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Visualizations and Geometric Characterizations of Equiangular Spirals
about Similar Metallic Ratios Using Generalized Fibonacci Sequences,

Pythagorean Theorem, and Binomial Theorem

by
Shingo NAKANISHI

Computing Center, Osaka Institute of Technology

Abstract

This research note deals with equiangular spirals with similar metallic ratios using generalized Fibonacci
sequences, the Pythagorean theorem, and binomial theorem. We reconsider the similar metallic ratios based
on various right triangles, e.g., Kepler triangles with Fibonacci sequences or right-angled isosceles triangles
with Jacobsthal sequences, according to the Pythagorean theorem using related ellipses and simultaneous
probabilities of two-dimensional standard normal distribution. We suggest that original or similar metallic
ratios also have significant characterizations such as nested radicals, continued fractions, and applied
Pascal’s triangles. Particularly, we can obtain the Bernoulli’s logarithmic spirals on the Gaussian plane using
generalized Fibonacci sequences, binomial theorem, and de Moivre's formula. From geometric viewpoints,
we also illustrate several beautiful harmonies simultaneously between the golden ratio using Kepler triangles
and the silver ratio using right-angled isosceles triangles.
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1. [EC®HIC

FEEERIR D BFE AR & kR x 7208087, st
OIZFEIZBIRT D TAR VORI, EamitbfELtb 242
RUIRHECHDOHGE ) — b D2 BRE LTS 1 F1E
WLE D ELTWA, [FRHCE A RS AR
ZOWTERZE IR BEHEFINOWRTEAL 3% KPR
R )R a T AKX 2020 ITTHERELIZEZS
MOAIFITE L O TS, ZDi=h, AWFFELZ DR
VEDOERREZ D 1 FRIDOWFIERER D & 85T 5 7o DITER
L7F9E /) — R CTh 5.

AIfE 2A2BWT, HEELE S b WNTESREE %500
HELEL 339 L AEHEEI A O SRAE AR & DRREE
21, IRAORE “H0 & Bughie (EAIREE) O rTRENE
NHDHZLERELTZ. ZDEEDF—RA L FREH
=F A (Pythagoras) DFEEE (ZIEFOEH) L7 ¢
A7 F (Fibonacci) 5 2P DIEHTH-7=. HifE
DL DTl iz 2B DIREE B335 2 L &0
L7220, AWFSE Tl DI 2 B A2 TE 5 &
INCETFFMEEZFE L, ZOELEEM—TED L9
B TR OFHROFEHRL 28 T .

L L7 D, ARG A rEDET, 7
Ve, — R & LTABRT 28813, de Spinadel 23H{EL
Leo$RZEE L L CICHR 3840)I1C n=2 Ot %
copper mean (Rt L<i3h v/ 3—k), n=3 O
L% nickelmean (ESLd L<iZ= v rLklh) S
LWz ROTTNHTHSD. £, Hlzid, X
ik 41-43)TH 2D OLFAE [ EFL TS 2 L vbh»
STz LD L7 5, Wikipedia TZABE9 2% AAGERRD [
B3] R0, JGEEIRD Imetallic mean® | T, de Spinadel
OICR B0%BERE L ORLTWBIZH 00 5T,
ZNHDHFNTIE D & ZAEFRNPOIFINO LS TH 5.
ZOTEOESBIIITEENL T eWL, B b T
VRV, E T2, Google X Google Scholar T ZivHDH
FECRHERDK Y LT, EROEADER TE R0,

— 5T, Ay —HR=y vkl BeBElo 4 %R
L SEFRIZBT DA BAHAET 5. Wikipedia TH ZHH A
RSN TS, FEHIIZ 5L AFE RIS L
DTHHD, W de Spinadel 237w/ 3—tb b =47
VDML B> TS L5 ThH 5.

L7=03-C, AR TIRZ NG DEEOAFROFEH R,
O Te Z & A IRIUTFIHT D03, E RO
IS H L AR AR TV A T, BUROES BT
ERGERE LR ERAT L Lz T7eb
B, n=2 OEPEE%E copper mean (Bliditbd L <130

woX—bb) LRI, T D RELIE O ST RRHE K
FHbEo FHEREE 2195559 L B 72 ZFR(LILL O E R 2 AD THER
e EREEZED R, n = 3 ORELIIC W T B [RERC
nickel mean (HSALLD L <Id=v/Lbh) &3z, EHH
R D DNERDGR L NTHREND FHLOEED
FHSUTH L2 AD THER Ve B RIZEI i35, L
72N> T, SHOWIEHEDRERIRE T, TNHDL4FR
PETIESNA IR R ESND Z LI, FeEicb T 7&K
WEEE T, 272, 1 ER2IZZOZ EEDD
DT LKL LR ERETHEE L

# 1 EHEBEHLE ESRILOELILOMNFR (U v/ —Lt
L=y VDR ESRIIRT 255) 13963

Table 1 Original metallic ratios and similar metallic ratios based
on the naming of metallic mean including copper ratio and

nickel ratio 13337
Order Metallic ratios Similar Metallic ratios
n=1 Golden ratio: Golden ratio:
1++5 1++5
Aany = 2 Ao = T

(A = 1618033 ) | (A = 1.618033--)

n=2 Silver ratio: Undefined:
Aoy =1+V2 Az =2
(A = 2.414213 ) (Aan =2)
n=3 Bronze ratio: Undefined:
3+413 1+V13
Az = 2 Aaz = 2

(A1 = 3.302775-) | (Aus = 2.302775-)

n=4 Copper ratio: Undefined:
Aup =2+5 N 1++17
(Aary = 4.236067 ---) an ="
(A1) = 2.561552)
n=>5 Nickel ratio: Undefined:
5++29 1++/21
My =——— Aag) ="

(A(s,1) = 5.19258-+) (Aws) = 2.791287 )

n==6 Aluminum ratio: Undefined:
Aoy =3 +V10 Aae =3
(A1) = 6.162277 ) (Aae =3)
Equation | A%, — My —1=0 | A%y~ Aqgm—n=0
n+VnZ+4 1+V1+4n
Ay == R
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# 2 BB ESRBLOBELILOMFR (7 >/ —t
L= VIR ES B OIELINI R T 56 340
Table 2 Original metallic ratios and similar metallic ratios
named by Vera W. de Spinadel 34

Order Metallic ratios Similar metallic ratios
n=1 Golden ratio: Golden ratio:
1++5 1++5
Aan =g Aan =5
n=2 Silver ratio: Copper ratio:
1(2'1) = 1 + \/E 1(1.2) = 2
n=3 Bronze ratio: Nickel ratio:
3++13 1++13
Aen =" Aoz ="
Equaﬁon /1%,[’1) - n/l(m) —1=0 /1%1'") - /1(1,,1) —n=0
n+vn? +4 1+V1+4n
l(n.l) = T A(l.n) = f

Thbb, £1TE 4FHOH v/3—td 5FHD
=yrntkbEeBHICET omaRLEL LT, K2
TIIELED 2 FRHIZ v =tk 3FRIC=y bk
Dg SN-FRDEE LGRS Qns.

ARFFETIE, 31 5L LRI 2 V¢, 8L
o2 FHARDITFE 2R L KGR T D LT 5. L
ML, THA L OWMRTIE, 2N S0HEUEDHY 72,
B4R OB, Akl Akt OKfnkt) 13 EkEE
BTBY, ZHOIZEE L ERA T 2 it 2 [
SREE, 5 3 HALIE A L L REICED o> TS,

ZDOXEIITR ZHEAEL T LD, RO OMm4,
ETHLHHE2ORZFTE, 4V T oEs s
AXNOFEHE LA, BRE, FHicFlz,
LAY T2 v 7V TH D EEIR ORI 213
& (m4Y) OFEIIHIZ THESEL, By/3—kb (iligh
), =v/vke (Adikl) 2888 L QW2 5 & X5
LoNEEZLND D,

—J5C, BIEPTIEX 1A TRT LIS, EHEEHSY
Hi D BRE I ABIROFE T A T hk O IRRAfER L
TS, ZORE LI E R D &R O
DIFHIVDRTFHIREN L LD T, B2
ERET2OTII L, SEORLAY By 7 LT
Vo I PERICKR T L2 Ehita L ¢, ETE
R AXNDOETHH LML KL LN, n=
1,2,3 I[ZHHET 22 EL E L THEETE S L HI/E
BUZDOWTIE, EHEOEM & ITME N TIEH 58 T R%
BEH LTS, UEZEEL CHEEEX IT ADE

HE T 4RIy FEINOWTHE R T TR Z
FLHOTND.

L ZAT, BEDOMZE, — bk &G L T D & EIT
I%, Wikipedia ® AAGERD 777 —D =41 %)) 1347
TEL7Zeiote. LIedio T, SGREIRIC K 2 R0HL [Kepler
Triangle®| &SGR 1302 L5330 C, 777 — (Kepler)
DFER, LT = AT OLEDPIT STV l2il Th o7z
RIEOBREHEIE Y 873k 13)0 BAGERR P&, #
RS- AAGERR Wikipedia®7)» b 3613 Faenr 75
—OFE LT EERSHEAMLZ ENTED. bLY, &
FEDEHERZFL LIZZ L0 L 720, Wikipedia D H AGE
Wizt 777 —=/fF BB SN0 HITRE
HIRZETHDN, FEFEIHAA IV TREN. 207
T — I FOSE LI TND.

“Geometry has two great treasures: one is the theorem of
Pythagoras, the other the division of a line into extreme and
mean ratio. The first we may compare to a mass of gold, the

second we may call a precious jewel. >

[H&AIZA TN 2 DOENH D, —DIIE X TT7 ZADEH,
H o — oI EE B4tk THD. —HoRITEILE
N, TOHITEERFEALMRESI EIIRDIEA S 2P

BELL, 7T —0¥E 2O9D—>L LT [FH
DR (2L TR, JOREINATE ThH DR R JE
HTHDHZEND, 77— —AILOFHECAREtE S 2>
ORI T TRVt Bbihsg. 2o%o
—ONZ, T T T — AN BB AT D 2O LT
HHNTNZE ) THD 2BO, ZOREEMAHK 400 4F
BOBUEICS 5 — R L Z IR L 725 K9 ISR
THER CE =2 & %M L.

AHFUZBNT, b —DEERI ENH L. ZivE
TOESBLLOET| #BHDZONT, n=2 FHIT
Jb (Pell) i8I & BHEfHF SIUTHREB L TE 20, A
TIL, 74487 >»F (Fibonacci) 5%

F(1,1),0 =0, F(1,1),1 =1, (1.1)
F(1,1),j = F(1,1),j—1 + F(1,1),j—2 Gd=2)

& BG5S 6470

F(Z,l),l = 1, (1.2)
Fo1,j = 2Fg1),j-1+t Fouj-2 (2 2)

F (2,1),0 = 0,
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DRV Iy a 7 22— (Jacobsthal) FF 0™

F(l,z),l = 1, (1.3)
F(1,2),j = F(1,2),j—1 + 2F(1,2),j—2 G=2)

F (1,2),0 = 0,

HEA LT, el TR a21T-o s, AU
CFINDOEEBE L a7 A2 — VB DRREIZ O T
ST DHELIEORE, de Spinadel DHFEEE 4053 7>
DB, L Z W TEEIC HECFANT LA
TH O ZEIISkEN TV, 2, ~ g =
TRAE— VBN T 4 IRT THE bl L7ens IR
SRR EETe L SNT= 7 4 BT FHLEI 07470
T 4 Ry F LXMW FAET H. T,
Y AT AL —NVEBHNI A ST T 4 BT FESND
FURTIE, ~VVBBIE FRRICEEE ST 5.

ZZC, YRI5 ESR OB OV TES
JEE & FRR SR P30 B S BT S 1%
HIAEY, LS 0 Ry FESN ORI
L7 DI AT, B4 2T ZAOEEOIEHE
RETZEETS. Zhiab L IcESRROELIIC X
2 S FRIE 2 BRI D> DTN < ToDITIRREAT
WG, GRS OIEHZEPE L TD. KR, ==
— kY (Newton) (252 IEFEHSNRITH T 4R )
T HEN & /A TI v (Pascal) D =T SO/ AA
IFHEATHY, ZnEHRIOERE U TOEH L TAT
V. AT, AU A 056X, 414 T7—
(Buler) DA P03 2 70 K« &7 771 (de Moivre)
DEFLBNDE 2 71~ X —A (Bernoulli) DxHRhE
GEAIEHE) \TIE D, £, BIECEMEER RO
SREDARBIE A O CESB OB A7 L CE -
7, TEFEGUTHEY T D “OTAEEERI MR O RIRHER 2
AW EB2 LR AT, IBIL, F7I7—08igEs Nz
[ e Vi BV SIS R S N Al — 27 === /2% {1 L= el Ay
IS DR b EAREDE T I BRES D S L CE
L0,

Vb Lo, ARFUILLTFORERRIZ LY, fifEiohe
REITH. bbb

2% AR SR & IR AR
3F . —RILENITZT 1 R FHIINOREI
4% . —RIbEINT=T o Ry FES

VX 37 20OFEHEICLD
BB OB DR

BB ORI & D E

6 % . EBBLLOBL DS AIENE L FEH

K

TE . ADO—RILINZT 4 ATy FHEIIOFRL
8F 1 NAWNOZSRL TIHEEIIL D

—f b ST 7 ¢ AT FHGI & LrER,
9% HAEBLLOELMICLD
730 AT A PO T S R E
108 EXIT7AOERLEOBRET VA NIE R
SABFZEDE LD & L TDEE
i BRI &R ER AR OB

DEBITEEZED D, £z, fCREICAWS T
AL TR EBY TH 5.

n :n HHOESBIITHYS T 575
Ay : 1 BHOBEERLONH
Aany LTI my, ¢
n & HOESE O OfE
Fij LT Fay e
j BHOT 4T v T
Fa,:
j BEHO~VE
Fp; HLLIE Fgy; e
j BEHOY 2T AKX —EK
Foj i n &HORSBILOBELILIIST 5
j HEHO—IbST=7 4 BT v TH
k, : n ZBHOESBLOBELILIIRIET 2
FEAE RS AR ORI
. n ZBHOESBLLLOELILHNT 5
FEAE I AR ORI ky, 1285
PRGN % = 1/my )
z, : n HHOEERBLOELILD
EANRRE RS DS
VYo o EAWSEORE AR A SRR
(= my =1 = Vnd(ky))
FITI, 92 B CTESBI SFELI B Es X
O HIR B ORI U T L 1R R A DR T 5.
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21 #EHoEERX
e EERT S Bl

p2—¢p—1=0 (2.1
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Original Concepts of Kepler triangles based on
Pythagorean theorem, golden ratio, and

©Shingo Nakanishi,
OIT Innovation days 2021, Japan e —
» T L - D(ky) 7 = D(ky) T+ D (k)2 O, 29
OTT Tnnovation Days 2020 / T @(ky) Tt = @(ky) 7 +1 standard normal dlsmb/“tmn
Memoirs of OIT 2020 ! ! A 2 B
ORS) Spring 2021 /t v }r‘ CD(kl) =L +':D(kl) /// \\\
! klzcb(kl)fé ! hp(u) = p(u) + ud(u) // \\
/ (L @0a) 2 =1+ (k)
i 4
K20 ()2 | 1 L
Pl e I~
\\ Tr—_ ¥ () \ - N 5
N---H <1 ki =07931383 - N e
< K2k \/ 7 L5 717cfc1>(1£'1)2 —_ D(ky) N \2\
5 T k)2,
e A N O P NG
= \\ v | ,\\ k19{(' 1)_2 ?{qu‘(,klj‘._?%'\-“".k\i’dj(kﬂ_b =k, ® (k)™ + k@ (k)72 = C]:'(k )\4.
\ s By TR A el oA 1
as) R e am) ()| N\ A
: 1.2 | k2 ->¥"" Trapezoids B(LB :
ki |\ el L = —0.7931383 ... Dk [\ Y
o . . © Shingo Nakanishi, OIT, 2020
@)™ = Dk ) 40 (ky) ’
oo ml=m{Tt+ml? (vn=1,jen) s D i V541 Lets g
“ky k, = 0.7931383 --. milden R0 —0(lke) =i = = s
V5-1
Inverse Golden Ratio = & (k)2 =m; 1 = =0.618 -

1 X IATAOERL BRI L T T T —D=ATRDOHE 2
Fig.1 Concepts about Kepler triangles using golden ratio and Pythagorean theorem 2

(2B)

.
mi-m—-1=0(vn=1) _—] é_‘_‘_‘

©Shingo Nakanishi,
OIT Innovation days 2021. Japan
klz 24) / v
; 1 :
= Inverse Golden Ratio
4‘;

Refs.
OIT Innovation Days 2020
Memoirs. of OIT 2020
ORS] Spring 2021 r 3 Tk e
EURO2021 | (k1) m; 1.618--
4 = s n=1=1.618--x (1.618---— 1)
k12 Cb(kl)z ; i, 2
o A : \/// klzqi’(kl)’z The simultaneous probability: Cb(kljz =0.618 --:
= -

- =
% V5 —1
D(k)? =—=1——=10.618--
s my
Kepler found the important right triangle / /
: p()

about 400 years ago.

The probability point about Kepler triangle:
ky = 0.7931383 ---.
‘ (2D)

And as the probability of

the cumulative distribution:
@®(ky) = 0.7861513777 ---.
Therefore, the golden ratio means: frte
N ©EE: BET5E E&H PAESE 2021
2% = ©Title: Land of the rising sun, in Japan
Shingo Nakanishi, OIT, Japan, 2021

my = ®(k) 2 =12 + d(ky)? = 3

k; = 0.7931383

k

1

© Shingo Nakanishi, Osaka Inst. of Tech., Japan & EURO02021
2 7T — =AY EAEEERN O BRRR AT B A HIV o Hi b 49
Fig. 2 Golden ratio using Kepler triangle and cumulative distribution function of standard normal distribution®®
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First ratio (Golden ration = 1) Second ratio (n = 2) Third ratio (n = 3)
i -1 -2 i j-1 , - -2 j e -2
mjl =mi 4+ 1x m; my;=m;  +2Xmy mé = mé 3 X mé

ieny Gen) —T | GeD

(k)0 = m3 ' | @)
(3B) (30)

7

D) 2= ma, Dlkes) P =ms /|
< — e _ i
-4 _ .2 P [ = W) = vy, — -
(k) m WA 1 N ™ Pk2) 2 S '/2 X my D(ky)™ = m3 -
Olk)’=1" 1 2x1' @(k) =1 : 3x1 D)’ =1
Title: Land of the rising sun in Japan Title: Osaka, a city built on water, in Japan Title: Mt. Ikoma, an east mountain of Osaka, in Japan
mi=my+1 m3 =my +2 m§ =ms+3
1 ViTaxi 1446 1 ~T+4x2 1 JT+4%x3 1++13
m=c+————= = 1.618--- My =il Mmy=-+—— = =2.302--
2 2 2 2 2 2 2 2
Nested radicals
Continued fractions
my(m,-=1)=| |n+ |n+ n n = .1\ nn A "n 1\=n
1+ - 7 1
1+ = = 1
e o 1
1+ =/ \g-1
t =il

Extended Version © Shingo Nakanishi, OIT Innovation days 2021, Japan,
Original Ref. “The beauty of OR and the Arts, Creativity”, EUR02021

3 E X A7 AOEH E BB OB L OSE R & SRR O

Fig. 3 Mathematical and geometric characterizations about similar metric ratios and these Pythagorean theorem®®

Modified Version ©Shingo Nakanishi. OIT Innovation days 2021. Japan

Refs.
ORSJ Spring 2021 2 xXmy
; Ix1
EURO2021 g
“cl) N
i 2 "
3xXmg = ms5
- J( \_2 mz |
N 3 X — |2 % —
AR 3% o ,
D(ky)%=1 |
,_,’-”" ‘\ _-'/fl.lil‘(l ratio (n = 3) Second ratio (n = 2) Firstratio (n = 1)
\ \ / = méﬂ +3xm)* mh = m£71 +2xm)? my = m{l +1Xmy™
\ / GED Gemn GED
©(ky) "8 =mi
\ Title: Mt. Ikoma, an eastmountain of Osaka, in Japan Title: Osaka, a city built onwater, in Japan Title: Land of the rising sunin Japan
\ Ve ©A)

Golden Ratio

\ >
\ -
Geometric

characterizations
of the similar metallic ratios
© Shingo Nakanishi, OIT, Japan, 2021 [ oy Vs W AT
m{[ = Fujel +n -FM- -m;l mg m%
i _ L O L d b L o AL J L
my =y ey W 1 @ 1 = 1 1 my 1
) 2 = By + 0 By (i)’ 1 VI+4x3 1 JI+4x2Z 1 JI+2x1
q,(k“)—zj:q,(jk")—z;'+z+:?_¢(k")—2j+q m3=z+ﬁ=2_302... m, =E+f= 2 m1=5+f= 1.618---
L - CmBaivel & iution inction of © 388 - R IDITEL 888 AR ©80- BHTEE
standard sofgal ditpution ) s BB R = 3) E2 BB R =2) BB R =1)
Fy,,; : j-th order of generalized Fibonacci numbers B2k

of n-th similar metallic ratios

4 —ILSNT=T 4 BTy FEF| & v 2 TT7 ADFEITIEAS < BB L OBLEL ORI P ER

Fig.4 Geometric definitions about similar metallic ratios based on generalized Fibonacci sequences and Pythagorean theorem®®



V5+1

¢ = > = Golden Ratio

¢ =1.618033 - (= A1) = Ax ) = My)

ThD. ZORQRIE

¢ 1
s+1° 9 22)
H LI
p-1 ¢-1 1
-9 1 & @3

ERRDLOBRERT. Fhudx, MEIZRLLE LT,
XV vy D2—7 Vv RPRELIE2—2 U > RIEGH]
TIIAMPEL L PRI D4R TRl STV 2 & B
D, ZOHFREDFEL I OIELIIR 2 RS
N BE 52 Q0D K5 THD B9,

FELIOELIITRELC, K1 X2 ITRTHEE
I BBE S DR AR L7200, X1 A, FEHEERSY
i D BRI AARE N\ 7T — AN v a2 2
T ADEROETALE r 7T — = DR S NT-E
BrRWEESIch D, K1B I, ZO%HEs
WZE D777 — =AM TN D3, Kapusta®™)s
2004 FEIZHF L Q0D FT2, K2BIZE, “SothEAS
PEEERL AR ORISR S L DWW DY & LTl
TN D 6D,

ZDE 2 ITBARGUIT D EERALE ST DL
%. X2D 1, K 1A OERICHARDEZ B>
H O THWEL7Z=DT, Rz THH-35[E (Land of the
rising sun in Japan)| &% LCU\ND 69,

o THHSDE] OROMTHEINEED., E4mit
DFALIIZ W T EEREEEZ RT- L= T, i
X3 L X 4 2R g OB ORHE & L TR LT
B KIS, BRBELOBELPIHAZINIELED S BIE
INDHZEEFFLT, BARDZE, KOEKHK, KB
SERFDORFANTB LA iAD T

B ERE GBath) 1ZBET A1

THH-S%E (Land of the rising sun in Japan) |
56 2 FEPII T BT A 1EX

[IKOEBRPK  (Osaka, a city bult on water, in Japan) |
56 3 I B A 1EX

(B ILDZEE L
(Mt. Tkoma, an east mountain of Osaka, in Japan) |

Lfng L2 2z, B, HoOTE, o
FEOREE ZKE T2 5 L0 ThH D.

D3 LK 4 ZFEICHED THtA T2 b e
JBLLOFEI L DT FHIRHED 07 0 o & o b,
BRod &L, X3 EX4 T, S 2 &SRS
IR D0, FRERSOT A L OMEEERE L T
VIOFNVOEERBLOFE n 125D ET, 8Bl
KL O — L TRV LIVRV, ko T, #
2 @ de Spinadel DMAIEITIHVTW V. T7ebh,
| DEAETH L. £7-, K3 12E, DTS n 1
BEhEg~ 2oy Ey 8D L R FAR B AR LTS,
WEICIXZ ORI LI, ZOZSORAICE
T 5 EGBIECES BB O L ORE AT
.

22 REHOEEADHIRLE ZERE LEFBD

EZA
RQ)DFEDOKREZ S 2BIE LT-BR 2

A%a,b) - al(a'b) —b=0 (24)
a N@FIb
Cden =3t

CEFETDH. TS, a BXO b XA LTS, #%
FE, HEERR RG22 AW LT 72 S Kalman &
Mena (ZX 5L SIT=7 4 BRF > FEINOBHRA ™
gl LT, ZORRICOWTHE G ZELR
R(a,b) THRETD. ZOBFAEGFTHER L)
5

(Aany — )"+ a(Aapy —a) —b =0 (2.5)
HLLIE
(a — A(a'b))z - a(a - A(a,b)) —-b=0 (2.6)
()
Mam—a=-5t @ @2.7)
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AR Z D EE, RO OB FERESD 2 L
IWTEDTS,

£, —OHORRIT RO & 5 255U L HFGL
WARECTHD. $7abbH

b
A(a,b) =a+ b (28)
a+ 5
a-+ 2
+
AT aF-
&
b
/1(,1_1,) —a= b —a (29)
5 —-a
B —a
—a
.-—a
ThHoH™. LoT, 28X 29D _XfH
b
Aan)(Aapy —a) = [ a+ 5
a+ 5
a+ B
a+a+._
b
X 5 —al|=b (2.10)
B —a
)
—a
-.-—a

NTURASYLN
“OHORRT, FRROBEREZERS THD. T4
5

Map) = b+a\/b+a fb+a\/b+-~ (2.11)

BLW

Aap)y —a= b—a\/b—a/b—a\/b—m (2.12)

ThD W, LES-T, RR11)ERR.12)D RO
EY

A(a.b)(l(a,b)_a) = b+a\jb+a\/m
X( ba\jba\/fﬁ)b (2.13)

DN Y, BRI RE R E LT, RR.10°22.13)
OERIUE, —RERD X HITRZ DD, BHES
ARG OFEMAZZ LRI SN TR NE D Th 5.

23 EERHEDZERS LEFMOREDEK
22 D_ODRHEIZOWT, R(n, 1) DMERDNSJEEN
DEEBLETHIND. T7bb,

/’{%Tl,l) - n/’{(n'l) —-1=0 (2.14‘)
n n%+4 ) )
v Ay = > + = n th Metallic Ratio

LERINTEZ20, KD 21 BiCER LT —»
DOFERZ AW CORTEROEY &5, 7,

1 1 n+ n?+4 (2.15)
n1) — N = = —= .
(n.1) Any 2 2
ZEM LT, 080

1

/1(71’1) =n+ 1 (216)
n+ 1
n+ 1
n+n+...

DIEFEN DT H 721 Tld7e<,
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LHTNRTZENTED . Lo, R(2.16)&
K17 DT

A (A —n) = [ n+ 1
n+

LRI ENTED™, AR, ZOBREERT

Ama) = 1+n\/1+n/1+n\/1+~- (2.19)

PSR ST B,

Ay —n= 1—n\]1—n /1—n\/1—--- (2.20)

B ND. T EHWT

A(n,l)(l(n,l) —n) ( 1+n\/1+nﬁ)
X l—n\jl—nw =1 (221)

ERTIENTED . J7abb,

(2.22)

(2, DA EDEHRZ BARGCH I CROE L BIFRA EL
DN,

24 BEREOBEULOZERE LEFBORE
DERR

— 5T, n &1 ZANVEZT R(1L,n) OBFRTORS
NI-E&E ORI U THRREIT 7203, ZEOH)
EoEZ2E, R LY

1 V1+44n
/1(1’71) =m, = E + 2 (223)
= n th Similar Metallic Ratio
LB, LIER-T,
n 1 V1+4n
—-1l=—=—-= 2.24
my m >t (2.24)
HHWT, 2o
n
m, =1+ ) (2.25)
It ——
I+—x—
BIO
n
m,—1= 7 -1 (2.26)
T -1
I -1
—1 1

BRT I ENTE D, 2ORTRE25) LR Q260 %
<
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n
m,(m,—1) =1+ 7
\ 1+ . /
1+ 1
n
X —1|=n (2.27)

———1
.
..._1_1

ERDOTZENTES9. AR, WIRZERSIE

(2.28)

m, = n+\/n+ ’n+\/n+~~

PEHNDDT, TORBHE-

mn(mn—1)=( nt |nt n+m\|
e

X n—\]n— n—vyn—-- |=n (2.30)

EEOTLENTEDHO,
EBIT, WYLz S5 R8I0 L | T

=— (2.31)

BE2 5. Thbb, XE3NE m, ILONTELDS
LEiT, ST

mn:m

ERTERS TS, 22T, a=1 LBLE, B=
mi TRTIUIRLRNDT, ZhbaRATLH L XIS
%

(2.32)

m, —1 1(_mn—1>
mrzl_mn my -

= (2.33)
n

EERDED. LoT, BERILOEUILTH L EFRL

mi—-m,—n=0 (2.34)
ERBITE, S ERIORHS A AT DR E 72 5249,

PLEZHWT, 18kOESBILE X LN G, HifFE
TR L= B8RO OE Oy L 2 HR
FERL. BREICHE, n=1 OBELNODO n
2OV TOEHU BT DR A AT LTzu .

25 RELHOFHCEEREDELLSIC 1 &4
5 (m,—1) OZERELESBOREDIEE
15

—hHT, n=1IZT5 ¢ — 1 TRTEELOWEL
1/¢ ZrTZERSD

(2.36)

T—1 1

TR L2V DO TR EFNRONA00E LIV, FENC
n=1 OO LN LI THD. MAT,
R U720 TR FR 9~ 2 3R A B e 3 5
AET A EBINEECH D, L, B CEREAEITO &
L EIR S TIIAIEIC 10 D~ A T A 10 LU FO+45
INSTREEE & B 1 DBICT, RENSERICR G
WENTHERB LB ANnTHDL L
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p—1= (2.37)
ORI HERTE 5. —FH T, O TIL,
1
p—1= - -1 (2.38)
-1
1
1 -1
1 -1
-1
o—1

EFRESETN X2, JFERCERD D ST,
UL, O8GHRAZ AW TERICGHEZR L TARD &0
FED/NERORERE & DN RR T b o ¢ — 1 12
TIFRL, BPCENKRESERLT —¢ ITUWTET S
T ENHERTED. FREDOZ LD, my, — 1 (2B BE
BROHFIRE CHHASINADOTHEEEZETH L%
FLY. 2072, Q) TURTHITEDIEED Aqp) — a
OFHFITEENLETH LN, LHEBRE Tldl—¢ &
1 & UTIE HIRIER e 2 & ZBit LTl
FEE I m 77 LAEFR LR TH RV, BFLICH D
PC DY 7 +v =7 THb Microsoft Excel®ZiEH L71=5
RGBT HTENTE A,

PbkolEy, G&Etl XOESELOELILIZES
T 55 & SRS ORI IR AR Uiz IRE T,
BB OBLIC B ET 2 b S 7 4 R v F
BHNZHON TS D 7.

3. AMRTALS—BiEShE=T1KFy
FHINDRE
R DN EBILOBPILL & FIFIC B ZE S D

7 4 Ry FHEN e, AW TIEER R(a, b) V-
—A SIT= T 4 BT TS

Fapmi =1,
Fap),j=a Fapyj-1+b Fapyj-2 (=2)

Fapo =0,
(3.1)

LEFT D, ZHUZ, Kalman & Mena HIZ K D EFRA
T, ik T7 R Ty TFEINOFE#RTH D
Horadam |Z L #2557 & BRSO IT 2 JF B X
BEThon, BidERATHL.

Kalman & Mena D L TOITHIEE P & L TFOITO)E
FISAIVED DN, AWFZECTHWAI TR

(F(a,b).]'+1> _ (a b )j (F(a,b).1>
Fap),j 1 0/ \Fap,o

LT AFKETEPERM L. F2C, AW TR
D 4B OB Y T2 B86% R(1,n) IZBIT5

(3.2)

— AL SN T 1 ATy TSN %
Fpo = 0, =1,
Foj=Fyja+n-Fj, (G22) (3.3)
LERLT DL E
Fn,z n'Fn,l _ 1 n
(Fn,l n- Fn,O) - (1 0) (34)

LEFKTED P, Lo, RSN T 4R T v TF
(Srir-aone

Fn,3 n'Fn,Z _(Fn,z n'Fn,l) 1 n
(Fn,z n- Fn,l) - Fn,l n'Fn,O (1 0) (3.5)
(1 ny?
- (1 0)
72 BNT
Fn,4- n'Fn,S)_(Fn,S n'Fn,Z) 1 n
(Fn,3 N Fry) = \Fay n-Foy (1 5) @®

3
1 o)

I
~

MFFLTE D M. [FRRIC

(Fn,j+1

n-Fy; )_( Fp i
F, -

n- Fn,j—l) (1 n)
JJ n'Fn,j—l Fn,j—l n'Fn,j—Z 1 0

3.7)

DOEFPIELID P, £z, A0 bEhiz7 1R
S (RN UL AN o) e
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Concepts about Pythagorean Theorem with u~N(0,12).

0.618 -

k,?

mi=1+m
®(k,) 2 =1+ @(k,)?

1
(D(kl)z i
my
The modified notation about Kepler triangle
based on my thought

Inverse Golden Ratio

“Geometry has two great treasures:

one is the theorem of Pythagoras.

the other the division ofa line into extreme and mean ratio.
The first we may compare to a mass of gold,

the second we may call a precious jewel.”

Ref. “Kepler Triangle”, Wikipedia

X 5

i EOEYE IERI AR ORI R &2 TV - B

Ref.

EURO2021
+ 1 we I 1
Wi
N . . oy | \/[\/
mlg —mg —13 =0iEn=3) " | | /./
CIDU\'3)3 = E = m = Inverse Third Ratio £: Lf LJ‘

n=3=2302--x(2302---1)

(0) e
‘:,yf”f'l\_
ot
on \/N
a5 e /
= = —
VR
|\\ / \ 1/
The simultaneous \/ L
probability: @ (k,)? / V (k)2 = —
- my
A"

/ m-—m—Z—O( n=2)
i
®(ky)% = — 5 Inverse Second Ratio
ﬁ:Z:ZX(Zfl)
"”1 -m;—1=0(+*n=1)
fo. 5 1
T 1618
n=1=1618--x(1.618---—1)

= Inverse First Ratio

© Shingo Nakanishi, OIT Innovation days 2021, Japan

TR L OBPEEORE S ¢

Fig. 5 Concept of similar metallic ratios using simultaneous probabilities on the joint standard normal distribution®®

How to struct Equiangular Spirals
using Pythagorean Theorem

and Fibonacci Sequence(n = 1): 0,1,1,2,3,5,8,13,21, ....

D(k;)* = D(k)*+ 1 x D(ky)®
D(ky)° =Dk + Lx Dkt
O(k;) 2 = ®(ky)? + 1 X D(ky)?
D(ky) ™ = D(k) 2+ 1 X D(Ky)°
D(k;)8 = Dky) ™+ 1% Dky) 2
Q(rﬁ)is = G)(k1)76+ 1% q’(kﬂﬂt
D)0 = (k) B+ 1 x D(ky)

O(ky )2 = @(ky) 242 + 1 x @k )2+

B2 =0+ 1x 10(k)?
B, =1+ 1x00(k)?
B) % =141 % 10(Jy)?
Bky) ™ =241 x 1D(ky)>
k)5 =3+ 1% 20(k,)?
) =5+ 1 x 30(k,)>
D(ky)10

=8+ 1x50(k,)?

D(ky) ™ = Fyjpq + 1 Fy@(ky)?

D(ky) 2 = 1% (1+ 19(k)?)

D) =1% (24 10(k)?)

k) f =%+ Ux 2007

(64)

Dk, )8 =541 x30(k,)?

k)~

D(k,)° = 1% (1+00(k,)?)

+ 1% 10(k,)?
DRy 2=1+1x10(k,)?
QQ)Z =1x (04 10(k,)?)
Dk,)0 = 14+1%0D,)2E=1

D)2 =1+1 %10k, )2

PRI B D BRI O

Refs.
ORS] Spring 2021
EURO2021

Fl,j+2 i (1 1) Fl,j+1

Fijaa 1 0/\ Fy

Fyjas (1 1)" Fia

Fij 1 0/ \Fip (6B)

First Ratio (n =1)

Fiz Fia — 4 A
F1)1 Fl,(] [_ 1 0 ]
Fiz Fia2) — 2 L I
Fi2 Fiq [_ 1 1 ]
Fia Fi3 - = 21—
F1)3 Fl,Z [ 2 1 ]
Fis Fia = = !
Fia Fi3 [ 3 2 ]
Fie Fis — # l
Fis Fia [_ = 3 ]

© Shingo Nakanishi, OIT Innovation days 2021, Japan

6 EXATADEHL T T —=HBL T AR T v FEIN LD

1R ORE S 59

Fig .6 First similar metallic ratio related to the golden ratio using Pythagorean theorem, Kepler triangles, and Fibonacci sequence™”
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How to struct Equiangular Spirals R
. ORS] Spring 2021
using Pythagorean Theorem EURO2021
and Jacobsthal Sequence (n = 2): 0,1,1,3,5,11, 21,43, ....

O(k,)? = Ok)* + 2 % O(ky)® Ok;)2 =0 +2x1/2 0(ky)? , ' ,
O(k,)° = (k) + 2 X O(ky)* Ok)° =1 +2x0 dlky)? ?”) = (} 1 ’0‘ Z) (F;"Jfl)
D(ky) 2 = D(k;)0+ 2 x D(ky)? Ok,)? =1 +2x1 dk,)? 2,j+1 2.
O(k,)™* = O(ky) 2 + 2 % ©(k,)° Ok)™* =2 +2x%1 O(ky)? Eagel pv a5y (B
By 6 = Bky) ™ + 2 X Blkey) 2 (k)6 =5 +2x3 Dky)? B )= by "o (F' )
D(k,) 8 = D(ky) 5 +2 % Oky)* O(k,)® =11+2%5 ®(k,)? 4l 20/ 7m)
Second Ratio (n =2)

Dky) 10 = k)B4 2 x D(ky)™® D(ky) 710 = 21 4 2 x 110(k,)?

Dky)™H = @ (k) 22 4+ 2 x k)M D(ky) ™% = Fpj41 + 2 X Fp j@(k3)?
20(k,) 2 = 2% (142 % 10(k,)?)

20(y) ™4 = 2% (342 % 10k, )?

Dk, e 34 2 X 1D(k;)?
Dlky) 2 =1+ 2 % 10(ky)?

(k)8 =5 + D200k

200;)2 =2 % (042 xé@(kz)zj

Ok)® = 1+ 2 % 00(k;)? = 1
D(ky)°

20(k,)0 = 2 % (1 + 2 X 00(k2)?) (

74) D(k;) "% = 11 +{2 X 5D(k;)> —

© Shingo Nakanishi, OIT Innovation days 2021, Japan
7 EXIATAOERLEM FEN ALY AT A —NEINZ LD

FISRELIC BE S 2 BB EL D 2 AL DAL 39
Fig .7 Second similar metallic ratio related to the silver ratio

using Pythagorean theorem, right-angled isosceles triangle, and Jacobsthal sequence>®

Ref.
Ib(ka) 22 ORSJ Spring 2021
Generalized Fibonaccinumbers ofn = 3: 0,1,1,4,7,19,40, ...
) (84) 30(ky)?
F3;=0 (G =0),
Fyy=1 (=1 . )+ 30k
B ! j—4 3
Faj=F3; 4 +3-F3;p  (j=234-) Sated 2i-2
(k)™ + 30 (Jeg) 72
; v : : . a. gl 14 719 40 30(k,) 22
Negative generalized Fibonaccinumbers of n = 3: 0,;, R TR e : 3
@ (kg )2
(Fs—jt2 = F3-j41) 1)’ 3 1 2j-2
Boy= =g\ 7g) B G- 12, 3 o)
(8B)

Third Ratio (n =3)
1 [
1| 0

F32 3F3,
F3‘1 3F3‘0

| (g2t

1 \\ =199 (k)% +
- - \ = FARYIRAA
a [0 (Fm AFH) 3xg |\ 109(y)% 2 §
1

3 -1 0
3Fsa =(Fu '*Fn) (L 31y TN | T
2 B 3G Fa 3 1 0 1 .'%x( 1) \ ! =
3 \

3F;,

1 -3 S

5 3F3a
%

A @(k) 2 =B(kg)Y +30(kg)
3F33

g . 1 ; 1 :
L 2t 402 + 3% 10(kg) T+ = 2(ks) 6 + 3 (— ﬁ)q:(ka)zr4
; 0T = (k)P 4 30(k3)Y = TO(k3)H P+ 3% 40(k) U = 00(k3)? 0 + 3 X - D(ky) YT
FB,G 3F3‘; (l ]E ( 3) ( 3) ( 3) ( 3) ( 3) ( 3) 3 ( 3)

4
Fas 3F34 1

Faa 3Fy, 7 | —
(F; anz) 7 ]:s D)2 = D)2 + 30(kg) T+ = 10(k3)U"2 43 X 10(Ukg) I+ = (—%) ®(ks)?6 43 % (%) ®(k;) 24

. 2| (k)Y = O(ks)P ™+ 30(ke)¥ 2 = 190(k) 2 + 3 X TO(ky)¥ ™ = 10(ks) ¥~ + 3 X 0D(k)V~*
D(k3) 28 = B(ky) 26+ 3D(k3) 24 = 40D(k3) 242 + 3 X 19D(kz) 4 = 10(k3) 26 + 3 x 10(k5)2 4

© Shingo Nakanishi, OIT Innovation days 2021, Japan
8 B ATADFEHL LI NIZT 4 ATy FEINZ K 5 FHIEIT BT 5 B B L% 3 FaLELOBEEX 9

Fig .8 Third similar metallic ratio related to the bronze ratio using Pythagorean theorem and generalized Fibonacci sequence™
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#* 3 ERBHLOEL SRR ORISR K
O DORERDOBAER] (n = 172512)%

Table 3 Numerical illustrations of similar metallic ratios, these
cumulative probabilities of standard normal distribution, and
these probability points (from n = 1 to 12)?

n my, m,—1 (k) ky

1 1.618-- 0.618-- 0.786-- 0.793 -
2 2 1 0.707 -+ 0.544--
3 2.302-- 1.302--- 0.658-- 0.409--
4 2.561-- 1.561-- 0.624-- 0.318--
5 2.791-- 1.791--- 0.598-- 0.249--
6 3 2 0.577---  0.195--
7 3.192.- 2.192-- 0.559-- 0.150--
8 3.372.- 2372-- 0.544-- 0.111--
9 3.541-- 2.541--- 0.531-- 0.078--
10 |3701-- 2701-- 0.519-- 0.049--
11 3.854--- 2.854-- 0.509-- 0.023--
12 |4 3 0.5 0

( Fn,o n- Fn,—l) _ (1 7’1)_1
Fn.—l n- Fn,—z 1 0
0 1
NI
n n

WD, RIS, BAATAIZ R HmRS T 4 R T
v FATHN

1 0
Fnl n'FnO 1 0
! ! = 1 =
(Fn.o n- Fn,—l) 0 n E (0 1) (3.9)

DESET 5D 2 & b 5.
PLEG, AWFE T 5 B4 b OFFL b B
Li=— b a7 4 RF v FEHHNX

(Phj+1) ( Foj+n-Fyj )
F,; Fpjo1+n-Fyj,
(1 n )f (Fn,l)
1 0/ \Fno

G 96

ELTHRBAS TRV 2 2T5. ZRHOITBIEE
HE 72, Microsoft Excel OEEUERSC1 T4 OFE 2 7159
% MMult B 100 & | 5617512 #1595 Minverse B4k 1D
EHWDRBIIAGIGGIHRTE S, WETIE, v437
ADFER L b ST 7 4 BTy TSN 2R L&
LB LB DR Z A 5.

(3.10)

4. EAdSADEBE—RILTsRFYF
BIDERE L UEE

2 BCHAL L BRI OB OEREHA L, 3
FECRIFHIBZE SN LSz 7 4 AT > FES %
FRR U7z, AFETHE, InLEERMTB72dice s =
T AOERZ WS, BRI, BEMEER O S
AR AR 1A LK 2A, [X2C, X 2D DL D ITHW
T 7T —=AfEZ X, HERDWI L | OO,
HEROWHL DTG & 72 DRSS T 5. 370bb, &K
DOFNEEATNRDSBTEHT 5 2.

(1) n FHOESBLLOFLUL m, (RS HEEHEE
B ECIRAN O DIBECH & DR A k, &8
ETD.

(2) FEHEEHIA ORISR k, F CTORRHEL
TFEHELT1 & &2 5.

(3) BEEEH AT O BR A B A F 5y LTIl X

®(k,) = exp (— %uz) du (4.1)

1 [kn
N f_w
IT—VUCEE & L X 2R3 72, 1IC IR E
NEA -AEOE S 2T
@) ZDLxDd(k,) %FHVTR2B R 5B 725X 5B
DX DN LTz Rt AR EER AT OFEFG L 70 %
RIS @ (ky)? OWEAEHWT, G&BLoELt

1

= 50)? @2

my
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Refs.
ORSJ Spring 2021

The special generalized Fibonacci sequence: n = 12,k, =0 T EUR0O2021

o ; , /o
9 . Equilateral Triangle 7
e (1 b I')') e V3 1s called the Platinm Ratiol Japan. 3 e e ' j
P~ \1 0 Fia; is called the Platinum Ratio in Japan. \ \\(D(klz)fzj f/@(ku)—zﬂz_'_ 126 (feyp) 2
Fioe1 1 1x 12y [Fiz1 Equiangular spiral using twelfth ratio \\ \\ /
" = ( ) ' on the top of the standard normal distribution \ N
Fiaj 1 0 Fia0 . Twelfth Ratio f=———
n=12 94) A\
(Fu_z 12F12,1) | 1 12 ©oB) 120 (k)20
F, 12F; 1 0 1
T S kiz = 0,0(kiy) = D(0) =5
Fiaz 12F32\ _ 13 12
Fizz 12Fi21 1 12 k12 =0 B
Fiaa 12F53\ 25 156 My proposal about m,, and n
Fiaz 12F5,) 13 12 m, —1=n-d(k,)?
_ -2
(Flz.s l:'3’:12,4) a 181 300 my = (D(kn)
F, 12F, l 8 5 - = ! .
124 123 25 156 m,(m, — 1) = ?it Fpjs2 =Fpjy1tn-Fp; (G=012,-)
. 1 n 1
Fize 12F5 481 2172 o (k,) = —f exp (7 7u2) du o 5
(FIZ.S 12F) 34 = 181 300 n V2w 2 G(k,)™ = nj+1 1 Fn,j(b(kn)
m, i m, — 1 =00k,)"2: no(k,)? D(ky,) 2 = (k) 2 + 0 @(k,) 72

Equiangular Triangles about the Probability Point = 0 (n = 12) © Shingo Nakanishi, OIT, Japan, 2021

© Shingo Nakanishi, OIT Innovation days 2021, Japan
9 EXIATRAOERE LI T 4 Ry TFHINZ LD
M BRET 5 4RO 12 JEEILOBEER] 259
Fig .9 Twelfth similar metallic ratio related to the platinum ratio using Pythagorean theorem and generalized Fibonacci sequence®>®

Refs.

Equiangular spirals about n-th similar metallic ratios based on ORSJ Spring 2021
'@ the generalized Fibonacci sequences and the weighted Pythagorean theorem EURO2021
o (the first ratio (golden ratio n = 1) and the second ratio (n = 2))
ke
nemN jeEZ
(104) (D(kn)_zj e (D(kﬂ)—zj+2 4n- m(kﬂ)2j+4, (10B)
cb(kn)izj =fppatne Fn,j i CD(kn)Z,
FnJO =0,
U~N@O,%) Fon 91, U~ N(0,1")
,/ ™~ Fujvr = Fnjp +1Fpjp,
(k)™ m,®(k,) > =1,
& N
\_\{// u o ,fﬂ_'w: — 4'\ -\ u
5 i -1 - o) XF} ) Second Ratio
\ / m,=m, +n-m, ", ]_"
\ =8 P i _E
'F'Gl) \.\ Ml = Fnjs + 0 Fpj myt
\ e N\ k)8
= N
D(ky) 710 First Rati \\ D (k)" 1P
ok ) SRR Refs. : S B(ky) % + 20 (ky)
+cD(k11}’9’ ORSIJ Spring 2021 e
A
. // Kepler Triangle EURO2021 Right-Angled Isosceles Triangle
R Special case:n =1 Special case:n =2

Equiangular Triangles of Kepler Triangle and Right-Angled Isosceles Triangle

© Shingo Nakanishi, OIT Innovation days 2021, Japan
10 BEEHIC K D5 1 Rl & SRR - 258 2 JERIIC B L 7=
777 AN ERIRLIE S T AOEHE IS T 4 BTy FEIN L D EAEEOREER O
Fig .10 Fractals and equiangular spirals using Pythagorean theorem and generalized Fibonacci sequence
about first ratio called the golden ratio and second ratio related to the silver ratio>®
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DALY D XD ITHERA k, ZIRTET 5. BRI, 2
NoOEAE m,, m, —1, ®k,) &, ZNENLEDL
N5 k, OFfE% n 1055 12 £ TOEEITOVWTE
3R LTHRL.

PED, n=1 0oL &, S4B E LT
B LEPETH S EEOERAN TR TE S, T
Db, M 2A OFHEERAR BT 777 — =A%
S|

mlq)(kl)z =1 (4’.3)
mi—m;—1=0
Cb(kl)_z = 1 + Cb(kl)z

_V5+1
)

my = Golden Ratio

kq 2
O (k;)? = ( f ¢(u>du>

= Inverse Golden Ratio
k; = 0.7931383 ---

LEFTED Y. AAI3)THND o(u) 1%, HEREK u
(2B DA E AR OB R Ch 5. —MITH
&t ¢ BHNLITHWADT, KEITEHL5IcHE
SRLOGEITL, Agy EHWT, ESBHOEET
DHHADEEITIL, Aqn =my ZTELHEHTS
OO ROk 21T > TG, 77, HEREROE
u =k, DA OFHEER AT O BRI MBI =l
&(k,) ZHAVTESRBLOELI 273 4.2) 215
LTWAHDT, FEEIIhOHE &5t Laeh bitid s
FEATEE L W&y, ZoX@d3) Ty, 777
— =MDk

D)2 s k) T =my g 1 (4.4)

V5 4+1 V541
= > : > : 1

=1618--:1272---:1

NEBEREZ R L, ZhEMT-T e 37 A0OER
NEHTE 2. Z0B2 2T, {43)%K 1B I
AR A RBT D12

(k)™ = O(ky) T + D ky) " (4.5)

J J j-2 jETZ

m] =ml"t+ml7?,
ERVIUL L. Eo, T ATy FHEEIE BRI
(D(k1)_2 =1+ (D(kl)z

D(k) ™4 = D(ky) 2+ 1
=2+ d(k))?

Cb(k1)_6 = cI)(k1)_4 + (D(k1)_2
=3+ 2d>(k1)2

cb(kl)—s = cb(kl)—G + ‘13(](1)_4
=5+ 3d(k,)?

cb(kl)_lo = cb(kl)—s + q’(k1)_6
=8+ 5d(k,)?

‘D(k1)_2j = cb(kl)_ZHZ + ‘13(](1)_2”4
=Fyj1 +Fyj- @ky)? (4.6)

LERETHZENTED 2. Z0EZSTOMASKITH 6
R X D ITHT 2 259, K 6A D7 1 KT FHFEN %
WZBIRE K 6B D7 o RF FATHIORAE &2~ 5 &
VT =L TNDZ LR TE 5 2.

L7l T, K6 72Tk, K7 EX8IZHRT
D% ORHEE AT D EA = ABA BB IR 2k
IR LT, n FHOESRLOFELIOBRAIT

m,®(k,)? =1 4.7)

mi-m,—n=0
®(k,)2 = 1+ nd(k,)?
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Several characterizations of

. Refs.
: . ~ . . k) ¥ = Fpppr+ 1 Fy ®(kn)? ORSJ Spring 2021
discrete series of similar metallic ratios . ) .
D(ky) ™2 = D(ky) 2+2 4 0 - D(ky)72H
Series ofn =1 (114) m, = 1=n-®k,)? D(ky) 2 = (my — 1) Dlhy) 4 am,, - (k) T2
My, = © (k)7 A — s
Series about first ratio e / \\.\ Geomeric seriesof n =12
.
Dk) H = (my— 1) X Oky) 2 +my X D(k,) T /’ W T
Dk, Y2 = Bky) U2 4 my (g — 1) X Ok, )2+ Y/ y N
. y - 4 Example 1
1®(ky)% 2 my(my — DOk, ) = D(k,)? : D(ky)* /-’/ my;—1=3
(my — 1)@k )* : my B (key)* Y. 7 I | My, =4
= (CDU"Q:Z = I)CI’U(L)Z = ¢‘”\'1)72¢(k1}4 = ,-’/ 4’ @(klz)fzj =3x @(k12)72j+2
= &k, )?0(ky)? : D(ky)? 4 T 4% B(k,,) 2/
= Ok D(ky)? y +4X D(ky3)

Summation of the areas of the squares on the slope: ®(k;)™*
Summation of the lengths of one side of squares on the slope: @ (k;)™* + ®(k,) ™3

Series of n = 2

(11B)

—
Eo—

=

—"‘y Example 2
p m n=my(mpy—1)=12

Series about second ratio

D(k,) Y = O(k,) 722 + 2 x D(k,) U ®(kys)Y = Bk, ,) 242
+12 % Bkey) U

l:ma(my,—1)=1:2
my—dsmy=1:2

Summation of the areas of the squares on the slope: @ (k)%
; ; . -3 -2
Summation of the lengths of one side of squares on the slope:  ®(k;) ™ + @ (k) © Shingo Nakanishi, OIT Innovation days 2021, Japan

11 E&R ORI 555 OBFRE 5
Fig .11 Several illustrated cases of series about similar metallic ratios™”

Archimedean spiral about first ratio : n = 1,
®(k) 2 =1+ d(ky)?
_ 1HIFX1 _ 1H5

: " — 1.61803398 .-

Archimedean spiral about secondratio :n = 2,
D(ky)7% =1+ 2@(k,)?
_ 14+yIFAx2

B3 _ /37 = 1.41421356-% = 2

Archimedean spiral about third ratio : n = 3,
D(ky)™% =1+ 3D(ks)?
_ 1HIHaxX3 _ 1413

= 2.30277563 -

Archimedean spiral about n = 1,

Archimedean spiral about n = 2,
D(k)y1+ @k =1

Dk y/1+20(ky)2 =1

& 2

—kg kg —k3 k3

Archimedean spiral about n-th ratio

5 1+/I¥am 5
12Dy (k)™ =—5— = 14+n0(k,)* = my
©Shingo Nakanishi,
OIT Innovation days 2021, Japan
Refs.
Memoirs of OIT 2020

ORSJ Spring 2021

‘What do the numbers i, and 1 mean?

- “ky
Archimedean spiral about n = 3, In case of Bl 12
B(ke)f1+ 6@ (kg)? = 1 (k) 1+ 30(kz)2 = 1 the probability point ky, = 0. . 3
Grerally, ¢ is a golden ratio and @ (u:) is a cunmlative distribution finction of standard normal distribution. Therefore, we can get the probabiity ®(k;2) =3

2

In this study, we would fike to define the n-th similar metallic ratio based on the probability point k,, as follows and describe the top of the probability density function.

;. -2 5 -2 2
my = d’(kn)” = (LL; rp(u]du) = (J%ff:ﬂ exp (‘%uz) du) and n =my,(n, — 1). Another example :n = 16X (16 — 1) = 240, cb{kzm)z = % = (1)

12 BRI & D RERE ORISR 29

Fig .12 Archimedean spirals of similar metallic ratios>®
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V1+4n

2
= n th Similar Metalllc Ratio

P (kp)? = ( ¢(u)du>

1 2
= < exp ——u2> du)

(T

1
vm, = E

2 + 2
= n th Inverse Similar Metallic Ratio
k,, = n th Probablity Point
neN

WEZBH, EHFEOESITADFERE LT

D(k,) 2 = Dky)° + 1 - Dlky)? (4.8)
D(ky) ™ = d(ky) 2 +n- D(ky)°
P(kp)™ = O(ky) ™ + 1 D(k,)?
q)(kn)_s = (D(kn)_6 +n- (D(kn)_4
‘I)(kn)_Zj = ¢(kn)_2j+2 +n- cb(kn)_2j+4
Gen)
PRSI 5. Ziug, X6, X7, X8 IBLUK3A,

3B, XI3C X 4A, X 4B, X 4C (v d & 2 5k
3. F£77, ZORHERRIT

q)(kn)_z = Fn,z +n- Fn,lq)(kn)z
=1+n-d(k,)?
Cb(kn) *= Fn3+n Fnzcb(kn)
=(m+1)+n-dk,)?
Cb(kn) 6= Fn4-+n FnSCD(kn)
=2n+ 1) +nn+1)- d(k,)?
q)(kn)_8 = Fn,s +n- Fn,4q)(kn)2
=m*+3n+1)
+n2n + 1) - (k,)*
CD(k ) 4= n]+1 tn- Fn]q)(kn)z (49)
Gen)

DENET S 2. REYDEX S EHANT, n=1 DA
D 1 HELIITAR Y 35 554 I C B2 P A RliE
1%, 74 RFyTFHI L © X ITT ADOEREMAE DT
T 6 IR TEIICKIRTE S, [fERS, n=2 O
ADOPERHI TS 4555 2 AL 2 B2 B0 A 8
BED, B ITAOEHEEA SN CAELE Yo T R
H—EFNZ LT T NG T5°9. n =3 DAL E
7o, B IATZAOFEHE—LEINT-T 1 BTy THE
(XA HEHIARYS 55 3 AL O PR A E)
X8 DX HITHITD ., Zob &L, EHEER A
HWDDIE, 8N EAEE ) — MR L TR o7
DTS T 5. BHEEB RO S DR S E TOR
B k, ZIEEMELC1 £B2 DL &, RIS R
ﬁ‘ﬁ%ﬁ@ﬁﬁ%ﬂrﬁ@ﬁ@@ﬁ# X 6 /5 8
FCOMREEDORS ¢k, WRLOESE1 EL,
%ﬁif@ﬁéﬂ¢@g+k#Mh)T%éﬁ&,mﬁ
fEL7=m & @(k,) &7 2EA-AREMRELRED
H<HERHS., ZOZ EiEHFE VLTV, Z
D Z A Z ORFEZTEH LT2 B2 217> TN D T &
ZR L TR, ERRCENERIIEAT 2 & &2k~
RRE SOREERTTH2MERHLDT, FeiOFT
EHEDIEBIAICZED0iRE 5 LK LKL, i
RO LRI L T2 & 720,

— 5T, n=12 DAL, FEREERAG OMEE SN
ki, =0 [N T 20T, K6, M7, X8 DEDITH
LT ENTERW. L, b LLSEAEENHITS L
THRBIETED LS ITHET 50K 9C IZHR LTV 5
28 Lo T, FERRITIEXI 9B O K 5 IHEAEER A
DM PRI OTE RITAE T 2 — R OHDMv 5 2

Bt & i e LT, n=12 OFADEA=AIL
FRICH D=0, HARHEA < & ZITIE=MAIMNE
HT&5., 2o, KoOEITH A oL 72 5[4
LEOTERGEE UCTIED B D B2 TD. [FERIS,
7T —=fEEA: n=1 OEL, B 50
“HIEERGZ n =2 ORELEAREEE LTETT
1372, 772010204 L FFER 0% A4 A—
L, 38720 BNz TR L 7= Z5AABED T A L3 10
Ths. MmN, #7202 ThLE, K11ITR
THHADNDNSTNDD), ZDZ b, n & m, (ZxF
I LTk & 703872 DAAE R DMEETE 5139 Th 5.
F7-, K9 DIE=MAO—DD A7 V3 13, Sk
= LI AARDTA L OMRTITESE 10 L FET
NTHLEN TS, Lk nb, A4ttiigdELl
WZEEI TR L, Google & VW THRGEAITAEYS T 5
platinum ratio TR L C b COIEHENAIIARHATH
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Ref.
Concepts about Pythagorean Theorem with u~N(0,1?). EURO2021

- = = = Inverse Twelfth Ratio

mi-my—3=0(vn=23) Focuses (+1,0)

s L
D(ky):=— =
(ks) . 230725

= Inverse Third Ratio

(13D)

2 N
ky N Vs = V2302

L\
mf =1+m Focuses (+1,0) \-\\
Bky) 7 =1+ D(ky)?

1
@ (ky)? = — Inverse Golden Ratio

fin

mi-my;—2=0(vn=2)

The modified notation about Kepler triangle

N gl
based on my thought Focuses (£1,0) D) = — Inverse Second Ratio
Jmy—1 =068~ u?
“Geometry has two great treasures: e (13B) = =1
one is the theorem of Pythagoras. —y = —V 1.618-- /], B Jmy©
the other the division ofa line into extreme and mean ratio. 1/ mf —m;—1=0(+n=1)
The first we may compare to a mass of gold, F s 0\ i o | _ )
the second we may call a precious jewel.” ocuses (£1,0) @(ky)* = T e Inverse First Ratio
Ref. “Kepler Triangle”, Wikipedia u” i -1

A : r 2
¥ty —1

€ Shingo Nakanishi, OIT Innovation days 2021, Japan

13 BB 2R TR (£1,0) 24 < FEMHOBIRM ¢

Fig .13 Geometric characterizations about similar metallic ratios related to the ellipses with the same focuses (+1,0) ¥

‘What do Eigenvalues of Generalized Fibonacci Sequences mean? 1(1);5;5 e 2021
General terms of generalized Fibonacci sequences: FUREAI

Special cases of generalized Fibonacci sequences ; ; )
using m> —m, —n = 0,(n€N, j € Z): 1 (1+-w'1+4n) (1—14‘1+4n) (m}, — (1 —m,)") Z A =m et
= . = mb(1 -

Eo=
Foo=0F1=1LFj=Fj 1+n Fpj» T+ 4n 2 2 my,—(1—m,)

Fpz2 n-Fuy 1 0y /1 1xn 1 0 s B B
(Fnl e _m"(() 1) —|(1 0 )—mn(0 1)|—mn—mn—n—0@mn(m—l)—n
F1,j+2 _ (1 1) F1,j+1 Fz,j+z _ (1 1x 2) Fz,j+1 FZ,}'+2 — (1 1x 3) F3,j+1 FlZ.j+2 — (1 1x [;’,) F12,j+1
Fijs 1 0/ Fy Fa i1 1 0 F Fa 41 1 0 Faj Fiaj41 1 ] Fia
F, ;+1) 1)f Fia Fajer _ (1 1x 2) Faq Fjm)_1 1x ?) F1 Fizjer) _ (1 1x 12)f Fi2a
Fy 0/ \Fio Fa 1 0 Fap B3 0 Fao Fia, 1 0 Fiz0

g

Characteristic equation:

e
-

First Ratio (n =1) (14A) Second Ratio (n =2) (14B) Third Ratio (n =3) (14C) Twelfth ratio n=12 (14D)

; Fiz Fia_| Fap 2R _ (T2 (B S 1 Fiaz 1‘,F121 1 12 |
Fi1 Fip 1 0o \Fy 2P0/ "1 o \Fiyy 3Fa 1 Fia1 12F139 1 0

. Fiz Fi2y_ E@:] Faz 2F2p)\ _ _ Fa3 3Fp\_| 4 Fizz 12F5, =! 13 12
Fia Fia) 1] 1 | \Fp 2F 1 F3o 3F3) | 1| 3 [\Fizz 12F3.) | 1| 12|

5 Fi4 Fi3 _ m Foq 2P o nm Fyq 3F33 = 7 Fiz4 12F;3 :i 35 | 156
Fa P 2 1 Faz 2P, 31 Fia 3F5, 4 | 3 \Fizz 12Fzz) | 13 2|

(s Fu)_ Fas 2F4\ _| -El Fs 3Fa)_ 19 Fizs 12Fp.\ _|
Fia Fi3 Al 2 | \Foa 2Fp3 5 Fi4 3F33 7 12 \Fiza 12F33 25 | 156 |

5 Fie Fis\ _ Fg 2Fg) _ F36 3F35) _ 40 51 | (Fize 12Fa5) _| 481 | 272

‘ Fis Fia) 5 | 3 \Fys 2P, 1| 10 \Fs 3F./) 9 21 \Frzs 12F24) | i1 | 300 |

Original Fibonacci Numbers (n =1) Jacobsthal Numbers (n =2) © Shingo Nakanishi, OIT Innovation days 2021, Japan

14 EEBHLOBPLIC L5 b Sz 7 4 BTy FEFNO—HEH LATFIERE >

Fig .14 General forms and matrices of generalized Fibonacci sequences using similar metallic ratios™®
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2.
AVEDAIZE 2ClY, EARIOMERIL 2 A EI A
DRRESARHE HRTHTE 20T, FHlkto 12
BB IR SR E RO 5 Z 3 TE 2. Fhun
MR ki, =0 OLETH DI, EREICHR AL L
372D, SEANEREOREE AR B T O DB = AT
EAEPNETHIGEE L ORTIENTERI L
1%, EOERCLER S THEEESE LT my, 272
ERTEREIIE, mp=4 &£ m,—1=3 ZH»
7on=12%H L LCOERERERENH D LBXTRE
RN FEE, FUR ky, = 0 ZHL ST ELA RO
OADBAITIE n = 12 OBWRIILT D D70, £
DEFDILAUS SR FEDTA FITINE 2 01%, BEHL
IESRIET TN AH I DL aEBET DL,
B 9 DOIE=MAH L EHEER AR OMERS 0 ORI,
BEDOED T L L FEONREE TN,

5. BEEBHOBELLLIZK2REMIERDEZ
y;il

ATEDCIE, AREBHE (7 /L% A5 ADIEEE) D%
BHEAERLTZDT, ZOERIKOT v AT %24
95, AETIE, 4 B ORUIARREER A OFH® &
REDZIEDORURZ N CHIZE 2 A, HAEHICBE LT

®(k,)y1+ O(k)? = 1 (5.1)

IRDEHEN R oD T D, LEED- T, Z ORI
QD ERUHEEERIICRETE S, 22T, K12
WCHRLIERARD L HIZED LT, n BEOAERILD
YA BRI D AEBHEDS, RRRICHELS Z &R TE D0
Ve AR 2N SR C AT DOWEIHE 2 Th o7, $72
b, REELr ERTH70IC

Ok )1 +7n- 0(k,)? =1 (5.2)

EHNTERL TS 2. Zhab L, B4t
PUEORF% n BB ONRBARhED, [ & BIHE AR
FEDFENLDES %

Apj = J1+j- ®(ky)? (5.3)

HL<IE

Ay = [A% ;o + P(ky)? (5.4)

LT, EXATRAOEIINEN 2D n FHOL X
IR HARBURE £ TOR S

Apn =141 0(ky)? = Jma (5.5)

ERFED X IR TG TE QD 2. 2w,
12A 735 12D T, 2O Z EMbhn 9L oIz
ZNENOELEBLCOIERILOFE n (xS B ERT
DAL FIRUTREIEL T 5.

Bt &2l n=12 oL xidE, K I2E TR
T KD ITHERSED kyy =0 DI, HAEIEDOSE &
[RERIZZE DRBUEIEAA < Z &1L TE 7202,

6. EATSADEEE—BILESIhET 4R
FTyFHINEFERL-EERLEOHELL
[S&HFEARRE (HHIRE) &H/MADRER

5 ECIRAAEHE L, FfECHRLIZLOIE, B
2 A7 ADEIZ L AERAEIEHT D, S P ks
PEIZITZIZ E 10 T TRl DUBhEiuE 2V ORHEA FR
THERRZ L EZERTDH LN TEX o7, £ZT,
WRREDFEEA 2 CHURE Cl37n < SAE (UL —A D
REORHECFE) YONER LT bsni=7 4 AT
Y FEINDOIEHZET-T-. 5T 5L, [X4Al, X 4B1,
4C1 R°IX 6A, X TA, X 8A TR T X O I THERI75
FWEHEDOBTALDIATRE & 7o o 72 259,

i, BEELOELIEOKERNT, @B LW
K@Y THDZ A, [FERICX4AL, [X4B1, [X4C1<°
6A, 17A, IBA D B AEGITEMRETE D, £ LT,
ZDOHROEAEDORE &3, M OELLE LT 4A2,
X4B2, X 4C2 DEBVITRTZENTE, n HHOH
&JE L DFRLIL O S PR E N S AR T & 5679,
ZOEEDXK 4, X6 MNHK9 FTOEMBIELKZ &
4 DN MO FRIFFEZ TR T D72 0OITREe 2 &
1%, FHLTE L BIEHRORHEE RO T, ZnbOR
I WHODHEANIER S D Z & TH 5.

s UL, BT ML R
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& (k)2 = d(k,) 22 + nd(k,) "2/ (6.1)
cb(kn)_Z' - n]+1 +n- Fn]cb(kn)z
ml=ml™ +n-mi2

neN,jez

DBUNIERTE 55T 2 >9.

k’%f‘IBngimEiT:%<I®i5:E
Y% m, LU, BNEE m, — 1 LT
AR (£1,0) 263 HFEM OER

u? v?
_+ =1 (6.2)
Jmy,  Jmy—1

2959, H LI

1) (=1 6

TEROELMW, M132L<ALE, KI13B TRT LD
W2 n=1 TIr 77— =AR4 MM ZHE L,

X 13C TR X HIC n=2 CTHEEMA S0 - AFaHE
L, ¥ 13E ORI LI n =12 TliE, E=MAEA4HE
R DS DD, LT, n FHOEEBLD
B m, ZEMELTHEM AL, kI hiz7
4 ATy FEING LTV X 2T A0 EE)NEF AT R
Hi< & EICHEERRE R TEAZAE LR L THD
ZEWbooTn o,

PLEns, R@8)Fixte Ntz L, £

@ (g

(I)(kn)_Zj = ¢(kn)_2j+2 +n- cb(kn)_2j+4

(e (6.4)

Z BRI LT BB O A E 2 < 2 &3 TE T [
KRz, R@4.9)ZHmEL T

(I)(kn)_Zj = n.j—lcb(kn)_z_u +n- Fn,j—l—lcb(kn)ZI
(jeZleZneN) (6.5)

LRFLTED LD, Thbh, EMREn—i%
fbENT=7 4 BT FESINOREFIIEN 2 BRR LT
b‘<E§?%ﬁ%<Aé;ﬁﬁﬁﬂik
FEAWRFED LT L XL, EXHiT
%&é@téoﬂ.&afi, SEAANRHE DR INTE %
TETEHAO—HLENT-T 4 AT v FHINZDNT

Rl 2R, ARFETHHAA A= TE 2 XD IZEHE
DXFATHNEIE LT, —ffbSiiz” 4 AT > FES1
D—IEZ TS,

7. AOEZEL—RiEShET1s Ry TF
HBIDFHBE L UV—RIBEOEHAE

—RALSNTZT 4 BT FEBN O ZRD DR,
HRRIEOIPLOEAN L RSl 7 4 AT v F
BINDOHEAN A

mi—m,—n=0 (7.1)
Fn,O = 0, Fn,l = 1, Fn,j = Fn,j—l +n- Fn_]'_z

(neN, jET)

& LTHHEY 5.

[
Faa

Nl G P Vi e g R R N

n'Fn,l 1 0
n‘F%p>-—1nn(0 1)| (7.2)

=G "5 (o I

= _mn(l - mn) -n

=m2-m,—n
PEHND SPOT, R (@R 5D
mi-m,—n=0 (7.3)

RS ZorE, BEBEILOFEPIE, m, >0 O
OFFZIERT 50T

_1+v1+4n
M =3 2
Fn2+n'Fn0 Fn1V1+4‘n
= d d d (7.4)
2 2
DHEARDOMREL 72D, 2 LT, O —D2Dff%
1 _1 V1+4n
Mn =75 2
Fn2+n'Fn0 Fn1V1+4’n
= . 5 e > (7.5)

LHFLT, A CHROMS 2 Lot B, BT
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xHELTC XT4HD m, EXT5HD 1—m, (ZREE
T DAL, PO RS 7oA — A
ERTZEE2ETEM LTS, ZOZENDND L
NRFAL L7215 ZFPR LT DL R LT eu
23, RIZ n HAREL o TNy, m, & my, — 1
DT INTN Z & 2R LT B A = AT A4
<BIE, ZO=MARIEEA E0 =AUV T
K EATD. £ LT, ZOK 15 DRSS, EATEIC
£ 5 EE R DOFELIIZEET 5 S HIEED—D>Th
D.

FERTEDS, ZOBZFFEEATLHE, AV UTAOE
BB, 5 S 1 OEA =AIBOEILN, An,1): An1) — 1
W EISNDIREGIK & EDORMENC L 552 5T
HiFHrZ LW LN THS.

LZAT, NISHEHANT

1-mp)? =01 -my)(—my,)
Fpp+n-Fpo FpV1+4n
(et

(1 \/W)

2 2
Foo+n-Fo+ Fyp +4nF,
- 4
(Fpz +n-Fpo+ Fu V1 +4n
B 4
_ 2F,, +4nF,,  2F,,V1+4n
4 4

_ Fos+nF,; F,wl1+4n
B 2 B 2

(7.6)

LROEDZEMND, FERIC

(1 - mn)j+1 = (1 - mn)](l - mn)
(Fujertn-Fjy FpVl+4n
S
(1 m>

2 2
_ Fn']'+1 +n- Fn,j—l + Fn']' + 4nFn']'
4
(Fn,j+1 +n- Fn,j—l + Fn']')\/ 1+ 4n
4
_ 2Fn,j+1 + 4-nFn_j 2Fn']'+1\/ 1+4n
B 4 4
Fn,j+2 + nFn_j Fn,j+1V 1+ 4n

= . - (7.7)

A ZENTE S, ZOBRAT

1 )
m‘{l = m7]’lmn

_ Fn,j+1 +n- Fn,j—l " Fn']'V1 +4n
2 2
(1 Vv1+ 4n)

2 2
Fn,j+1 +n- Fn,j—l + F‘n,j + 4nFn_j
4
" (Fn,j+1 +n- Fn,j—l + Fn_]')Vl + 4n
4
2Fy o1 +40F,;  2F, N1+ 41
= +
4 4
Fn,j+2 + nFn’j Fn,j+1 Vv 1+ 4n

= L+ - (7.8)

THRENLT D, Fi,

|<Fn,j+1

i n-Fyj )_m£ (1 0)| (7.9)

g noFyja 0 1

= (Fujir — m,’,'L)(n “Fpjo1— mﬁ) -n-F7;

— m2 j 2
=my - (Fn,j+1 tn- Fn,j—l)mn -n- Fn,j

=0

ThHHIND, TOEATZANT, X7.6)EXT)%S
Zi

; Foiv1+n-F,i_ F,V1+4n
m]]q _ n,j+1 n,j—1 + nJj (7.10)
2 2
(1_m )]= Fn_j+1+n-Fn’j_1_Fn_jv1+4n
" 2 2

(7.11)

LRk TEAITTTH D, —TE, FHEHoEFRAIC
BT 5% < ORTH, B (Binet) DA 2IDEHERE
L, 7ART TN A LOME % T fiED Mg
WSS, LIzi-T, £O—>& LT Kalman &
Mena O3 PIZbEH SN TND L HIZ, KETIH
MHIRARD AL =7 4 BT FEFN DA T
RAfEZR REE D 2 & AHERT 5.

L2 AT, K14 EH(T5), B LLIFE(7.10) 2 R(7.11)
PHWD L XL, 14 ITREND ERDA
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Refs.
ORS] Spring 2021

The three important equations of my proposal : EUR02021
L. m”(”_z’i; D=n - n=1 First ratio n=2 Second ratio
2. d(ky) = 1+ n®(ky)” = my, my = 1.618- 7 my; =2
3. mad()E =1 m, —1=0618. - m,—1=1
asaz) |~ (15B2) H '
e . > T
The right triangles about P 1 1 2 5 1 1
integrals of cumulative distribution {1=A1;/I,f" (k)" = my ~ Teis- 581 g @ (k) = = =
of standard normal distribution —__ 4 ~ 4 =
—0.618--- 1.618--- —1 2
(k) 2 :nd(ky)?=mypm, —1|n=3 =6 Vi = Jma(my — 1) n=12
my; = 2.302--- mg =
That is simply mz—1=1.302- me—1=2
®(k,)2 =+ /N
( n) = E Vﬁ / N .
ascy / \\\\ {ISDI}/// - ;
—-1.302-- 2.302 - —2 3
k, = 07931383 --- 1—my, gy
k; = 0.5449521 Third ratio Twelfth ratio
k3 = 04096890 — g et - a5E2)
LB Jiép(k.)z T 'd:(k ) S d:(k Pimg by
30 T mg 2302 8 T mg 3 120 T my, 4

%] 15

© Shingo Nakanishi, OIT Innovation days 2021, Japan

HAJRLLOIRLOEA T K D82 HE & LT[ —f4TF 9

Fig .15 Geometric relations about similar metallic ratios

using these right triangles based on geometric means related to these eigen values*®

Pascal’s triangle for the original Fibonacci sequences
based on the binomial theorem (n = 1)

Ref.

: : EUR02021
How to map Equiangular Spirals

using Gaussian Plane and Binomial Theorem.

(16B) H 1=0-(-1)
2 = . . .
v Z( = {) 114 . " Visualizations of
o — ; 2=1+1 , B P " .
L Sl sisa = Fibonacci sequences and Jacobsthal sequences
= = i :
(G=012-) 52342 - ¥ 5 ; using binomial theorem about (1 + n®(k,,)?)’
8=5+3 & 1 4 Sy x
13=8+5 | g X1 5 xz & oy 1
21=1348 4 i s & 10 : . i Applied Pascal’s triangle for Jacobsthal sequences
34=21+13 g 7 15 10 1 based on the binomial theorem (n = 2)
1 0 0 0 o 10 0 00 1 H
1 0 0 0 0 10 0 00 1 2 <
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Fig .17 Weighted digit shifts of Fibonacci sequences and Jacobsthal sequences using Pascal’s triangles
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Fig .18 Visualizations of generalized Fibonacci sequences using Pascal’s triangles®®
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Fig .20 Visualizations of negative generalized Fibonacci sequences using Pascal’s triangles™
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Fig .21 Concepts of equiangular spirals of similar metallic ratios using binomial theorem and Gaussian plane®®
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Moreover, as x-th power of
the binomial term

Ref
EURO2021
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© Shingo Nakanishi, OIT Innovation days 2021, Japan
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Fig .22 Visualizations and Definitions of equiangular spirals of similar metallic ratios
on the Gaussian plane using Kepler triangles or right-angled isosceles triangles®®
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sin(arccos( ! )) L :E i T 6,  1-3y2
Vilg Vimn VitV — 4tan@, — 4tan® 8, 4y, — 4y}
an = =
8, = arccos [ —— " 1-—6tan?f, +tan*6, 1-—6y2 4y
VT © Shingo Nakanishi, OIT, 2021, Japan
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Fig .23 Visualizations and Definitions of equiangular spirals of similar metallic ratios
on the Gaussian plane using binomial theorem and De Moivre’s formula®
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Integrals of

cumulative distribution function of
standard normal distribution

and the simultaneous

probabilities: 1/m,,

v

2/n® (ky)

A it
A Bk,

~

tan @, = \/ﬁq)(j"rl)\\; =

5 e N
(L @44) o (24B) -
Vit u k :
= O(ky)? 0 0 -/ 1

Gl m(- 2o

(24D)

“The Olympic flame

at the Olympic Stadium”
€ Shingo Nakanishi, OIT, Japan,
July 12,2021

The Olympic competitions in 2021 will soon begin.

Fromn =1to12
What can we imagine about
n = my,(m, — 1) again?

z

]
(24C) .
z

Ref
EURO2021

‘Weighted Pythagorean theorem of
based on generalized Fibonacci sequences
and equiangular spirals

®(k,) 2 =1+ nd (k)% mi = m, +n, and m, ®(k,)? =1

z = /iy, exp (E arccos (Vlwn) x)
= \/WTHI (CUS (arccos (\ﬁ’lan) X ) +isin (arccos (‘[iTn) x ))
2% = (1+iynd(ky) )
zi = 1+ iynd(k,)
z28=1
5 i _ 1 —in®(ky)
oz 14 nd(ky)?

1 N " Conformal mappings

about the joint point (1,0) along the line and the circle

on the Gaussian plane
(Trinities of the three points and the capital letter: J)

At the opening, we can surely enjoy the Olvmpic flame at the Olympic stadium for our love,joy, and peace from generation to generation all over the world.

© Shingo Nakanishi, OIT Innovation days 2021, Japan
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Fig .24 Concepts of similar metallic ratios using Pythagorean theorem, ellipses with the same focuses,

and equiangular spirals on the Gaussian plane (Case n = 12)*®
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Fig .25 Concepts of similar metallic ratios using Pythagorean theorem, ellipses with the same focuses,

and equiangular spirals on the Gaussian plane (Case n = 1,2,3,6,9, and 12)*®
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5 X
Conformal mappings zn=1+ifm, -1 = (1 + i\[ﬁcb(kn))

about the joint point (1,0) along the line and the circle 20=1 (26C)
z3 = 1+ iyn®(ky)

on the Gaussian plane 51 1 b=l n
.y M e
(Trinities of the three points and the capital letter: J) zpt = nz =——iXr - Zn=1
|Zn ‘ My my 5 _Z:}z Ti iﬁ@(kn)
P T O i bt v i f
Kepler Triangle Right-Angled Isosceles Triangle TR 14 n®(k,)?
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© Shingo Nakanishi, OIT, 2021, Japan
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Fig .26 Concepts of similar metallic ratios using Kepler triangles and right-angled isosceles triangles
for equiangular spirals on the Gaussian plane (Case n = 1 or 2)™®
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© Shingo Nakanishi, OIT, Japan, 2021
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Fig .27 Harmonies of similar metallic ratios using Pythagorean theorem, Kepler triangles, and right-angled isosceles triangles*®
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28 REAFFEDOHE & FEHFEOmMEOEX (£ 1) 24D
Fig .28 Relations of Archimedean spirals and these areas about squares (Part 1)>*7

Theodorus spiral about the probability of standard normal distribution,
@(k,)=D() =1, is invisible for us
because the probability point is shown as &, =.
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Fig .29 Relations of Archimedean spirals and these areas about squares (Part 2)>*7
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B30 AREARFEDOHE & FHEOEMOREE] (ZD3) 40
Fig .30 Relations of Archimedean spirals and these areas about squares (Part 3)*”
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31 EEREOBPILIZBET 5 &2 27 ADEHDELX >
Fig .31 Concepts about Pythagorean theorem related to the similar metallic ratios>”
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(k) =— efiuzdu Y/ Jacobsthal numbers based on the weighted Pythagorean theorem
V2 )
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T - they will be one flesh. — —
@28 ~—— @ Shingo Nakanishi, OIT. Japan, 2021 LA
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© Shingo Nakanishi, OIT Innovation days 2021, Japan
2 T7T— AL EA TED A OB @R OB X DR ¢
Fig .32 Harmonies of similar metallic ratios using Kepler triangles and right-angled isosceles triangles
for Archimedean and equiangular spirals (Case n = 1 and 2)%”

First ratio (Golden ration = 1) Second ratio (n = 2) Third ratio (n = 3)
m] = m]‘iJ +1xm! 2/ = .

(33D)

®) 2 S my
iy
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— S,
-+ = N ] —
S0t =\ } A N axm, Pl =miqbes / 3xmy S—
o_ o _ Vitruvian man
=1 1 2X L) =1 3x1 @(ky)®=1 with standard normal distribution
Title: Land of the rising sun in Japan Title: Osaka, a city built on water, in Japan  Title: Mt. Ikoma, an east mountain of Osaka, in Japan  Original Ref. “Vitruvian man”, Wikipedia

@

Mt. Ikoma from Omiva campus Yodo river next to Omiya campus Giza pyramid in Egypt The spiral staircase of the library at Omiya
of Osaka Institute of Technology of Osaka Institute of Technology before CIE2007 campus of Osaka Institute of Technology

© Shingo Nakanishi, OIT, 2021, Japan

33 KRIRTZERFREBH DD DAFIL LT, 74 BT ¢ VAR N, 1279
Fig. 33 Mt. Ikoma and Yodo river from Omiya campus of Osaka Institute of Technology, Vitruvian man, and others">"®
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© Shingo Nakanishi, OIT, 2021, Japan ¢ Symmetries about
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on the applied Pascal’s triangle based on
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x a8 > Newton’s binomial theorem aPPllfd Pascal’s trlangk, and
Sors: fng 1 generalized Fibonacci polynomials F ;) ;
g .b),
b? bll
_: 28a’ Ta 1 o
W Ci B P 4]
s _56a’ 214 6a 1 P (AN
T [ A I ¢t Flapyjr1 = ( ! )'“ b (j=012-")
s 70a* 354° 15a° Sa 1 =0
‘ b’ T b7 s B
56a’  35a* 20a° 10a® 4a 1 I%I
REE g 5 =t B B B AN
. 28af 2105 15a* 104 6a’ 3a Flap)~g+n =~ *g) Z( ! ) a/~2p (j=0,12,-)
T e i T B B =
i 8a’ 7a® 6a° Sa* 4a® 3a® L 5 4 o
“ B B 4 Bt B B I X P L L
a® a’ af a® at = & > P a1 2% ot
F A R S o Lt T LR
>
» z & o » » P
. G X 5 & x
BB ps xp xpT xp xbT xbo LT CHR A
2 " b T o % 4% q&’o
x g 3
)
; g = [ % ¢
(a+B)* =Z(;‘)asz4 (x=0,12,) ind o , » 3 ¢ o \q&
=0 % = - 3 Q\.ﬂp
x a? 3a%b Jab b
1
1 5 1 a o 4 4 & 4a*h 6a’ b’ 4ab’ b*
@ty t=—r="bo-2 0 T e " & e =
atb 1+% b B2 B BbF . -
b xi® a® Sa*b 10a’K*  10a’b* Sab* b®
1
AL 3z 1 2a N 3a2 443 x a® a® 6a°b  15a'b?  20a’p  154°B*  6ab® B¢
z Tlatbh? 7 o2 B2 B2 BE B
(a+b) (1+9) b= b* b b xa’ o 7ah 212K 35a'B° 35aSB* 21a’BS Tab® b
F =0,
{ea).0 x a® o 8a’b  28a°b?  56a°B®  T0a'h*  56a°b°  28a’b°  Bab” B®
Fami=1
Flapj=a Fanitb Fapn;2 (22) (343) xb % b x b x bt % b% x b8 x b7 x bt

A¢p,1) means n-th eriginal metallic ratios. .

A¢1q) means n-th similar metallic ratios. . R
; Nested Radicals o

Agmy—a= |b-a|b—a|b-a|b—afb—avb—a-

How beautiful about A(g 5) (l(a.l,) = a) =bh

and generalized Fibonaccisequences
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gy —a=—F5——

2
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or (a—Ap)’ —ala —Aggp)—b=0 e : o Symmetries about equiangular spirals
= Aapy(Aiapy—a) =b —~ with circle, point, line, parabola,
. = and other related characterizations
© Shingo Nakanishi, OIT, 2021, Japan e basedon mZ = m,+nfromn=1to 12

B34 =a2— hrOZHGEM L SADND =ML IS T 4 BTy FEINOWR LR SO0 & &
DGR & Z AR SO AN DA 705 LK)

Fig. 34 Harmonies and symmetries about Newton’s binomial theorem, applied Pascal’s triangle, and generalized Fibonacci
sequences, these beauty and attractiveness using nested radicals, continued fractions, and equiangular spirals.
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n=1
ot 1‘1613 If we consider the length of &, as 1,
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Fig. 35 The concept of this research note about similar metallic ratios with standard normal distribution
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