROVYaT2RE2—1HH %
TN T2 57 ARFERIIS NI Td A 5 D FEDNT,
A2 OWRREX] & [F] U 2 5 TH 7 VIBRERKIIEH T T 5.
LU D, ZZAOESOFRINIRIAE L.,
THWDIAL Z L IFXTE D DEBHFON L— L3 7D
MR [FAERIZ, HOERO XL Sy a7 2y — -
U 2 BB THHIN TR T, Y a7 R E—LVF| L Rk
\ZH T NVIE =GN A/ T 5. b b A, VT,
X7 MBI TR A ZLE L= K D1, KR 2777
DI THDLI EEMRELTEL. Ya7xax— LI
L2 77 NVIEZ AR OVER &[RRI, Yo7 2z
—b e U 2 BEINT L HIRER 22 A 2 B 5687
—IVBEDINGIR. — 5T, BIIOR#ENG, HEHIZ
WiAte &, ¥ a7 2 X —VEINHA OB A O 5551
PIORSTLEIFEMAKE L TEERLITR-TL
. [FERIZ, Z0OB 2 FITHESL FTIVIE = AIISEEX
OYEE AT 5 &, KBIZBIRT 2 & 7 VALE = 4 I e
ML LT, k—Ya7AX—=LEINZ L AIEHTHE T
NWELE = AIPWEHE 2 R 2 DR, RV EAEZED D
R TL TR RO L7200,

T, M40 EEOY a2 T A X =N EIN L B FT
JVIE = AIGEHER > & R b U 7V IE = AR e &
LTINS T L DI, AL X TBRRER DL RIEH O
M40 KL LTI RN ERBDDZ Lz Liz. =
D EEXOREYLRE ST EGNIG LI R Y TR
JEROMEIZEB L, RENLRRY ZBOZ MY 7L
EEX DB L E D THIZ.

8. ERYZEHYaIITREI—ILEIIZKkB )T
JLVEE = AR e

ZIT, WIsERTCWEEE W, FEiX, RigTo Y
AT AL = NI T 4 R Ty FHEINOL SR LED
FTHNL, 2OREFETHD. LVWHZ i, —oFHLE
Y a7 A= VEEERWIUE, O E=MAEE—&
v b T B Y IABE = MIEIRER AR D Z &3y
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Mol =L, MY oRAMEZES TEREZT 5
ZEIEBHIKTHDZ EEFSRLTEL.

ZO—2F LI 1320234 XA RS THREL
TFEEANRA NV ZAIIC K D HIRRTTHiERT D 2 &
MNTEXHOT, RI5O FHNZ Z OFRFER 30D T W0
W ARIAEEERA DNV ZATEOFIK G TN o2&
720,

IO X, 5EBE U RO IE = AIIRRER & [F)
FRICHE 2 EMATRETH Y, Y a7 24 —VEHOYIE
EEAHEAAEE LT H T BB DOIERSC Y a7 A% —)L
By —2>F LT HRIEICL D b ) 7 ARIE = AR EX
DIFHIZE Y, FERICKSR Y OBHIEZ 71 L LT
IS LB b U FVRITE = 4 JERRHER o VR 2 45 Uie
ZLEDHIRFTE D,

FO—FlE LT, M150E 2 H L FRERICHIWTHZK
16D a7 A=)« U2 hBINOEHRICLD Y 7L
WHEK A ZEW 2 & 2. 22T, —OOEBEREK
Wohole., Bile—o2>FT 6 L THEREKT L EE, £
OFNI2ONEFDETH -T2, ZORFHIE, K11TY
AT AL = VEHN K D E AT OER O 3f51%, ¥
AT AL =)+ Y 2 BPFNT L DFEAREIZFE LN &
AL & ICBRICH AR X TR TH 5.

oL, KIIOERTRDIFZFCELET KD 7
JVIE = TINEIR A4 S BREHR S Roh o 7o, 72721,
ZEHORANET R B2, YaTd A2 —VEINZL D
U TOVIE = ATARHER & & 5 72 < [ UIE =4 AR EEX
DME LTV DT TIERNZ EbbhY, L AZE
FHOSMEEZ R LT Z ENTEHDOT, THAOESE
DIENYEN 2 & ]FF LT2v.

Flo, M1TO L ZWHE1E L, “HE2LTH L
2, 2058 AL T 5852 TE T, Ya 7R
K= VEFNDOFERIIENSL DT LN D THETE 5.

PLED, FUTNVIE=MABEBER E a7 A2 — 4
FIOBUROELRTH D, Z 2T, FFIEET Dt v
YN, BT, b U PARIOIE = A ORI 72
DIBRTHST-DTEA D )FFE L THIZ. KO
THRMLIEE DI, Vs 2%y TRIOKINHEE
B2 EZ20PIICELLIETTHD. £9, K18%
ATWE& 20, 2023 F ER PR RETHRELICAF
o PRIBE LAETE R AT N D = AIGDE 2 FFRtEE TL
5. ZOEIE, YaTRE—NEINET L c AFx T
MTRZE, Ba - 2%y 7HOMOELTH H1: 273,
32CFAKEZOND. TOZ LT KRERERERES
LTWa., 95— KI8EZEBW/Z&/-w. IR
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F o 7 HICBEET 2Ry VST b b ET L - X
X o TRITHAILITH D, HELST 4Ry T
NRRT 7 HHND LD
EET D EXIC2:11E 72 5.

FIOFIDOEHH1:1Th o720,
\ZU e A% TR

Relation betweenpowers of 2and Jacobsthal- Lucas numbers

e

y@y‘
— —

12) _ pD (1)
3 P(IZ)J P(12)J+P

FE=AED T, XTI,
DT EWCRBA. Lo T,
Xy TRIESNE BAOKRL Y, Ep g - R

a.2),-1

A%y THRIET|OCLL CERR e AR LD L,
MY AR —F LT
X15&X16D T v+ A

Triple spirals using equilateral triangles for2*

Second ratio of secondary metallic ratioA(; 2y = 2.

2 1 S 7 17 31 65 127 257 511 1025 B
i+ 05 2 1 5 7 17 31 65 127 257 511 : /1(1,2) _A(LZ) -2=0
15 3 6 12 24 48 96 192 384 768 1536 17 -
0 skipped Jacobsthal — Lucas sequence Jacobsthal — Lucas numbers: 5
21 _ @1 _
P((lzzl)j" = 2'P(1(,2),§ =1, o 2,1,5,7,17,31,65, i
2,1 2,1 ; y
Figyy =1 Faga+2- 1 P2 (22
' . fi§d5d 5
) skipped sequence for 2 e, —,=,~,=,1,2,4,8,16,32,64,128,258,- | x 3 A
P 1 pD _ o '16’'8°4°2’
w0 = (12)1- /
P((llzz))J =1 P(l 2))! 1+2-1- P((llzz)J o (=22 j-th Jacobsthal — Lucas sequence / \ Vil
& and (j — 1)-th Jacobsthal — Lucas sequence il 1
< means 3 times j-th powers of 2 X — X —
55 | 15
Triple spirals 24
using equilateral triangles R =1747 12=7+5
and Jacobsthal- Lucas sequence
6=5+1
Modified Pascal’s triangles for2* 9
based on the skippedJacobsthal- Lucas sequence —2+1
o an o
ant 001 as 022 w o 1 1
am 006 am as ‘ai om ait 004 am
am 031 am o a% oz an as oz 0s1 am om X— X —
o 006 02 au o; ax 043 an ax o1 ot 037 a7 au om 55 15
am 00 0 oo 010 an 03 00 aq 05 o4 ax an 045 00 an 0z am
am 011 az am ® — a4 021 ax am oseial as az 03 a4 an ose oM an
mmammuemuuu . ubmmunummﬂ . mxnzmuuium: ) Ref, Annual meeting of
az 095 0o am o3 an[ ] 3 8 . 1w 097 105 am 125 05[] T s 4% 192 o 1% 033 15[ T3] TS 2 . . e
2 R . 2 B e o : Tt Japan Fibonacci association, 2024
3.p(lz) BN EECEEGE . . pzy) EE EECEE . o p2D) B
(1,2),) - 3 » 26 e uwane @ m (1,2),j = 15 om o mess aw m (1,2),j-1 2 2 » w2 mo ow &
» 35 mum 5 e ne m ow = 1B o e m e m s E T on 5w o meoamomom
- 4 @
16 3X2DOREFEVIATRE—IL - Y1 h¥IERAVEEZAREER Y TILRER Z K2

0 skipped Jacobsthalsequence
Ga20=06a1=1
Gaoj=1-Gazj1+2-1-Gapj2 (G=2)
0 skipped
Gaz0=16a1 =2,

sequence for2

Jacobsthal numbers:

0,1,1,3,511,21,43, -

o
0@ o G i=1-G i-1+2-1-G i j=>2
ou en G(12)) 12),-1 a2j-—2 (=22)
ots oar 0% 0t 2 aaa
o o0t ocs 008 006
o, 2,~,1,2,4,8,16,32, 64,128,258, -
=i el T
002 004 006 009 013 013 o os
o oo 0w 043 006 a3 025 as@ )
oaz 063 005 033 025 0s[ 3 2R s
2 2 0w s y
0 2 14 36 40 16 7
B 2 18 6t uz s 32 / \ /
1 222 w0 20 mo ze 6
= R os e lime ) e iz pese Triple spirals using equilateral triangles for2*
a 2 30 16 78 0 s a0 msz 26
128
6 . . .
: Yartna X Second ratio of secondary metallic ratioA(; ) = 2.
Modified Pasca‘l s triangles for 2 ¢ Ry Aoz ~ 220
based on the skipped Jacobsthal sequence ’ '
1 skipped sequence for2 2 skipped sequence for2
o Gano=1L6Gan1=2,6an2=4% o G0 =16a1=2612=4%6G13=8
oit om 0w 012)j =3°G)j1+2-1-Gapj2 (G22) e o o Ga2;=5Gapj-1+2-3-Gupj2 (=2)
26 001 013 0@ o o o o
96 323 0% 02 003 1111 o o o o o 1111
ez, 1,2,4,8,16,32, 64,128,258, - i z705.1,.2,4,8,16,32,64,128,258, -
35 473 040 a% 1as wsiers | 16'3°4°Z’ o ani oaiam o e %8772
32 18 103 548 281 138 063 625 0@ o 0 0w o@ am o ©
185 114 6% 422 253 15[ GHPRE 05 o 0@ o am oot 0ot 0%t 0@ 0w
421 285 19 127 084 056 o3t 025 0. 002 002 001 001 001 003 005 009008 o017
2 00 0ot -aos 0os oo GBS 01 613 02 NGs[ 1]
002 003 006 013 025 6 14
e e S .
64 128 162 756 IS8 14ss M8 256 32 o 1A 2% 250 1400 3580 6942 TESA 4568 1296
Skipwd %6 512 U85 2992 SER6 320 5520 2464 08 64 512 1024 2048 1250 8500 reer srer sees seer seer JI06
1024 2048 458 $748 srer srer sess sese 6152 1408 128 skipped 40% 8192 seer 625 sess sees sses sses ses sEer sEes sees
sequence 0% 0192

sequence

Ref. Annual meeting of Japan Fibonacci association, 2024

17 RFy TRy TRE—)LEIOWMEITEREZERT ZBENARDIL=ARE

CO¥IERWN-E=AEERT-
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L0, YaTgAZ—NEINIEBEREE R L2l L

WHFETE D,

U bEESkLER, KI8EKIZv 7t MY 7

1 1 1 2 2 B 4 5 7 9 12
1 1 2 3 5 8 13 21 34 55 89
1 2 4 8 16 32 64 128 256 512 1024
2 4 4 Fibonacci sequence
2 5 16 ,01) _ 01 _
3 3 2 Paoe =0 Paa=1
©1) _ 1. 01 . p(01) <
4 13 e Tanj =1 Panat e 022)
5 21 128 jacobsthal sequence
©1) _ ©on _
7] 34 256 }3(1’2)’0 =0, P(l,z),l =1,
9 55 512 p0n _ (0,1) (0,1) :
Papyi =1-Pagj-1+2-Payja (G22)
12 89 1024 12)j 12)j 1,2)j
Padovan sequence for single spiral using equilateral triangles
@@Ly _ L) _ @@Ly _
Pare =1 Pani =1 Papyz =1
@11 _ 1,1,1) (1,1,1) :
Pany =1-Payjet1 'P(1,1),j—3 (G=3) pP=1-p+1-1
or 1
p,1) = Plasticratio = p, p?lrl) =pan+1 — o2 p3
1| P

1 skipped Fibonacci sequence
for double spirals using equilateral triangles

$i=2-¢p+1-1

2
112) _ 1,12) _ 112 _ - p°=1-¢+1-1
Porso =L Peuyi =Ll Poi, =2 oo
112) _ 112 1,2 L
P((Z,l),j =2 'P((2,1),j)—2 +1 'P(Z,l),j)—:; G=3) t pe
or | ¢2
p,1) = Goldenratio = ¢ = A(11), 1| 4

w1y =2 Py + Land 3 1y = Aq tl

2°=3.242-1

22=1-2+2-1

Sequence based on 1 skipped Jacobsthal sequence

for triple spirals using equilateral triangles j j
1,24) _ 1,24) _ - 1,24) _
Peyo =1 Papi=2  Papp=*4 2x 1
(1,2,4) _ (1,2,4) (1,2,4) . [l 2
Paayy =3 Pahyiat2-Pahyis (23) 15 2
or

p@3,2) = Second ratio of secondarymetallic ratio = 2 = (1),

23

v PGy =3 P@E2) +2 and A7 5 = Aqz+2

F TOIE =AEIRHER % ARANTR R 55 300E, 20214F
D FathauerDzH LOE THROM SRV E 9 ITH BT,
2L DFFALF— 12k BT asic N FARE =/

Single, double, and triple equilateral triangle spirals

and these one skipped sequences

Second ratio of

secondary metallic ratio = 2
Triple spirals

Golden ratio = ¢
Double spirals

Plastic ratio = p
Single spiral

8 4
e p ¢ @3
3
4 23
@2
p° p? £
1/ p 1 5 2/ 52
p° o’
Numbers
based on Jacobsthal numbers
Padovan numbers Fibonacci numbers with changing initial constants
12
9 34
16 8
2 5/ 1,24
8 \
16 4 U1 .29
5
13
21
21 28 32

Rotationally symmetric spirals with equilateral triangles

Ref. Annual ting of Japan Fib 2024

X18 E=ZARZAWN = VS )LE, FJ)LE ) JILEMERRKERBET 2T - 5y TRIHS

BEUVTSRF VI,

Plastic ratio= p
Single spiral

BEL, BIE2EERIICE S EROMERDFIR>

Golden ratio = ¢
Double spirals

2

Triple spirals

o i ¢t #°
o? 23
2
p* p? A
1/ p 1 @ 2/ 22
p° p’
There will be no relation between upper equilateral triangle spirals
and lower significant digits of Pascal’s triangle mathematically.
However, these might be a common sense to create something beautifully important.
1 0 0 0 O 1 0 0 0 O 1 10 0 0 O
i @0 1 1 0 0 0 1 1 1 0 0 0 2 110 0 0
i 1 2 1 00 1 1 2 1 0 0 4 12 1 0 0
iy 2 N B B e 0 2 1 3 3 10 8 NMEBIE o
21 3 1 4 6 4 1 = 1 4 6 4 1 16 N 4 G @ E
5
* Padovan sequence 5 Fibonacci sequence Binomial Expansion
& Plastic ratio & Golden ratio & Power of 2
(1,1,1) Fooos ) +1
5 . Fanj+
_ e fan ¢ = lim =2 — 1618... ==
p= }1—{?0 aLn - 13247 152 Fqqy; 2/
@11),j
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0 skipped sequence

a5 _q pds _ 5 _q ps _
P(l,l),o - 1'P(1,1),1 - 5' P(l,z),o - 1'P(1,2),1 - 5'
a3 _1.ps LS a5 _q.ps .8
1 skipped sequence P(l,l).j =1 P(l,l).j—l +1 P(l,l),j—z (=2 P(l,z),j =1 P(I,Z),j—l +2 P(I,Z),j—z (=2
(1,56) _ (1,5,6) _ (1,5,6) _ (1,5,6) _ (1,56) _ (1,56) _ (1,56) _ (1,56) _ (1,56) _
P(l,l),O - 1' P(l,l),l - S'P(l,l),z - P(Z,l).o - 1'P(2,1),1 - 5' P(Z,l),z - P(3,2),0 - 1'P(3,2),1 - 5' P(S,Z),Z -
(1,56) _ (1,5,6) (1,5,6) . (1,56) _ (1,5,6) (1,5,6) . (1,56) _ (1,5,6) (1,5,6) .
Pany =1-Fany2+1-Pans G23) Ponyy =2-Fonj2+1Pons (23) Faoyy =3 Fapj2+t2 Pk (23)
159;6" 1,5,6; 1:5:7;
6,11,12,17,23,29,40,52,69, --- 11,17,28,45,73, --- 17,31,65, ---
40 73/ g
/N 11 /6N 29 \ /
12 \ 6/ \ A5/ \ 7Xg
Y/'s\/ y 6 \ ——
,'/ \ 5
11 v
69 17 23 17
N
\\
7 \
© Shingo Nakanishi, OIT,

|20 Gibonacci#i 5| CREEHIIZ L BAE=ZATB TR VT, T,

33=8+25

Japan Fibonacci Association, 2024

b U FILEMRTER D Z Dt —

Unforgettable memories @ and O# 1= 1: 1+ 1= 2
thank you for informing us of 1 : 8/25=1 : 0.32. . . kE &= 23 dw S= 4
J Spirals of combination 1+ 3= 4 : 3+ 5= 8
using Jacobsthal sequence 3+ 5= 8 : 5+ 11=16
5+ 11=16 : 11+ 21= 32
11+ 21=32 : 21+ 43= 64
0+ 1= 1
1+ 1= 2 Fibonacci sequence
1+ 2= 3
g \y \X 2+ 3= 5
7\ 3+ 5= 8 Love, Joy, and Peace
5+ 8=13
© Shingo Nakanishi, OIT,

Japan Fibonacci Association, 2024

21 Y3 TRE—LEFIORESTEREISALEEZAREZRAVIZERO £ D fth—5]

BRREDN R CTE D &\ D 2 S XM o R CIEIRGE T E
DTIEAR VR BEIEA IR DNE LRV, 2O, v
YN, ZTVOIEZMTIRIER & RERIC S & 2 DR
WL D TEREIT) Z EBAROBNTH-72. ~Y
TIVIE = TR E < JER DI, B2 TH D .
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LTWADTRITIZHR L THAZ. ZDLEDT L« A
Xy TRIBINCEREY T ThRDLE, TNFETELELT

ST IVIE = ATRIENE b O THLBRTR MBI 2353 00 %

Thbb, BFHRMEZZR D0, T Ax vy
L CEAT LIZBEOTMN 5 72 5 BHNOREIL, AlEE
22 LT WSE O VEBE D 7= b DFEAE SR & W2 D0 L
YA

ZOZERFMHORTVE S, K8z I, &
TV, N U T ARIO S OMEHERNZ 3> DHIHIER EH % &
LU v« 2%y TRIEBHNOEMEAR L, TE
DHB LT NWE ISR TR L THZ. Zhb D%k
FloMEEIEIZ T, BTN, MU TADIE =M
OBENRRREN TS, [FIRHZ, [F CER 2 FE3%E L
HETHHEBETE L L)L TERERRKIRL TH
2. Tbb, VU NVEZAERERILT T AT v s
HIZ XD ER E LCTRURL, & 7/VIE = AIRIERIE
WAIC X AIRER & LTWA. RS, RUFAIE=
FIEIRFER Tt 0 > 7 ) —DFE2E 4R T & B HEHEX
EUTCEE T, HHEL 2 WhICB g 2 5502 L D%
FER & HARMERS BN Z & B350 Tz,

L ZAT, KROBHRIZEFRWIERE LT, 95—
Bl L7, 2 ECRHER LT T AT v 7
R EHIEIL, ZOTRELTA THIHNWZZE I
1, EITBHIRAOBE TH-T=. £ ThD. [T
WEBEEL, ZOFEOZEEFIIEZXTNWDL A ThH
HEWET D, THRWIFIE, RO ERD
—ODITWMERVOND LRV, RS LTI BT
% &, X115, X16, 1T TRIEENSRA DV =MAEE D
BNZEEI., ZOXIICEZDE, TIETERL
72, M19IZEE T4 Y PFIDO A AV ZAEOREE
BoFn, st Eofn, BEOFIORHITE D OKME & —Ed
LZDTHD. Fole DR TH LN, o Hiai s Z
AITATT LB e v NI EO T L LFEEN
TWNDHD0E LIV,

Mz T, HECARORENFMRTEDLEIITH D
—BlZEY BT, AROBEBEO X HIZHARD LKL
5T E2FEIE, PIHENILOERELEEICRE L
Gibonacci#g 7B HIZ L 5 IE = ATIRIEXIT,
208 D ITHET 5 Z & BARMICH R L TR &E 720, 20
L D FHRIHET D E B0 -T2 EBRARFRD
HHETH 5.

Pk, Ex LOWREFHIZR LT e — B &),
B LN OEFEBHIEIT AV ORERANTHLIN, AR
WCHEDSL T ro—flL LTR21EZHIR L TEEZE
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T BEE DEHERATEONEZ EO L 5 ICHEfiE S,
HLAFE IO NT, T b oKs L IE=AIIGRED
BIfRA EFR PRS2 RS T T<hb 2
R LT,

9. ¥

ARG T, Yo, X7, M) TABOIE=f
TEARERINZ DT, BEET 25051 & b4 R /F M © &
D HEDOREWRN 21T o0z, ZOL &L, RRY,
H L <IERE ST O AN S B L IRER 0 TReZ
OMEEHLMIL, ¥ 7N AR CIX 77 A~V —
OEEFBHICBEET 2HYNOE LEbTEANTICES
EBEIORIZ DWW T HI_EEZTo72. MU 7Ty
AT AL = NI SR EE A2 EIE L7220 R & 5
ERDODTEINERBN L, LLEOR A &5 U2 hEX %
R LRk 2R A7z, BLE, ZhoDE=/AF4H
WZIBHERNIZKA D b LIERE ST ey L,
R AND =T EAFIR LT 5 HN DRk ) % 1E = TR HE X
EDFRL LR DI 25 ATz,

AR BRLEEDER

FERY HIZHFEMICN O OB Z 7. 205
HLO—OEFLRVBVBATL L Z AR RS T-OT
e L LTGBRT S, TOEMITILLFOLEBY THD.

FEMAICKA Y CHEL T2 HET 5 & X2,
Gibonacci#t8l % AV 723546 T b IERN A & AV 7 iRz
MIIERAFTRETH D E VI EMThH 7. L L
TRHIRZDZEERRL, HALDLDIFERICETL
el Zh, K220 X974 R Ty FHEINZ L DX T
IEARATEARENER & U TR FRETH H Z & 33 ho
7o. 2 LT, EEOEXEY ITHENCKR D R E S
PTHESNE N ANATRORFTTROHND Z & HI-D
D H15 DD HBEHIE L < BHEHE 2 H# T\ 5.
Mz T, FTNBOEBFER & U TEBTEX 52 &8, K
WD TS & 2 IE =M OIE I X 2185 O )
BUCE > THFES N TWD Z E LR THEFTE 5. L
N5 T, ERAEEROCEERER S, HENTHoT2
DEGHOERICEY, EHEOTITHLZ LT
7.

Z T, ~VEINCB L CHK231R T K D ITIEAR A
TG Uiz 2 7 AR OAFl 23 72, AR et
BIZE=ZAFBORFEFELC LIS, 74 R8Ty FEINOHE
BOBEZFIZE S LHTHEN, MEBKETEL LD
WU bND. 22T, RRHZH23ICHFL L Y 7L
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1%

Fibonacci sequence
Fapi=1

Fanoe=0
Fibonacci numbers
0,1,1,23,5,8,13,21, 34,55,89,144,233, -

Fanj =Fanj-1 +Fanj—2 (22)

233

144

Thanks lots
for the important advice by
all the Japan Fibonacci
Association members.

Double spirals using regular hexagons
based on Fibonacci sequence

©Shingo Nakanishi, OIT, Japan, 2024, Japan Fibonacci association.

22 BRYPCRHR ST EBEBHICHALIEERARERWNE TVED « KTy FIRERO/FE]

70
29 . .
. Double & triple spirals based on Pell sequence
= 29 | using regular hexagons
1695770
5 > 408 [ Pell sequence
S AL 5 Fono=0  Foni=1
2112 Fenj=2-Fonj-1 +Fenj-2 (22)
12
5
iz 985
70
169
408 .
29 70
169 985
7A)
172 \
70
s
~Cipl (&8 70
Pell numbers 2 172 70 |37
0,1,2,5,12,29,70,169,408,985, - NS
12 169
Thanks lots 70 408
for the important advice by
12

all the Japan Fibonacci
Association members.

29

©Shingo Nakanishi, OIT, Japan, 2024, Japan Fibonacci association.

23 HRYPER LT 2B/BHICICALEERARERANS TR E ) TLEN)LIZER O FE ]

WRHER 65 X CHTz. 20_RE | T, EARAFICED b
U I NVANEFER OEEN EFL W, Yars7xx—)b
BHNOIEIIME L7223, 20D VICEH o EIERER
REWSNVEHNEFTLRFFHTERALILE 25, K231
RTIEYICREFICHIT 2. — B, BEEED X OIS
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N, TRBIIRELDT, TOEERNERDLERE
XTI /2N 56 MY 7 RN % Bl
DIERZERT TOD Z ENBfFTX 5.

L7eido T, N7 U HhlE W IEARAFIZE D
T REER E LTTMAT, RIFEO S OFIED
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Thanks lots

for the important advice by
all the Japan Fibonacci
Association members.

= 70~
) 29
12 5 A 12
< - 29
5 -
;\\‘ 1 1 o
B 21
E 12
e 5 |
2 . i 8 2
|2
! 1 70
8
3
29
5 70

Single spiral based onPadovansequence Double spirals based on Fibonacci sequence Triple spirals based on Pell sequence
using regular hexagons using regular hexagons using regular hexagons
Padovan sequence Fibonacci sequence Pell sequence
Pano=0 Pani=1 Panz =1 Fano=0,  Fani=1 Fono=0  Feni=1
Py =Panj-2 +Panj-s (G=3) Fanj=Fanj- +Fanj-—2 (G22) Fouj=2-Founj-1 +Fenj—2 (22)

©Shingo Nakanishi, OIT, Japan, 2024, Japan Fibonacci association.

24 RRYPRHR LT EEBMICSALEERARERWN =0T, 7)1, Y FIVEZER O FEH]
USRI 7 851, 4Ry FEI, NVEINEERL=ERE)

N Golden ratio ¢ &
’ y W Double spirals using regular hexagons
L * $p2—1xp—1=0
N ) Based on or

L&)
\f*wfd\/\ Equilateral triangles P =
[ 0 quilateral triangles $°—2x¢p—-1=0

™~ s )
| RO
AN
//ﬁ S ‘
2& .
Triple spirals using regular hexagons "
22-1x2-2=0
or
22-3x2-2=0
Thanks lots
5 o ‘ - for the important advice by
Plastic ratio p & N all the Japan Fibonacci
Single spirals using regular hexagons ‘ Association members.

pPP—1xp—1=0 _ . .
©Shingo Nakanishi, OIT, Japan, 2024, Japan Fibonacci association.

25 R&RYPRELST#RBBHICISALEENARZRW L UFIIL, £J)0, ~Y) FILEMZ TR O VEE1F)
(TS RAFyoL, EEL, 2&HECHERH)

LRI 240 LY, N ZT AR WY LT e 2 A, KI2BITRTIEY, REICHBIROIE =/
NIDIERATE 2 AW TIBFER 2 7= A BRROK e B e ML R < &7 VIERATIER O VE# 23 C & 7=
LTELTRE. FIT, b9 —E, HEIC2ONERITLD MY SIVEAN

LIAT, BRAEROERIZ, HELTHI#IT I ABBERICOHEHER L2 25, FOHEDORAED
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8

\ 5
.l

13

Fibonacci sequence & Regular hexagons
. ~
2

~

5
S

S

N

Rotationally symmetric spirals with regular hexagons & They will be one flesh.

Thanks lots
for the important advice by all the Japan Fibonacci Association members.

Lucas sequence & Regular hexagons

A

Title: “My command is this:
Love each other as I have loved you.” John 15:12 NIV

©Shingo Nakanishi, OIT, Japan, 2024, Japan Fibonacci association.

B26 BRYPCRES T EBBHICGALEEAARZRVS J)LEREER O /FES)
(Z4RFyFHINEY 2 hBIN K BERARERANF TILEZTER)

EEMEETCERCNELZENTE. BbTond
DI FERLRIIE & B2 D o723, FRFICHGEAZ T
bolZ N yhol.

L AT, ERAROX T AR ZEET 5 5 5
(CBURIRNZ Lo Te. Bel DR S 2 2 F Thth
TIoNDT, U2 WIS T VR O6n &
fHpaniztBbns. V2 WEINETER LT IEAAE
(2R 2 &7 NERE R A AR L T IX2612 - 3R 03 53
Molo. Thbb, E=AEOMEMEZIEH L7270 HET
FICE D D 72 BIE, 74 R Ty FHEINS Y 2 HFH
26D LAl # 7 VRMESER & LTE LT LH L, Y
2 BHFNIIR R PR TE D, —H T, K DOIRSE
4%/ LB E) S & CEINRICBIZE T 7 61F, X260 Tl
DEIHBELEIZONEIVENTHS. FREIZ, BFE
DA] T ANIE—1k & 72 5 (They will be one flesh.)| % /&
LABETLH D L, TEWIZE LAV X (Love each
other as I have loved you.)] DX 5 IZBEAEZET D L%
KLDHZEHTEHDT, MHDIKVDOHELTISBIT
BINL CTHT-.

FATROME L ZNDATVRNR D, i DRH%
ZAMD TN ZLITL, AWFZETIE, BRLOMETIE
EEAR KRS T EAREBICTEHT 5 & X OIEAAE
WRHEIX] O & ATEAT T TR e o Te MR & 16 2 72
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AN

LLEDBRE 2 REO R IIHE— a4 & B E O KBEEX
SRR ERIZOTHER LI LEAKRT D, ROM
BRI LR R HORERARBERETH-IZZ
LERATRER.

it

Z 2 E TOMEREIS, BHRERBL OS2 T
W2 D BE A W o To B AR — 4, ZHIEH
AT O BEILEB L RIFEY. £, Wi E Iy
VRVl AV 7 < W0 A =t A= = D o = <

Fo, T4 Ry FHANRE B OBEBRETH TN
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A, PARTEESEAE, BFSEEE SO BICAFREIIC B A 5
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ARG OERE 5N NOBFFEE 1 TE G L
FT. ZOMICH TRV WL OFRRIZH 20
B TELB L R ET

o, 74 RFy FHEMRES~DOSINT Z3HE N
Te T2V RBIE RS, R —Je AT b= HIFLHE L
EFET.
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