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This study aims to investigate Fibonacci or Lucas sequence with flexibly changing initial constants
called Gibonacci sequence. We consider k-Pell or k-Jacosthal sequences as weighted Fibonacci sequences in
this paper. Weighted Lucas sequences mean original Lucas sequence contained k-Pell-Lucas or k-Jacobsthal-
Lucas sequences. First, we think weighted Fibonacci sequences using addition theorem of original Fibonacci
sequence as the weighted skipped Fibonacci sequences using the difference between skipped and originally
initial constants. Second, for adopting flexibly changing the initial constants, we call that the flexible Fi-
bonacci sequence instead of Gibonacci sequence. If we transform that into the extended sequences using
above describing addition theorem, these findings provide a route to display the modified Pascal’s trian-
gles calculated by using binomial theorem or some metrices. We present how to make modified Pascal’s
triangles based on the weighted, skipped, and flexible Fibonacci or Lucas sequences. Similarly, we also
create extended Lucas, Pell, Pell-Lucas, Jacobsthal, and Jacob-Lucas sequences as weighted skipped flexi-
ble sequences precisely. Negative numbers of sequences can be obtained by the modified Pascal’s matrices
introduced several computing techniques. These findings also demonstrate visualizing flexible Padovan or
Perrin sequences.
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1. Introduction

Pascal’s triangle [15, 7] is well known for the beautiful harmony related to Fibonacci se-
quence. Green has published that and mentioned to the triangles about Lucas sequence [7]
and Pell sequence with duplex triangle [8]. Koshy also has informed us of that included Ja-
cobsthal sequence [11, 12, 13]. About original Padovan sequence and k-Padovan sequences,
these are proposed by Willson [27] or Giuseppina, et.al. [6] respectively. The author presents
the relations of several modified Pascal’s triangles and skipped sequences included negative
numbers [16, 17, 18, 19]. Generally, it seems to be admitted the descriptions about modified
Pascal’s triangle of Lucas sequence by Koshy [11, 12, 13]. However, there appears not to be
considered the negative numbers of these sequences even if we can apply Newton’s negative
binomial theorem to that properly. This study focuses on creating the positive and negative
weighted Fibonacci or Lucas sequences using that precisely. The ideas allow to visualize the
flexibly changing initial constants and several skipped sequences effectively.

About above mentioned of generalizations of sequences, there seems to be several streams
throughout the survey. One is that changing initial constants flexibly appears to be called
weighted Fibonacci sequence or Gibonacci sequence [2]. Other is that the first and second
coefficients should be fixed a and b for the weighted summation of the terms of sequences.
The later manner has been widely connected with k-Pell or k-Jacobsthal sequences [9, 25]



respectively. It is likely to be called the Fibonacci sequence with the only first coefficient
k k-Pell sequence [21] and the second coefficient k k-Jacobsthal sequence [26]. Increasing
the number of terms for the summation with skipped or step orders might be admitted
as some of generalizations of the sequences [10]. From above reasons, we stop naming
generalizations about the title of this paper to clarify the meaning of generalization of the
sequences concisely.

First, we define that the sequences with two coefficients a and b as the weighted se-
quences from original Fibonacci or Lucas sequences such as one of generalizations. Second,
we reconsider the skipped orders of the sequences such as Padovan or Perrin sequences for
that of Fibonacci or Lucas sequences. It is indispensable for considering that with coef-
ficients adopting the transformed weights from a and b based on the addition theorem of
original Fibonacci sequence. From the weighted and skipped expansions of the sequences,
we can name the sequences of the title of this paper the weighted skipped sequences in-
stead of using the generalized sequences. Since a and b are simply used to explain the
characterizations instead of the pair £ and 1, we need not to call some of the sequences
k-Pell or k-Jacobsthal sequences distinguishably. Third, we plan to introduce the method of
changing initial constants according to the weighted skipped sequences flexibly as weighted
skipped Gibonacci sequences. After investigating that, we can understand the ideas should
be also effective to clarify the modified Pascal’s triangles systematically. Having displayed
the changing initial constants on the modified Pascal’s triangles, we can imagine the flows
of the initial constants are moving on the conveyor belts like conveyor belt sushi shops to
create various modified Pascal’s triangles and these related sequences specifically. This is
why we aim to explain that in detail from next sections.

Similarly, the Pascal’s triangle can be illustrated by using the matrix [4, 5]. We suggest
that the above findings enable us to present the various matrices and these visualizations to
display the sequences effectively. In the same manner, we have also applied the method to
that of Padovan or Perrin sequences [23, 20, 22, 28| with flexibly changing initial constants.
We focus on describing these algorithms throughout the following sections.

2. Description of Weighted Fibonacci Sequence and Flexibly Changing the
Initial Constants

2.1. Original and flexible Fibonacci or Lucas numbers instead of Gibonacci
sequence

Generally, we can confirm the original Fibonacci numbers as the following equation
Faono=0, Fani=1, Fay;=Faonja+Fan=2 (G=>2). (2.1)
This study aims to describe (2.1) as the other following equation. That is

P(F(1,1),07F<1,1),1) —0,

(1,1),0
P((F(1),1),07F(1,1),1) -1
1,1),1 ;
Fan,0fan) _ pFa1.0Fa,1,1) (F1,1),0.F(1,1),1) .
LER = Py + Puayye (J>2) (2.2)

where the subscript (1, 1), j means the weighted coefficient of the first term as Fiq 1y = 1,
that of the second term as F{1 1)1 = 1, and j-th order of the Fibonacci numbers, F{ 1) ;. The
superscript (F(1,1),o, F(171)71) indicates the first initial number, F(;1)0 = 0, and the second
initial number, F{(; 1), = 1, as the initial constants clearly in this sequence. (2.2) has the
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same meaning of (2.1) concisely.
The original Lucas numbers are also shown as

Lano=2, Lapa=1 Lay;=Lanj1+Lanjz2 (G =>2) (2.3)
or the other description as the following equation,

L L
P( (1,1),0:L(1,1),1) —9

(1,1),0 )
P((L(3,1),07L(1,1),1) —1
1,1),1 ’
(L1,1),0-L(1,1),1) (L1,1y,0-L(1,1),1) (La,n,0La,1) .
Py =P + P52 (7= 2), (24)

under the same description of (2.2). If we think that the first and second initial constants
are flexibly integer numbers (¢; and g;) € Z , we can call that the original Gibonacci
sequence [2] shown as the following equation

Gano=91, Gani=92 Gay,=Gu-1+Gar,—2 (1>2). (2.5)

This study plans to change the first and second initial numbers of the original Fibonacci
sequence into i-th order and (i — 1)-th order of (2.1) for showing the modified Pascal’s
triangles in the later sections respectively. We focus on naming that the flexible Fibonacci
sequence instead of (2.5) simply. Similarly, we can also describe the flexible Lucas numbers
of (2.3) as one of (2.5).

If we consider the first initial number of (2.5) as Fiy 1y;-1 and the second initial number as
F1,1),i, we can describe the flexible Fibonacci sequence as the following equation

Gano =Fui-1, Gana = Fa,
G(lvl)vj - F(171)72 ’ G(Ll)?]_l + F(171)71 ’ G(1=1)7j_2 (J Z 2) (26)
or the other following description such as (2.2). That is
Py =0 = Faayin,
P(F(l,l),i—lvF(l,l),i) _F

(1,1),1 = P14
(Fa,1,i-1.Fan) _ pFan,i—1Fa,.6) (F(1,1),i-1-F(1,1),1) .
(1,1).d = P + Punice (722). (2.7)

Similarly, we can indicate that the flexible Lucas numbers are displayed as

Gano = La,i-1, Gua = Laays
Guyy,y = Fune - Gang—1+Fana-Gayyj— (J2>2) (2.8)

or the other following description

(L(1,1),i—1-L(1,1),6)
P el .
(1,1),0 (1,1),i—1,
(L(1,1),i—1-L(1,1),5)
P R .
(171)71 (171)727
(Lay,i-1ban,y)  pLan,i—1lban,e) (L1y,i-1.L(1,1),4) .
Payyg = Paayi + Py (J>2). (2.9)

based on (2.4).



2.2.  Weighted Fibonacci or Lucas sequences with the coefficients F{, ;) » = a and
b- Flup, = b and flexibly changing the initial constants

In the previous subsection, having mentioned the case of a = b = 1 simply may consider
Fibonacci numbers as the original Fibonacci sequence. Strictly, Lucas numbers are not same
as Lucas sequence [1, 14] because of a € Z and b € Z if we consider the integer sequences [3]
carefully. We attempt to think the original Lucas sequence as the weighted Lucas sequence
such as the same naming of weighted Fibonacci sequence to compare various conditions
later in this paper. We would also like to consider (2.1) and (2.3) as the following equations
with the weighted coefficient a and b in Figures 1 and 2 respectively. These are shown as

Flano=0, Fapni=1, Fap,; =0 Fap,-1+b-Fapj-2 (J=2), (2.10)

L(a7b)70 =2, L(a,b)71 = a, L(%b)’j =a- L(a,b),j—l +b- L(a,b),j—z (] > 2) (2.11)

or the other following descriptions

Fll 7F(l
P( (a,b),0:F(a,b),1) —0,

(a,b),0
P((F(C)L,b),OvF(a,b),l) —_ 1
a,b),1 )
(F(avb),OvF(a,b),l) _ (F(a,b),O:F(a,b),l) (F(a,b),OvF(a,b),l) .
P(a,b),j =aq- P(mb)’j_1 +b- P(a7b),j_2 (1 >2), (2.12)
P((L(Sl,b),olf(a,b),l) _ 2
a,b),0 —
P((L(r)l,b),mL(a,b),l) .
a,b),1 - "
(L(ap,0-Lan1) _ (L(a,0),0:L(ab),1) (L0 Liapy1) /-
Fani =@ Py b By (j >2). (2.13)

We can deal with the weighted Fibonacci sequence under the condition with the first
P(F(“’b)’O’F<“’b)’l)) € R. In the same

(a,b).j
thinking, we can use the weighted Lucase sequence with (L, ; or P((fé;’;)’o’L(”’b)’l)) €ER

in this paper. If we think of the case 7 < 0 shown in Figures 1 and 2, we can apply the

coefficient @ and the second coefficient b as (Fqp),; or
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binomial theorem by Newton’s proposal to these series such as

T

(a+b>zzzambm—m (1/,:(),1727...)7

m=0

a a® a a

1
TV RTE B
1 2a 3a® 4ad

A =Gt

1 3a  6a? 10a3
(a+b) b_g_ﬁ+b_5+ bﬁ Tty

(a+0b)~"

(2.14)
for the weighted negative Fibonacci sequence in Figure 1 or
(a+2b)(a+b)" = (a+20) Y a™b"™ (z=0,1,2,-),
m=0
2 3 4
l_g_ %4 2 @ @
(a+2b)(a+b)" =2 b+b2 b3+b4 ,
2 3a 4a®> 5d®
-2
(a—|—2b)(a—|—b) _6_§+b_3_b_4“.7
2  5a  9a® 14a3
(a—|—2b)(a+b) ﬁ—§+b—4—b—5"',
(2.15)

for the weighted negative Lucas sequence in Figure 2 .

It is natural to use Newton’s negative binomial theorem properly for visualizations of mod-
ified Pascal’s triangles since the sequences are proceeding for both positive and negative
numbers of that. The approach using the negative Lucas sequence and related Pascal’s
triangle in Figure 2 has not been known. Because of this, we focus on adding the equations
of the sequences as some of the beautiful arts shown in Figures 1 and 2. From (2.10) and
(2.11), we can redefine (2.5) as the following weighted equation

Gapo =91, Gapi =92 Gup,=0 Gapj-1+0-Gap,j—2 (G =>2). (2.16)
By using (2.12) and (2.13), (2.16) can be rewritten as

(F(u.b)z 17F(ab )
P(ab)O F(ab)z 1)
(F(a,b),i—lvF(a,b),z .
P(a,b%l - F(a‘7b)1i7
(Fla,b),i—1-F(a,b),i) (Flapy,i-1-Fa, (Flap).io1Flap i) ]
P(a,l())’? LHab)i) o P(a’é)7;)_11 (a,b)i _|_ b P(a l()) ;) 21 (a,b), (> 2), (2.17)

(L(a,by,i—1:L(apy,i)
Pla)o = Liab)i-1,
(L(a,b),i—1+L(a,b),i)
P s0), s0), — L .
(a;b),1 (a,b),i
Labyi—1liap.i) _ (L(a,b),i-1+L(a,b),i) (La,b),i—1+L(a,b),i) .
Plagy =a-Pyin +0- Py (7 >2). (2.18)

We focus on calling (2.17) or (2.18) the weighted Fibonacci or Lucas sequences with flexibly
changing the initial constants respectively in this paper.
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3. Description of Skipped Weighted Fibonacci or Lucas Sequences and Flexibly
Changing the Initial Constants

3.1. Description of skipped weighted Fibonacci or Lucas sequences

In subsection 2.2, it is dealt with the weighted Fibonacci or Lucas sequences with the
coefficients a and b. In this subsection, we require to use the addition theorem of the
Fibonacci sequence for creating skipped sequences. If we think that the addition theorem
of Fibonacci or Lucas sequences are shown as the following equation

Flapyj = (Flapyk) - Flap)j—t—1) + (0 Flapyr-1) - Fapjr (G >k) (3.1)

and
Liap); = (Flap)k) - Liapyj—h-1) + (0 Flapyk—1) - Lapyj—r (G > k), (3.2)

we can describe the following equations such as (3.1) and (3.2). Those are rewritten as

(Fla,b),00 s Fla,b),k—1)
(Fla,b), k0 Fa,b),k—1)5J

. (Fla,b),00 s Fla,b),k—1) (Fla,u),00 »Fla,b),k—1)
- (F((l,b),k> P(F(a,b),k7b'F(a,b),k—1)7j7(k71) _'_ (b F((l,b),k*l) P(F’(a,b),.Iwb'F‘(a,b),k—l)aj*lC (33)

and

(L(a,,b),()v"' 7L(a,b),k71)
(Fa,b), k50" Fa,b),k—1)5J

. (L(a,py,05" »L(a,b),k—1) (L(a,b),00" sL(ab),k—1)
- (F(“’b)’k) P(F(a,b),k:b'F(a,b),k—l)vj_(k_l) + (b F(“’b)’k_1> P(F(a,b),kﬂb'F(a,b),k—l)’j_k (34)

P(F(a,b),()a"' Fla,b),k—1)

(Fasy. sob Flay 1), TRCANS the first or second coefficients, the super-

where the subscript of

P(L(a,b),Ov"'vL(a,b),kfl)
(Fla,b), ks Fla,b),k—1)J
means the first or second coefficients, the superscript the initial constants from L, 0 to

Liap)e—1- About (3.3), we focus on describing the first coefficient (Fi,p) %) and the second
coefficient (F{qp)x—1) by using both the left and right parentheses respectively because this
method is an indispensable tool for creating the skipped sequences and these modified Pas-
cal’s triangles. From (3.1) and (3.3), we can define the (k — 2) skipped weighted Fibonacci
sequence as follows. That is

script the initial constants from Fig )0 to Fqp) x—1. Similarly, the subscript of

(Fla,),00 Flapye—1) .
(Fla,b),k:0Fla,b),k—1),0 F(a’b)’o =0,

(Fla,1),00 »Fla,b),k—1)

(Fla,b),k:0"Fla,b),k—1),1 - F(“’b)J =1,

(F(a,b),()v'“ 7F(a,b),k71) o
(Fla,b),k:0 Fla,b),k—1),k—1 F(“7b)’k71’

(F(a,b),(Jv"' 7F(a,b),k—1)
(Fla,b),ke0 Flap),k—1)J

o (Fla,b),00 »Fla,b),k—1) (Fla,b),00 »Fla,b),k—1)
- (F(a’b)’k) . P(F(a,b),k7b'F(a,b),k—1)7j_(k_1) +(b- F(a’b)’k_l) ' P(F(a,b),k7b'F(a,b),k—1)7j_k7 (3:5)

(k>2,j=>F).



Similarly, from (3.4), we can also suggest the (k—2) skipped weighted Lucas sequence. That
is

(L(a,b),Ov"' 7L(a,,b),k71)

— —9
(Fla,b), k0" Fla,b),k—1),0 (a,0),0 ’

(L(a b),0,""" 7L(a b) k*l)
,b), ,b)s — I —
(Fla,b),k:0"Fla,b),k—1),1 (a,b),1 a,

(L(a,b),Ov"'7L(a,b),k71) _ L
(Fla,b),k:0 Fla,by,k—1),k—1 (a,b),k—15

(L(a,b),07"' 7L(a,b),k—l)
(Fla,b),ke0 Flap),k—1)J

. (L(a,p),00" »L(a,b),k—1) (L(a,0),00 " Lia,b),k—1)
- (F(a’b)’k) ' P(F(a,b),kvb'F(a,b),k—1)7]'7(]‘5*1) + (b ' F(a’b)’kfl) ’ P(F(a,b)yk’b'F(a,b),k—l)vj*k’ (3'6)

(k=25 =>F).

(3.5) and (3.6) illustrate the one or two skipped types of weighted Fibonacci or Lucas
sequences shown in Figures 3, 4, and, 5 precisely for using the identifiers o and S to
make the various modified Pascal’s triangles. Figure 3 indicates the illustrated Fibonacci or
Lucas sequences in the case of a = 1,b = 1. Figure 4 shows the illustrated Pell or Pell-Lucas
sequences in the case of a = 2,b = 1. From Figure 5, we can obtain the illustrated Jacobsthal
or Jacobsthal-Lucas sequences concisely (¢ = 1,0 = 2). At this time, we can understand
the relatedly modified Pascal’s triangles are verified by using the following relations. These
are the modified Pascal’s triangles for the skipped weighted Fibonacci sequences such as

L (Flap)2-a+ Fapi-p)" for the no skipped weighted Fibonacci sequence,
(Flap)1 o+ Fapa2-B)

(Flap) -+ Fap2-B8)" for the one skipped weighted Fibonacci sequence,
(Flagp)1 - & 4 Flap)2 - B + Flaps - 5°)

. (F(a7b),4 ~a+ Flaps-B)"  for the two skipped weighted Fibonacci sequence,

(Flapya - @2+ Flapa - "8+ + Fappoo - a7 + Fapp1 - 8572
(Flap) k- o0+ Flapyp—1-8)" for the (k — 2) skipped weighted Fibonacci sequence. (3.7)



In the same way, we can get the modified Pascal’s triangles for the skipped weighted Lucas

sequences as follows

(Liapyp - +b- Ligpo- )

“(Flap)2 - o+ Fap1-B)"  for the no skipped weighted Lucas sequence,

(L(a,b),1 ca+0b- Ly - B)
(Flapya - o+ Fap2 - 5)

“(Flap)s - o+ Fap2- )" for the one skipped weighted Lucas sequence,

(L(a,b),1 ca+0b- Ly - B)
(Flapn - &+ Fapo o+ Faps - 5%)

“(Flapya- o+ Faps-B)"  for the two skipped weighted Lucas sequence,

Liapy-a+b-Ligyo-B)

(
(Flapya - @2+ Flapa - o328+ -+ Fuppo - af™ + Fapr -
(

52)

Flapg o+ Fapg-1-0)" for the (k — 2) skipped weighted Lucas sequence.  (3.8)

(3.7) and (3.8) show the modified Pascal’s triangles in Figure 3 as

one or two skipped

Fibonacci or Lucas sequences in the case of ((k—2) = 1lor2,a =1,and b = 1). In the
same manner, we can confirm the similar tendencies in Figure 4 about one or two skipped

Pell or Pell-Lucas sequences in the case of ((k —2) = 1 or 2,a = 2,

and b = 1), and in

Figure 5 as that of Jacobsthal or Jacobsthal-Lucas sequences in the case of ((k —2) =
lor2,a=1,and b = 2) respectively These concepts can be illustrated in Figures 6 and 7

One skipped Fibonacci sequence
(a>+b=2=Fuuzab=1=b-Fgy),) z

One skipped Lucas sequence
(@ +b=2=Fqupzab=1=b-Fqy),)

1| 2 (2,1,3) _ (21,3) _ (21,3) _
pOLD _ o pOLD _ 1 pO11) _ 4 o [ 2 PCrso = 2P¢0 = LPG5, =3,
5 10,0 [ COR 7hen2 ’ tsoi [ 241 | 29 | 2 (21,3) _ 5 p(213) (21,3 i
©1,1) _ - 0,1,1) 0,1,1) . 4816 [ 1022 | 183 | 25 | 2 P(Z.!).j =2 P(Z.!),j—z +1 'P(2.1).j—3 (G=3)
1 o P(Z 0 = 2 'P(Z 1),j-2 +1 'P(2 1),j-3 (] = 3) -10528| 2772 | 656 | 133 | 21 | 2 . .
ExA 1), o 1. Too04 [ aoes [ 1ae0 300 [ o1 | 7 | 2 The modified Pascal’s triangle :
= “16384| 5936 | 2064 | 680 | 208 | 57 | 13 | 2 . . . .
S60| 98 | A3 | 1 0 The modified Pascal’s triangle 11008 | -4512 | 1808 | -704 | 264 | 94 | 31 | -9 | 2 (1-a+2 B)(l atl '8)
‘::132 ;f: ;:u 5101 19 ‘1’ 5 gle 4352 | 1984 | 89 | 400 | 176 | 76 | 32 | 13 [ 2 c@Zrat+1-p)m
o o] a0 o [ T 4 (1-a+1-p) CNE BRI I e e or (1-a?+3-af+2-p2)
2816 | 1120 | 432 | 160 | 56 | 18 | 5 | 1 | © cQra+1-pm Tt REEEE m  EELD m
1280 | -576 | 256 | -112 | 48 | 20 | 8 | 5 [0a0] 0 T 15 2 (2-at+1-p)
256 | 128 | -64 | 32 | 16 | 8 4 2 -1 1 0 >~ 7 3 3% | 58 | 43 | 15 2
8 i 0 :,;) 1| 18 16 | 80 | 152 |44 73 | 19 | 2
8 5 8 2 1 i I ‘; j ; ; 2 - One skipped &5 [20 [ 32 | 476 | 384 | as0 | 200 | 111 | 23 | 2 |
—> Lucs &5 [ 76 | 123 64 | 384 | 94 | 1266 | 1020 | 512 | 157 | 27 | 2
S o T e L -ucas 2 s 128 | saz | 22rz | wwrz | waoa | 2oua | eze | i | | 2 ]
One skipped <> |13 [ie2i 32 |12 160 | 120 [ 50 | 11 | 1 0] sequence .
ibonacci
Fibonacc >3 | s 64 | 256 | 432 | 400 [ 220 | 72 | 13 | 1 | 0 | Two skipped Lucas sequence
> [T89 |18 128 | 576 | 1120 [ 1232 | 840 | 364 | 98 | 15 | 1 | 0 | 3, B 2
sequence (@® +2ab =3 =F )4 (@ +b)b=2=b-Fy3)
Two skipped Fibonacci sequence - pé?ﬁj%” =2, p((f(zl)""l"‘) =1, P((f(jfz"‘) =3, p((f(zlf;) =4,
3, - —a_T 2 5 X 3,2), 3,2), 3,2), 3,2),
(@®+2ab=3=Fqus (@ +b)b=2=b-Fqyq3) [ooslome] pR13® _ 5 pC134) | 5 p@134) (=4
0,1,1,2) _ 0,1,1,2) _ 0,1,1,2) _ 0,1,1,2) _ 0427710055 | 0.0039 G2,y — (3,2),j-3 (3,2),j-4 =
P(; o = 0, P(; N = l'P(z e = 1, P(, Bt 2, [-3637] 06914 -0.098 |0.0078 . .
0 (0’ i 2 ('0 ' 2 '(0'1 12) e 20678 | -5.199 | 1.0898 | -0.172 | 0.0156 The modified Pascal’s triangle :
0001 0 P =3 pr 2P i >4 -82.56 | 25.758 | -7.129 | 1.6641 | -0.297 | 0.0313 . . . 2 . . R2
0028 | 0002 | 0 G.2).J G23j-3 T G.2).j-4 G=z4 23625 | -87.86 | 30.129 | -9.266 | 24375 | 05 | 0.0625 (A-at+2-p)(A-a*+1-ap+2-5%)
0371 | -0.051 00033 |0 ~484.4 | 208.93 | -85.32 | 32461 | -11.22 | 3375 | -0813 | 0125 Grat+2-pm
2895 | 05898 | 009 | 00078| 0 697.44 | -342 | 161.89 | -73.27 | 31.266 | -12.31 |43125| -125 | 025
. . 3 2 2 2
14889 | -402 09102 | 0156 00156 | 0 The modified Pascal’s triangle : 6713 | 366,77 | -198.4 [ 103,99 -52.73 | 25594 |ie8)| 4675 |[Ea8l] 05 or(1-a®>+3-a?f+4-ap?+4-p%)
5279 [ 17.719 | -5.309 | 13516 -0.266 | 0.0313| 0 2 2 38871 -236.4 | 142.38 | 848 | 49781 | 2869 16.125 | 815 | 45 | 2 | 1 . . g)ym
130,68 | -52.42 | 19.512 | -6.563 | 1.9063 | -0.438 | 0.0625 | 0 (1-a*+1-ap+2-p%) .mz_s|‘aazu T4556] 30.375| 2025 | 135 | 9 | 6 [ 4| 3 | 1| 2 G-a+2-p)
2231 | 104.1 | 463 |19.336| 7406 | 25 | 0688 | 0125 | 0 -@Bra+2-p™ F I I )
25131 | -1338 | 69.293 | 3459 | 16453 | 7313 | 20376 1 [10251 © . S s [ 1] 3 [ 1 | 18 |2 s
1687 | 10109 | 598 | 34805 1983 | 10869 5813 | 2875 | 125 | 05 | 0 >3 [= 9 | %0 [ %] % | &4 | 16
51,258 | -34.17 | 22981 -15.19 [10125| 675 | 45 | 3 | 2 | 1 | 1 | © o [ 71 | u s 27 | 13 | 306 |4A0| 384 [ a6 | 32
11 [2 o Two < (28 [ @ | 7% 10| 459 [1188)| 1032 | 2032 | 1296 | 448 | 64
[T = el 1 1 0 3 5 8 4 0 skipped Z 123 | 199 | 322 243 | 153 | 4482 | 8172 | 9960 | 7952 | 3936 | 1088 | 128 |
1 1 2 9 | 21 [3&] 28 | 8 0 Lucas 2 521 | 843 | 1364 729 | 5103 | 16524 | 33480 | 46224 | 43776 | 27712 | 11136 | 2560 | 256
Two &5 3 5 8 27 | 81 | 144 @82 | 80 |16 0 e 2207 | 3571 | 5778 2187 | 16767 | 59778 |133488 170688| 83832 | 20952 | 5888 | 512 |
' 2 B a1 [m 810 297 [1894| 744 | 54 | 28 | 32 | 0 sequence
skipped 55 | 89 | 144 243 | 1053 | 2376 | 3420 | 3120 | 17:2 | 512 | 64 | 0
Fibonacci 2 233 | 377 | 610 729 | 3645 | 9234 | 15012 | 16200 | 11376 | 4960 | 1216 | 128 | 0 | ((1 =1,b= l) Ref. Shingo Nakanishi,
987 | 1597 | 2584 2187 | 12393 | 34992 | 63504 | 78624 | 66528 | 37632 | 13568 | 2816 | 256 | 0 | ’

sequence

Figure 3: Visualization of the one or two skipped Fibonacci or Lucas
modified Pascal’s triangles [16, 17]

to undestand that easily. First, we can set the initial constants, (i =0, - - -

0]

© ORS]J Fall Meeting 2023, Japan

sequences using the

,k—1), shown in



One skipped Pell Lucas sequence

Or;e skipped Pell sequence (@*+b=5=Fgpzab=2=b-Fp1,)
(@®*+b=5=F@uazab=2=bFpy),) p226) _ 5 p(226) _ 5 p(226) _ ¢
P(o 1,2) _ 0, P(o 12) _ 1, P(o 1,2) 2, (5,2),0 (5,2),1 (5,2),2
G20 — G221~ G, z)z = P(226) 5. P(226) 2 P(2.2,6) i>3
0.008 (5,2), (5,2), 2+ “B,2),-3 (]— )
P(Olz) 5. P(Olz) +2- j = 3) 24.18[ 3,05 | -0289 0.016 20 220 220
(5,2).§ (5,2),j-2 = 1975 3309 4664 | 05 | 005 The modified Pascal’s triangle :
MBM 0 The modified Pascal’s tnangle : -1104 [ 229.7 [-42.85] 6.828 [ -0.844 0.063 (2 ca+2- ﬁ)(l ca+2- ﬁ)(g ca+2- B)m
o152 500 |5 1 2 5 2 m 4272 | -1060 | 245.1 | -51.56| 9.438 | -1.375 0.125 -
Foi 255 0265 506 0 ( at+2- B)( at+2- B) -11304| 3247 |-8936 23244 | -5594| 12 |-225| 025
2529 3‘367 ﬂ.ASS 0031 ) 19562 | -6372 | 2026 | -625 | 185.2 |-51.88| 1338 | -3 05
'153'5 i '5‘59 75 ToossT o E’ﬂ-zm 9217 |-324.2| 1109 | -36.88| 11.75 | 36| 1
598.1 ]51" _3'5 6 IBB -1.183 Toazs| 0 | 9155 | -3662 | 1465 | -585.9 | 234.4 | -93.75| 375 | -15 6 -2 2
1] 1514 |-35.16 7.188 |-1.188] 0. L
1453 |-439.5| 127 |-34.38| 8.438 | -1.75 | 0.25 0
5646 | -2014 | 708 |-244.1| 82.03 |-26.56| 8.125 | -2.25 | 0.5 198) k52 £ LY o 22 : 13:0 23223 li‘ T
-3052 | 1221 |-488.3| 195.3 | -78.13| 31.25 | 125 5 -2 e e 050 | 1520 | 976 | 288 7
82 198 5750 | 9700 | 7920 | 3392 | 736 64
R : g ‘s’ 5 One skipped 478 [1sA 31250 60000 | 59000 | 32800 | 10464 | 1792 | 128 |
N - 3 31250 | 2E+05 | 4E- E+05 |3E+05| 1E+05 4224 | 256
> el Pell Lucas e I
One skipped 12000 4400 | 832 | 64 | © sequence .
Pell 95000 | 46000 12960 1984 | 128 | 0 Two skipped Pell Lucas sequence
cequence 78125 | 4E+05 | 7E+05| 7E+05 | 4E+05 | 26405 35840 | 4608 | 256 (@®+2ab=12=Fg1), (@ +b)b=5=b-F13)
ngo skipped Pell sequence . p((ff;';‘*) =2, p((lzzzf) W=, p((fzz 5 =, p((lsz)';“) =14,
(a®+2ab =12 =F(31)4,(@* + b)b =5=bF(31)3) pR2614) _ 1, p2619) | o pR2614) (=4
po125) _ 0, P(0125) =1, p125) _ 2, po125) _ 5, a25.) = (12,5),j-3 (12,5),j-4 U =
(&)2152) g) @2, (3)1 @2, 5)(3 125 (12,5)3 The modified Pascal’s triangle :
P(IZS)] =12'P(12,5 35 P(12§)14(1>4) 2-a+2-B)

c(1-a?+2-aBf+5-8%)
1 (12 a+5-pm

The modlﬁed Pascal’s triangle :
(1-a?+2-af+5-p?)
c(12-a+5-p)"

G [ [ = [

-

oo 0 Two oz

3 i [ 12387000 7073250 | 2545750 |
- skipped 5971968 | 32845824 | 1026408 | 196408 m-mz.u -zs -mmsn mm
e — 2 rEEE—. Pell Lucas e[ v | T st 21+ 139108 27508 458 750 56408 [
Two |I‘; 3 ::| sequence
skipped F M ) ) o
S (@a=2,b=1) Ref. Shingo Nakanishi,

Pell Lo B | i
seauence © ORS]J Fall Meeting 2023, Japan

Figure 4: Visualization of the one or two skipped Pell or Pell-Lucas sequences using the
modified Pascal’s triangles [16, 17]

One skipped Jacobsthal Lucas sequence

One skipped Jacobsthal sequence 2 — 3= —9 =
1¢ sXipp q (@*+b=3=Fquzzab=2=b-Fqy),)
(@ +b=3=Fupzab=2=b-Fgyp,) (0004 pRLS) _ 5 p@Ls) _ 1P(z,l,s)_s
pOLy _ 0, pOLY _ 4 pOLD) _ 4 -00711 0008 G20 ~ G221~ G, z), -
(3,2),0 G = Pienz T S o1l 00le (215) _ (2,1,5) (215)  :
J— 4846 107 |-0191] 0.031 P, =3. P +2-P O > 3)
o P(O 11 _ 3. P(o 1 1_) +2- (0 11) (] ) 22,64 | 648 | 1566 | -0.289| 0.031 G.2).j (3.2),j-2 (3.2),j-3
o G2 (3.2),1:2 (3 2)j-3 7272 25.84 | 8262 2.266 | -0.484 | 0.063 The modified Pascal’s triangle :
. i i 1606 |-67.92| 26,89 |-9.127 3.078 | -0.781 | 0.125
A The modified Pascal’s triangle : m 2402|1174 | -55.16| 24.61 | 1022 3813 | -1.188| 0.25 (1at+4-pA-a+1-HE-a+2-f™
7101243 Z‘z:s ;":ga ‘;"]‘;‘5 u:m 5 1-a+1- B)(3 ca+2- ﬂ) 232.1 |-128.1| 69.29 | -36.49| 1856 | -9 | 4.063 |-1625| 05
R -1303[ 79.73 | -4841| 2011 | -17.3 | 1013 | -6813] 325 [=Ad8] 1
;:f: 713:; :::g ;“:53 1":3"13 1"33]‘3 0353 5 3204 |-2136 | 14.24 |-9.492] 6.328 | -4.219 | 2813 | -1.875| 125 | 05 | 2
22| 155 | 6855 | - X 1313 0. Tl s F
-37.02[ 1993 | -1044| 5.273 | -2531| 1125 |-0438[ 0125 | 0 1016 060 [ 0575 125 |05 THE S 2
2349 -14.24| 8543 | 5063 2.953 | -1.688| 0938 | 05 10261 0 — o 57 o B i
~6.407 4271 | -2.848| 1898 | 1266 0.844 |%0663] 0375 | -0.25 | 05 | 0 —
e 7 27 |[1890| 419 | 404 | 184 [137
1iire One skipped 3 6 81 | 6o1 | 1620 12040 1360 | 464 | 64
=028 0344 SRR 0375 (0251 05 L0 3 W 2 D0 Jacobsthal 127 | 261 243|209 6102 | 9360 | 8160 | 4112 | 1120 | 128
; ; 257 :i ;: :‘ : o Lucas 511 | 1025 729 | 6561 | 22336 | 40284 | 43200 | 28656 | 11584 | 2624 | 256 |
= 1 (207 Tz B iz | 16 o o 2047 | 4097 2187 | 21141 80190 | 26+05 | 2E+05 | 2E+05 | 92064 | 31040 | 6016
| 8L | Les2 ] sequence —
One skipped 43 |85 243 |11063 | 1890 | 1800 | 960 | 272 | 32 | © q .
Jacobsthal 171 | 341 729 | 3645 | 7776 | 9180 | 6480 | 2736 | 640 | 64 | 0 | Two sklpped Jacobsthal Lucas sequence
) 683 | 1365 2187 [12393 | 30618 [ 43092 [ 37800 [ 21168 7392 | 1472 | 128 [ 0 3 —C — 2 —6 =
cqmence o] (a®+2ab =5 = Fy 24 (a2 +b)b=6=b-Fuzs)
i o9 2,157 2,157 2,1,5,7 2,157
Two skipped Jacobsthal sequence GE00 p@LST _ 5 p2157) _ ¢ p21s7) _ 5 p157) _ 7
(@®+2ab=5=F( 4 (@ +b)b=6=b-Fyys) [E0EE R Sty
! 12)s TE-06 | -2E-06 | 2€-07 2,157, 2,157 2,1,5,7. .
5 P(O 1,13) _ =0, P(o 1,13) _ =1, P(U 1,13) _ =1, P(° 1,1,3) _ 3 -1E-04 | 3E-05 | BE-06 | 1E-06 P(5 6)j 5- P('S 6),j— 3t +6- P(S,a), —4 Gz49
6), 6),1 5,6, 5,6, 7 [0.0009 | -4E-04 ] 0.0002 [ -4E-05 | 7E-06 5 1 .
5,6),0 5, ,2 ,3
ji’f] 5:‘]3 5 P(0'1 1,3) _ 5. P(o,1,1,3) 6. (o 1,1,3) >4 0.0035 | -0.002 | 0.0007 [ -2E-04 | 4E-05 The modified Pascal’s triangle :
sea e ) PG 0 Pt 0 P G24) ot [ o ot o o] (Lat4:f)
o iroi o Laeos w5 The modified Pascal’s triangle : IS5 782 oest[-0187 | o1is [-o0e¢ [opewE] ozs om0eg “(1-a?+1-af+3-B%)
0005 00035 0002 00009 | 3E-0¢| 6605 | 0 (1-a?+1-af+3-p?) Sa oas N e Grat6-p™
0,025 | -0018 | 0.0118 | -0.007 | 0.0036 | -0.001 [0.0004| 0 “Goa+6-pM i e [0 pssen] 0e7 Tososs o]
-0.073 | 0.0608 | -0.048 | 0.0355 | -0.024 | 0.0143 | -0.007 [0.0023 [ 0. = - - - 5 = w0
01423 -0.135 | 01247 | -0.111 | 0093 | -0073 |010509] -003 [00388] 0 | e 125 [ 05 | 2 s 5 o IR
-0.165 | 01775 | -0.188 [0:1954 -0.198 [0:1945 -0.181 [ 0.1551 | -0.111 [0.0833| 0 - - T 5 - GEllies [EE ovo | oz | 42
0.0872 ] -0.105 [01256 | -0.151 | 0.1808 | -0217 | 0.2604 -0.313 | 0375 | -0.25 | 05 | 0 [z
= : 5 o Two skipped 17 | 31 | 65 125 | 1075 | 3665 178661 10260 | 7992 | 2592
127 | 251 | 511 625 | 6125 | 24775 59820 | 96696 | 101620 60912 | 15552
03438] 0313 0315 '0125 0;5 Z :5 ;; 12;‘ ;1“5 l:B : Jacobsthal 1025 | 2047 | 4097 3125 | 34375 | 160625 47750|842400| 1E+06 |913680| 443232 93312
o e — Lucas seq 16385 | 32767 15625 | 190625 1E+06 | 3E+06 | 7E+06 | 1E+07 | 1E+07 | BE+06 | 3E+06 |59872
Two s e se2s [fozrs] 16720 | 21815 | 14256 | 3885 | 0 65537 [131071[ 262145 | 78125 | 1E+06 | 6E+06 | 2E+07 | 5E+07 | 9E+07 | 1E+08 | 1E+08 | 6E+07 | 2E+07 | 3E+06 |
skipped 341 | 683 | 1365 3125 | 21875 | 13125 6[104976[ 23328 | 0 |
Jacobsthal 2731 | 5461 [ 10923 15625 | 128125496875 | 1E+06 | 2E+06 | 2E+06 | 26+06 | 746496139968 0 = = : by
' ! 21645 | 3691 | 87381 78125 [134375] 3E406 | OE+06 | 2E+07 | ZE407 | 2E407 | 1E407 | SE+06 8398080 (a=1b=2) Ref. Shingo Nakanishi,
sequence © ORSJ Fall Meeting 2023, Japan

Figure 5: Visualization of the one or two skipped Jacobsthal or Jacobsthal-Lucas sequences
using the modified Pascal’s triangles [16, 17]
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Table 1: Hlustrative examples for no, one, or two skipped Fibonacci sequences [16, 17]

Numbers No skipped Fibonacci | One skipped Fibonacci | Two skipped Fibonacci

sequence sequence sequence

1 ) x L+ (1) x0 2) x 0+ (1) x 1 (B) x L+ (2) x —1
2 (1) x1+(1)x1 (2) x1+4+(1) x0 (3) x0+(2) x1
3 (1) x24(1) x1 (2) x 1+ (1) x1 (3) x14(2)x0
5 (1) x34(1) x2 (2) x2+ (1) x1 (3)x14(2)x1
8 (1) x5+ (1) x3 (2) x3+(1) x2 (3) x2+(2) x1
13 (1) x8+ (1) x5 (2) x5+ (1) x3 (3) x3+(2) x2

Fau,y | (WFay -1+ @) Fany-2 | (2)Fa),-2+ 1) Fa,y-s | (3)Fu,-3+(2)F,1),-4
Note: (F(l,l),Q = (1)7 F(1,1),1 = (1))7 F(1,1),3 = (2),F(1,1),2 = (1)), (F(l,l),4 = (3), F(1,1),3 = (2))

Figures 6 and 7. Second, we can consider the weights of the sequences shown in Figures 6
and 7 to create the modified Pascal’s triangles systematically. In case of Figure 7, we can
admit the diagonal from the first initial constant. In the same way, we can confirm how to
calculate some skipped Fibonacci sequences in Table 1 to reconfirm that more easily. In the
next subsection, this idea should be crucial for expanding this model with flexibly changing
the initial constants.

3.2. (k—2) skipped weighted Fibonacci or Lucas sequences and flexibly changing
the initial constants

Based on (3.7), we can obtain the modified Pascal’s triangles for the skipped weighted
Fibonacci sequences with flexibly changing the initial constants using Fi,p)i—1 and Fgp)
as follows

(Flap)i-a+b-Fapi-1-05)

(Flap)2 -+ Fap,-B8)" for the no skipped weighted Fibonacci sequence,
(Flap),i- o+ b Fapio1-B)

(Flap1-a+ Fapz2-B)

. (F(ajb)73 ca+ Flapo - B)*  for the one skipped weighted Fibonacci sequence,
(Flapy,i- o+ b Fapio1-B)

(Flapy1 - &+ Fapa - aB+ Faps -5

. (F(a,b),4 ca+ Flap s B)*  for the two skipped weighted Fibonacci sequence,

(Flap)i-a+b-Fapi1-05)

(Flapy1 - &2+ Flapa - "B+ + Fapp—z - a8 + Fapu1 - 7

(Flap)ke - o0+ Fapyp—1-8)" for the (k — 2) skipped weighted Fibonacci sequence. (3.9)
Based on (3.8), we can demonstrate the modified Pascal’s triangles for the skipped weighted

Lucas sequences with flexibly changing the initial constants using L, p)i—1 and L(gp); as
follows. That is, the flexibly changing the initial constants of skipped weighted Lucas

11



sequences L, p) ;-1 and L(gyp); can bring us the related modified Pascal’s triangles as

(Liapyi-a+b- Lpyi-1-5)

(Flap)2 - a+ Fapa-B8)" for the no skipped weighted Lucas sequence,
(Liapy,i- o +b- Ligp)i-1-5)

(Flap)1 - a+ Fapz2 - B)

(Flap)s - a+ Fap2-B8)" for the one skipped weighted Lucas sequence,
(L(ap),i-a+b- Liap)i-1-B)

(Flapy1 - @ + Flap2 - aB + Faps - 57)

(Flapa-a+ Faps-B)" for the two skipped weighted Lucas sequence,

(L(a7b),i ca+b- L(a,b),i—l . /8)
(Flapa 0"+ Fapa - o' B+ 4 Fapu—z 0B+ Fapp-1 - 677)
(Flap) k- @+ Flapyp—1 - 6)°  for the (k — 2) skipped weighted Lucas sequence.  (3.10)

From (3.9) and (3.10), we can understand the systems of flexibly changing the initial con-

The initial constants of this rule

Two (= k — 2 = 4 — 2) skipped weighted Fibonacci sequence of the type (a, b) Fao =0
Fapa=1
(F(a,p),0F(ap)1F(ab)2F(ab)3) _ )1 = B
ST = Flamo The modified Pascal’s triangle : TI’ Fapz=a Fanit+b-Fapo= @
P((‘Fmb)";Fy[.ﬂ h“';(lﬂ'h]ﬂ(“'m'*) =Fana (Flapyi - @+ Fap)z - @B+ Fap)s - B2) g Fans=a-Famz +b-Fapna=a’+b
F(a,p)4PF(a,p)3) e . . m
p((Fﬁ“")‘“"F(““";2"""2"?(""’1") = Flap)2 (Fana-ath Fansf) Reconfirmation using the addition theorem
Fia,b)4DF (ap)3) R F - F
(F(ab),0F(ap)1F@ab)2F(ab)s) _ (ab)4 v Fap)a )
R P )3 = Flans ? Faps = i Fapz +bFaps Fapa
g Fape = FapaFapz+bFans Fabe
P(Fm b).0F (a,b),1F (a,b)2F (a,0)3)
Flab)abFan))d Fiix Fap)x = bFap)s * Fap)s
F, WF JF F(ab: G =
- e R e T Ry =
+b-F P(F(n‘b)‘qulu‘b)‘)vF(a,b?,sz(ub7,3) g + = Fap),7 = Fap,7x+ Fapzy
(ab)3 " (r JDF (a ) 3 )i—4
G=4) Fap)s = FlapaFapys+bFan s Fapa
Fapo =Fap FapetPFans Faps
Fapya = a° + 2ab
b F(ap)s = b(a*+b) Fapiox = Fana Fap)yzx+ bFwan s Fape
k=4 Fapaoy = Fana Fapy
Fo “ Fap)10 = Fap)iox + Fap 1oy
F(a,b),ll,x =bF(ap)3 'F(a,b),7,x
Flapity = Fapa Faps+DFans Fapy

“ Fapya1 = Faparx + Fapisy

- Re2) - -
f?c ?-’5 "-35 % Ref. Shingo Nakanishi,
K L % % © ORSJ Fall Meeting
2023, Japan

Figure 6: Concepts of the one skipped weighted Fibonacci sequence using the modified
Pascal’s triangle [17]

stants of the modified Pascal’s triangles. It can create that with these conditions as skipped
weighed Gibonacci sequences in Figure 8 instead of Figures 6 and 7. From these visualiza-
tions, we can imagine the summation for the diagonals as the extended knight moving on
the modified Pascal’s triangles [6] to obtain the flexibly proper numbers of skipped weighted
Fibonacci or Lucas sequences specifically. Changing the initial constants according to the
order of sequences enables much attractive visualizations shown in Figures 9 and 10 if we
confirm to alter the constants along the flow on the conveyor belts in these Figures.
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Two (= k — 2 = 4 — 2) skipped weighted Lucas sequence of the type (a, b)

(Lab)oLab)1lab)2Liab)s)

(Fa.0)4DF (a,0)3).0 = Lo
Capnolanit@nzbans) _ |
(F(a0)4DF (a,p)3)1 = aba
planot@niltanzlaens) _ |
(Flap)4DF ab)3)2 (ab)2
Capolanit@nzbans) _ |
= L(ap)3

The modified Pascal’s triangle :
(Lama-@+Db-Liapyo-B)

“(Fami @+ Fapz-aB+Faps-
m

: (F(n,h),1 ca+bFaps 3)

The initial constants of this rule

Liap
Liap)2 = @ Ligpys + b - Ligpyo = a* +2b
Liap)3 = @ Ligpyz + b - Ligp) = a® + 3ab

Reconfirmation using the addition theorem
Lapyax =DFan)s Lapo

(Flap)4bF(ab)3)3

Lapay = Fapa Lana
=~ L =1L, + L

(L(ab)0Lab)1l@ab)2Liabs) (a,b)4 (ab)ax T Liab)ay

(F(ap)40F (a,p)3)

=F 'P(L(u,b),orlf(u,b),lr’-[a.b).zr'-(u,b)‘z)

(@b " (F ) b F a3 ) =3
(L(ap)0l(ab)1b@b)2b@n),3)

b Fgpys - Pr@D0 @ @b at@h),
(ab (F(ab)4bF (ab)2)i=4

Giz4

Laapys = Fapa Liapyz + DFan s Lapa
Laabye = Faps Liapys + DFan s Lap),z

Liap),7x = Fapa Liapyax + DFap)s - Lap)z
Laap)zy = Fapa Liabay

Fapa =+ 2ab  Liap)7 = Lap)7x + Lab)zy
b-Faps = b(a? + b)
k=4

Laan,sx = DFan)s - Lab)ax
Lapygy = FamsLabs +DFan s Fapay
“ Ligp)s = Liapysx + Lab)sy

Laapyo = Frama Liapys + 0Fan)s  Lab)s

Laan,10x = Fiap)a* Liap)rx + bFap) s Labye
Liap)0y = Fapa* Liap)zy
“ Lap)10 = Lap)10x + Liap)10y

Liapyarx = Flap s Liab)sx + DFan)s - Liapyrx
TN Lapaty = Fapa Lapsy + PFaps  Lapsy

IS

L Lizy e, L@t = Laparx + Lab)isy
< % % % % % Ref. Shi ishi
G 2 e ef. Shingo Nakanishi,
S, R ] ;
o 5 e % % U © ORS]J Fall Meeting
N “ N - “ “ 2023, Japan

Figure 7: Concepts of the two skipped weighted Lucas sequence using the modified Pascal’s
triangle [17]

Two (= k — 2 = 4 — 2) skipped weighted Gibonacci sequence of the type (a, b)

The flexibly initial constants of this rule

Gapyo
| P(E(a £),0:6(ap)16(a,b)2:6@ab)3) _ =G \= The modified Pascal’s triangle : Gap)1
v —-— P (Gami-atb-Gano-#) Gava = - Gawi +b- G
LE MO0 =6ana | (Fama @+ Famz o + Fang 5 Gams =a-Ganz+b- Gana
i P((r(’;f:l’:)::"?(:fi‘1X;(2ubJ,Z'(“[u,b) ) Ganyz E “(Flama-a@+b-Fapys ﬁ) ” Reconfirmation using the addition theorem
: planobamibanzbens) _ o 1 Gapyax = DFiap)s Gabyo
Y (Fab)adF(ap)3)3 ()3 ¥ Gapyay = Frap)a Gaba

= Gapa = Gapyax + Gabay

P(G(an)nGmmﬂ(amzatab)z)
(Fap) 4bFap)3)d
(G(ab)ug(ab)iG(un)zs(ab)z)
(FlapabFap D=3
(G(ab)oﬁ(ab) b)26(ab)3)
+bF
lep)a - (’mhMbF\nb!s)] < S

G=z4 I

Gap)s = Flap)a Gapz + bFan)s Gaba

=Fapya- P Gab)6 = Fap)a* Gapyaz + bFap)3 * Gap)z

Gap)rx = Flap)s Gabax +Fan)s Gaba
Geapyzy = Fiana Gapay

=G, =G, + G,
Flass = a3+ 2ab (a,b),7 (a,p),7,x (ap),7y

b Fap)s = b(a?+b)

E=4 . Gapysx = bFan)s * Gabax
- omm——- —————y N ; ) N \ \ | y Gensy = Fapa - Gans +bFap s Gabay
4 : = Gap)s = Gapysx + Gabsy
1
1 G Gz “— k ~—w G - Gap)o = Faps Gapyre + DFap)s - Gapys
! \ \ \ \
1 Geapyrox = Fran) s Gab)x + bFan)s Gabe
H Geapyr0y = FlanaGabry
H = Gap)10 = Gapyiox + Gab)r0y
: Gy, “
! Gaparx = Flap)s Gapsx+bFap)s Gabrx
[ Gapyiry = Fans Gapsy + bFan s Gaby
:‘ AT 61 = Gaparx + Gapry
. Gy *G16.2
' i \
Ta s [ o
e 2 e 2 e
e e NS\ \Z . o
jo j(,, :g, j‘p :{,\ Shingo Nakanishi, OIT

© Japan Society for Graphic Science, 2023

Figure 8: Concepts of the two skipped weighted Gibonacci sequence using the modified
Pascal’s triangle [18]
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0,1 are originally initial based on Fib: i 1,1 are the weighted coefficients of 0 skipped Fibonacci sequence.

1,2 are flexibly initial based on Fib i 2,1 are the weighted coefficients of 1 skipped Fibonacci sequence.

nacci sequence
-15]  610|Ratio Go=1,6,=2,G, =

3,2 are the weighted coefficients of 2 skipped Fibonacci sequence.

-14] 377 -062 2688 -560 98 -13 1 Go=106,=2,
13| 233 -062 -6048 1568 364 72 11 1 Gi=2-Gi+1-Gj3 (j=3) 1 G=1-Gi1+1-G_, (j=2)
-12| -144| -0.62 9408 -2912 840 -220 50 -9 1 -4 1
11| 89| -062 -9984 3584-1232 400 -120 32 7 1 5 3 1
10| -55| -062 69122816 1120 -432 160 56 18 5 1 (2(12 + 3ap + 1!32)(2“ + 1B8)* o 2 2 1 Qa+ 1ﬂ)(1a + 1B8)*
-9 34| -062 -2816 1280 -576 256 -112 48 -20 8 -3 1 -5 2 o -1 1
8 21| 062 512 256 128 64 32 16 8 4 2 -1 1 = Qa+18)(a+B)Ca+18)* 4 3 2 1 o
7] 13| -0.62 J J 1 0 0 o 0 0 o o 1 1 -1 1 -1 1 -1
6 -8 -062 2[ 3 1 1
-5 5| -063 5 3 2 -1 1 0 1] 4 8 5 1 X 2 \xl ETNEY 0 2 3 1 xll\‘xl
4 3| -0s 3 8 20 18 7 1 v 2 5 4 1
-3 2| -0.67 1 skipped sequence 5 8 16 48 56 32 9 1 0 skipped sequence 3| 2 71 9 5 1
-2 -1l -05 13 21 32 112 160 120 50 1 1 —_— 5| 2 9 16 14 6 1
-1 1 -1 Flexibly changing U 55 64 256 432 400 220 72 13 1 Flexibly changing 8| 2 11 25 30 20 7 1
0 0 0 the initial constants g 89 144 128 576 1120 1232 840 364 98 15 1 the initial constants 13 2 13 36 55 50 27 8 1
I r'e 23 37 256 1280 2816 3584 2912 1568 560 128 17 1 2 2 15 49 91 15 77 35 9 1
2| 1 1 610 987, 512 2816 6912 9984 9408 6048 2688 816 162 19 1 34 2 17 64 140 196 182 112 a4 10 1
3 2 2
4 3 15 6 -1.71 041 -0.07 0.01
5| 5| 1.667 -189 6.85 -22 0.6 -0.13 0.02
6 8 16 389 -17.3 71 261 082 02 003 Go=1,G,=2,G, =3,G3 =5,
52t 1oe i s 106 76 452 2 115 o 015 G=3Gs+2:Gy G29)
9 34| 1.619 413 -164 475 0.11 -1.69 1.83 -144 094 -05 0.25
10| s55) 1618 587 335 -185 9.81 -4.85 211 -066 -0.06 038 -0.25 05 3 2 2 3 x
1] 89| 1.618 256 -17.1 114 -759 5.06 -3.38 225 -15 1 o 1 1] (2(1 + 3“ B + Saﬁ + ZB )(3“ + Zﬁ)
[12 144 1618 2 3 s 2 =Qa+ lﬁ)(az +af + 2[?2)(3!1 +2B)*
13| 233] 1.618 2 -1 1 1 6 13 21 16 4
14 377| 1618 5| 18 51 8 9% 4 8 .
15| 610| 1618 1 2 skipped sequence 2 54 189 369 448 312 112 16 0, 1, and 2 skipped
16| 987 1618 [2[ 3 3 89 162 675 1485 2082 1832 960 272 32 X3 l\‘ X2 Fibonacci sequences
17] 1597| 1618 Flexibly chang 1 23 37 486 2349 5805 9216 9660 6544 2736 640 64 & these relatedly
18| 2584| 1.618 the initial constants 610 987 1507 1458 8019 #### #### #### #### ###4 71392 1472 128 d.f d P: l, . 1
19| 4181 1.618 o 2584 4181 6765 4374 auuk HEEE HEEE BEEE BERE HERR HERE SRS 3328 256 modified Pascal’s triangles
20 1618 10946 17711 28657| HEER HRER BRER BREE RRRE BRRE HRRE HRRE SRRE S#E% 7024 512
144 8 55 34 21 13 8 5 3 2 -1 1 0 1 1 2 3 5 8 13 21 34 55 89 144 233 Refs. Shingo Nakanishi, OIT
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Figure 9: Visualizations of the no, one, or two skipped weighted Fibonacci sequences using
the modified Pascal’s triangles with flexibly changing the initial constants [18]

2,1 are originally initial constants based on Lucas sequence. 1,1 are the weighted coefficients of 0 skipped Lucas sequence.
4,7 are flexibly initial constants based on Lucas sequence. 2,1 are the weighted coefficients of 1 skipped Lucas sequence.

3,2 are the weighted coefficients of 2 skipped Lucas sequence.

-15] -1364]Ratio ucas sequence _ — — — —
18] 843 062 ##sk 2368 407 53 4 Go=4,6G,=706, =11, Go=%40G =7,
13 -521| 062 #### 6832-1554 301 45 4 Gj =2 Gj—z +1- Gj_3 Gg=3) 4 Gj =1- Gj—l +1- Gj—z G=2)
12 322| -062 ##ek #kss 3720 952 211 31 4 a7 4
11| -100| -0.62  #### #### 5768 1820 530 137 29 4 2% a3 4
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9| 76| -062 #### 7936 -3424 1456 608 248 98 37 -13 4 0 2 3 5 4
- x
8| 47| -062 48642304 1088 -512 240 112 52 -24 1 5 4 = Ta+4p)(a+p)(2a+1p) n o8 5 2
7| 29| 062 512 256 -128 64 32 16 8 4 -2 1 3[4 3 3 3 3 3
6| 18| -0.62 7 1| a 4
5| 1] -061 74 3 a2 1 7 w2 19 4 X 2 \ x 1 E u x 1 l\‘ x 1
4 7] 064 1] 8 72 67 2 4 v 18 15 4
3| 4| 057 1 skipped sequence 1B 29 56 172 06 121 35 4 0 skipped sequence 25 33 19 4
I I [ — a7 112 400 584 448 191 43 4 - > 32 s8 52 23 4
-1 -1| -033 Flexibly changing 123 199 224 912 1568 1480 830 277 51 4 Flexibly changing 3 90 110 75 27 4
o8 -2 the initial constants 2 52 448 2048 4048 4528 3140 1384 379 59 4 the initial constants 46 129 200 185 102 31 4
i 1| os re 843 1364) 896 4544 4434 #es #ee¢ 5008 2142 497 61 4 53 175 329 385 287 133 35 4
2 3 3 2207 3571 1792 9984 ##4# k4% #4EE #EE A¥4E 3136 631 75 4 60 228 504 714 672 420 168 39 4
3 41333
4 7| 115 269 745 173 -03 003
5| 11]1sm1 907 314 -971 255 052 006
6| 18| 1636 209 -87.1 337 -118 355 -0.84 013 Go=4,G; =7,G; =11,G3 = 18,
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1o Gi=3-Gi3+2-Gi—4 (= 4)
[ 8 1621 280 -164 923 -499 255 -121 519 -188 05
9| 76| 1617 861 683 -503 35 -232 146 -869 475 225 1
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17] 3571 1618 Flexibly cha 1701 8343 #44% ##4% 484 HEEE $8EE 2096 256 & these relatedly
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Figure 10: Visualizations of the no, one, or two skipped weighted Lucas sequences using the
modified Pascal’s triangles with flexibly changing the initial constants [18]
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4. Description and Definition of Modified Pascal’s Triangles Using Matrices

4.1. Description of modified Pascal’s triangles and these matrices for no skipped
Fibonacci or Lucas sequences

In subsection 3.1, we can describe the skipped Fibonacci or Lucas sequences. These findings

can be also shown by using the Pascal’s matrices in the following expansion. First, we can

define the original Pascal’s triangle [5] such as

Lr@py, =
@.1 0 0 0 0
‘a N.p 0 0 0
Q 9 1 9 9
(0 ‘-a (1) .' ab (2) b } 0 0 (4.1)
(12) al=D (22) g9 (152) g0 . (172) 0D 0
() -t (1)l p (S alB o (D) ah (1) D

When we focus on the sum of each reverse diagonal of the (4.1), it is known to obtain the
original or weighted Fibonacci sequence generally. If we suppose the following condition is
shown

Ls0),rn1)1 =
Lrm, =
@-1 0 0 0 0
o) T @y1 0 0 0
-n? ‘n )1 0 0
DG G LA
-2 - -2 - -2\ (- N :
1—01) .niz i; l—ll) ‘niz : 121 'nEz 2 (zl:%) ! z—10
() m () m (5)n (D) (D)1
we can estimate
Lrmsr)s = Lemyliran,
- LF(171)7l(n+1) (43)
precisely [5]. On the other hand, if we use the diagonal matrix
w oo 0o - 0
oo 0 - 0
diagp") =0 o ¥ . i |, (h=0,1,2,---,1-1), (4.4)
Do N 0
o 0 --- 0 pi="b
we can also confirm the following calculation results shown in Figure 11. These are
Ls0).r(n1)1 = Lrm: = Lray." (4.5)

Ls(0),r(1,n) = Lr@.n, = Lradiagn”],
Lr@y, = LF(1,1),1)adiag[bh}~
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From (4.5), we can imply the primary metallic ratios [24] based on k-Pell sequences such as

I n,1),7+
b 9. 1
—( )J or

An1) = li
(n1) n—l>r-i{loo F(n,l),j
n n?+4
Ay =5+ =5 Ay ~ Ay —1=0. (4.8)

Similarly, from (4.6), we can also verify the secondary metallic ratios [24] based on k-
Jacobsthal sequences such as

Fiin) 4
A = lim SOt oy
n—-+oo (1,n),j
1 Vv14+4n
Ain) = 3 + R )‘%17?1) — A —n=0. (4.9)
If we think of the 2 types of the initial numbers [5] as follows
G (L((ab).i) b L(ab)i-1)]) =
Ly b Lap)i-1 0 0 e 0
0 Lapi: b Lapi-1 0 e 0
0 0 , (4.10)
1 Lapyi b+ Liap)i-1 0
0 0 0 Lpi b Lp)i-1
0 0 0 0 Ly
G (F((a.b)0) b F((ab)i-1)]) =
Flap,i b Flap)i-1 0 0 0
0 Fap,: b Fapi-1 0 0
0 0 , (4.11)
: : Flap.i b Flap)i- 0
0 0 0 Flap),i b Flap),i-1
0 0 0 0 Flap,i

we can indicate the modified Pascal’s matrices for the flexibly no skipped weighted Lucas
sequence. These are

Ls0),2t0,1),0 = Lirm,1),G(L(n,1),0,L(n,1),~1),15 (4.12)

Lso),c0,m),0 = Lran, G r.n),0,L0,n),-1),- (4.13)

Notably, we can confirm the k-Pell-Lucas sequences based on L) .(n,1); and k-Jacobsthal-
Lucas sequences from Lg(g),z(1,n); shown in Figure 12. Moreover, if we use the transposed

matrix LIT;(b o We can get the other types of modified Pascal’s matrices as follows

,a

Arsi = Abpay = Lrea) L. (4.14)
Arwar = Ly L., (4.15)
Arang = Aray)iGrm)0,Lm1),—1)- (4.16)
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Original Pascal’s matrix: LF(M)J = LF(M)’[" and LF(M“ = LF(1,1),zdiag["h]

0 0 0
1 1 0 0 0 Fpi [1-nm n2 nd n* . pi7?
1 2 10 0 . N A 4
Lrauy) L= 1 3 3 1 0 , The extension of Pell sequence ;‘ n1)2 7(”4)'3 } g: énz an
o . . . . . . = 4 n1),5 : n
; : : S : Fano =0, (ot 1 4n = Ly 1), diagln™ LY 119,
) (Y - G2 62D ) R S
0 1 2 -2/ \i-1 Fanaj =P mj-1+Fm,j-2 :
0 0 0 - 0 G =0) 1
0o n 0 0 0
di ny = 0 0 n 0 - 0
fagln™ 1= o o 5 0 w0 Famy [l - 1
P The extension of FoumarF, o n . 2n n o 4n
0 0 0 - 0 nt Jacobsthal sequence F‘“ ’”‘4'/ (:‘")'3 n 32 6n?
Fmo =0, mes n®  4nd = Ly, diagn"]LE .
Fomi=1 n*
. Famyj=Fam.j-1+1Fam, -2 :
The extension of Pell sequence (G =0) ni-1
Fano=0Fnni1=1 2 A 1=0
Fn.j = "Fm,j-1 + Fm,j-2 G=0) @) ~ e —1=0
1 0 0 0 0 n-th Primary metallic ratio:
Fapi=1 n 1 0 0 0 n VnZ +4 o Fanjn
Fana =n g 21 ! 0 0 n tan=z+—5 = ]'1—1>Tm Fna),j
3 - n1).j
Fn)3 = nz +1 u: 37:12 3:n l ” 0 =Lpay and
: 0 1 2 1-2 -1 1) 2 2 j>=o Fn1,
The extension of Jacobsthal sequence l?1 w—Aam—n=0
Famo=0Fami=1 ; ; 0
F —F ot nF G0 n-th Secondary metallic ratio:
amj = Fam,j-1 n),j— 2 L 0 o 0 0 P 1+m im Fam,j
Fama=1 1 n 0 0 0 am =32 2 ot Fam,
Fama2=1 1 2n n 0 0 and
Fams=n+1 1 3n 3n? n® 0 = Ly(,diag[n”] 1 Vi+an Flamj1
Fama=2n+1 E : : d A == gty = i ey
) (0 (3 - (e (2D % Fons
: 0 1 2 -2 \l— 1) Ref. Shingo Nakanishi,

© ORSJ Spring Meeting 2024, Japan

Figure 11: Visualization of weighted Fibonacci sequences using the metallic ratios [19]

These findings are illustrated in Figure 11. At the same time, we can imply the primary and

secondary metallic ratios (4.8) and (4.9) in Figure 11. Notably, we call Aq 1y, A\2,1), A3,1), A1,2)5
and A1 3) as the golden ratio, silver ratio, bronze ratio, nickel ratio, and kappa ratio that

are proposed by de Spinadel in 1990s [24] respectively. However, there seem to be two types

of major naming customs after searching for that throughout the internet. This study at-

tempts to define the naming of that as the first ratio, second ratio, third ratio of the primary

or secondary metallic ratios and so on simply. From Figure 12, we can also understand the

no skipped Fibonacci, Lucas, Pell, Pell-Lucas, Jacobsthal, or Jacobsthal-Lucas sequences

be displayed by the proper modified Pascal’s matrices specifically.

4.2. Description of modified Pascal’s triangles and these matrices for (k — 2)
skipped Fibonacci or Lucas sequences

Bacially, the modified Pascal’s matrices of this subsection requires to be considered as the
same thinking of 4.1 as much as possible to understand that easily. First, we suppose
flexibly changing the initial constants from Fip)1) t0 Fi(ap)k—1) for the band matrices
B(r((ap),1), F((ab)k—1));- Then, we aim to define the modified Pascal’s matrices for the
(k—2) skipped weighted Fibonacci sequences Lg(x—2), p(#((a,b).k),F((a.b),k—1))1,; OF that of Lucas
sequences Lig—2) 1(F((ab),k),F((a,b),k—1)),1,i as follows. These modified Pascal’s matrices can be
computed as follows

Ls(—2),P(F((ab) k), F((a,b) k—1)),1,i
= Lr((a)0), (00,51 1880 B (((a,0),1), F (@) k- 1)1 G (F (@) b P (@ d)i-1)ps - (4:17)
Lis—2),L.(F((a,0).k),F((a,) k—1)) 1,i

= Lr((ab) )7 (a0 k-1, A8 B (#((a,0),1). - F((ah) k-1 G (L((@b) )b Li(apyi-1)t- (4.18)
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LF(1,1),7 =

Fibonacci sequence

Lr,1)7G,-1)7 =
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Lr12)7 = Lr(,p7diagl2" | =
1

Illustrative example

(l=7x=012--,6)

Original Pascal’s triangle
for Fibonacci sequence:
(a+p)*

Modified Pascal’s triangle

for Pell sequence:

(2a + B)*

Modified Pascal’s triangle

for Jacobsthal sequence:

(a +2B)*

Modified Pascal’s triangle

for Lucas sequence:

(2a = p)(a + B)*

Modified Pascal’s triangle

for Pell-Lucas sequence:

a - 2B)Qa + B
Modified Pascal’s triangle

for Jacobsthal-Lucas sequence:

(Za —-2x %ﬁ) (a +2p)*

Ref. Shingo Nakanishi,

of oo
1 o o
4 3 A o
1 1] 8 [ 3
2 16 32[ 24 E 21l [ 1
B 32 80| s0| 40| 1 S 0] 40 80| 80
12| 64| 192 240 160] 60| 1. ! 12[ 60| 160 240 192 6
29 s [
70 3 [
169 B [
= - =
Lr21)7G@-2)7 = 3 Lra2)7G-1)7 =
T o o -
o
2] 2
g 5 [ i
6| E =3 [ 3 -
14] 'j [ 2
34 %
)
198]
G(z,-2)7 = G(o-1)7 = (G(z,~1/2x2)7 =)
) Z | )
151
Pell sequence Jacobsthal sequence
T = =
Lra,2)7Llr@7 = Lre
[ 64
1 [_so] 192] aas]
2| s 8 [ 2] 4
160|_560] s 1 | 160 280]
70 "169] [ 4032 | [ s |_s60[ 1120]
| 8064 st | | 8064]
Pell-Lucas sequence Jacobsthal-Lucas sequence
T - T -
Lra2)7Lr@76@-27 = LrensLra2)766-n7 =
2 1 [ i o
3] 7| 8 10| 12| 14 16
2] el [ s 8| 20 36| 6| 8| 108 140
[ 34 7 v 16 56| 128 240| 400| 616/ 89
| 82| 198] & 32| 144400 880[ 1680] 2912 4704
64| 352/ 1152] 2912 6272 s |
llll 832] 3136 8960 | #isit | Hitnit | #atitt

© ORSJ Spring Meeting 2024, Japan

Figure 12: Visualization of weighted Fibonacci or Lucas sequences using the modified Pas-

cal’s matrices [19]
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Modified Pascal’s triangle for Pell sequence:
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Modified Pascal’s triangle for Lucas sequence:

Qa - p)(a+p)(a +p)*
= (2a% + af — B)Q2a + B)*

Modified Pascal’s triangle for Pell-Lucas sequence:
Qa —2p)(a + 2B)(5a + 2p)*
= (2a? + 2af — 4B%)(5a + 2B)*
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One skipped weighted
Fibonacci or Lucas sequences
& Modified Pascal’s matrices

Modified Pascal’s triangle for Jacobsthal-Lucas sequence:

(2a = B)(a + B)(Ba + 2B)*

Illustrative example

= (2a? + aff — B (Ba + 28)* (l=7,x=012,,6)
1 skipped Fibonacci sequence 1 skipped Lucas sequence
Lr1,7Bays = Lre1,7Ba7Ge-17 = G-y =
2[ 1] ] o o o o 2[ 1 o o[ o[ o
[ a4 [ [ o o o o 2[ [ o o of o
1 0 0| Al o o o
3 5| -1 o[ o
8| 13| 8| -14 10
21| 34 | 192] 208] 80| -20] - 2l -1
128] 448] 608[ 368| 40| o 2
1 skipped Pell sequence 1 skipped Pell-Lucas sequence
Lrs.2),7Ba2s = Lr(s.2),7B1,27G@-2)7 = G-2)7
2[ 2] [ o[ o of o 2[ 2 o[ o[ o[ o[ ol
10| 14 16/ 8[ o] o o o 2 2 o o o o
0 o o[ 2[ 2f o of o
o o[ o[ 2[ 2f of o
o o[ o[ o 2f 2f 0
o o[ o[ o[ o 2f 2
o o[ o[ o[ o[ o[ 2]
1 skipped Jacobsthal sequence L B (l; skipped Jacobsthal-Lucas sequence
1, = 1y, =
Lrz2)7Ba,17 = F(32)7800,7 (2-2x5)7 (2-2x3)7
-1 o[ o[ 9
oo
[ o
- -1
2| -
1458|6561 || i | 3780 st | 0

Figure 13: Visualization of weighted one skipped Fibonacci or Lucas sequences using the
modified Pascal’s matrices [19]
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Modified Pascal’s triangle for Fibonacci sequence:
(a?+ af +2B*)(Ba + 2B)*

Modified Pascal’s triangle for Pell sequence:
(a? + 2aB + 58%)(12a + 58)*

Modified Pascal’s triangle for Jacobsthal sequence:
(a?+ af + 3% (5a + 6B8)*

Modified Pascal’s triangle for Lucas sequence:
(2a — B)(a® + af + 2% (Ba + 28)*
= (2a® + a?B + 3ap? — 23)(3a + 2B8)*

Modified Pascal’s triangle for Pell-Lucas sequence:

(2a - 2B)(a? + 2ap + 582)(12a + 58)*
= (2a® + 2a?p + 6ap? — 108%)(12a + 58)*

Ref. Shingo Nakanishi,
© ORSJ Spring Meeting 2024, Japan

Two skipped weighted
Fibonacci or Lucas sequences
& Modified Pascal’s matrices

Modified Pascal’s triangle for Jacobsthal-Lucas sequence:

(2a — B)(a? + aB + 382)(5a + 6B)*
= (2a® + a?B + 5ap? — 383)(5a + 6B)*

2 skipped Fibonacci sequence

Illustrative example

U=7x=012,6)

2 skipped Lucas sequence

- i hy = - - - -
Lr(32)7 = Lr(s2)7diag[1"] = B2y = Lrs2)7Bai2 = Lre2)7Ba12766-n7 = Ge-17 =
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Figure 14: Visualization of weighted two skipped Fibonacci or Lucas sequences using the
modified Pascal’s matrices [19]

where the band matrix using from 1 to (k — 1)-th initial constants of the weighted Fibonacci

numbers. That is

B(r (@),
Flap).1

0

0

0

-, F((ab),k—1)),l —

Flap) k-1 0

F(avb)J F(a,b),k—l

0

0 0

Flap

0 0

0

0 (4.19)

Flap) k-1

Flap

For making the weighted sequences, we can calculate the following matrices

Lr((ab),k)b F((ab)k—1)1 =

L(F((a.b) k). Fra x1)1diag[b

L(r((a,b)k),1)1diag[(b - Fla,p)
(o) 1

(o) - Flasy

("

h]:

*1)" =
0

(1) -0 Flapu

) . (F(a,b),k)(l_l) (z—11) . (F(a,b),k)(l_2) b Flap) k-1

10

0
(i20) + (0 Flapyp)'
(4.20)



where

L(r((ab)k),F((ab) k1)1 =

(o) -1 0 0
(0) " Flami (1) Flop et ‘ : o)
: 0
(1) - Flam )™ (7)) - (Flam )™ - Flap s (Z) - (Flaps—1)Y
and
Lr(@p) .0 =
(o) -1 0 0
(o) Feors ()2 N | (4.22)
: : 0
(161) . (F(a,b),k)(lfl) (lfll) ) (F(a,b),k)(ld) B (E) . 10-D)

properly. From Figures 13 and 14, we can also understand the one or two skipped Fi-
bonacci, Lucas, Pell, Pell-Lucas, Jacobsthal, or Jacobsthal-Lucas sequences be displayed by
the proper modified Pascal’s matrices effectively. However, we must admit the errors about
the numerical calculation results of the lower parts of the modified Pascal’s matrices because
(I x ) of matrices means the numbers of the rows and columns of that. These calculation
results are restricted within (I x [) of the matrices.

4.3. Computing techniques of modified Pascal’s matrices for the negative num-
bers of the (k — 2) skipped Fibonacci or Lucas sequences

In case of the no skipped sequences, we can estimate the negative numbers of the sequences
from the inverse matrices [29] of (4.7) easily. However, we should consider that the inverse
matrices of several modified Pascal’s matrices for (k—2) skipped sequences are not available
effectively about our proposals. It remains unclear because of new findings about modified
Pascal’s triangles. Thus, it necessitates to search for the proper calculations by using several
computing techniques as follows. If we consider that the order is fewer than 0, there seems to
be two types of the arrays. One is the zigzag line using the pairs of positive or negative values
in case that the number of columns for the sequence is an odd number shown in Figure 15.
At this time, we can set the number f to distinguish the types of sequences. If types of the
sequences belong to the weighted Fibonacci sequence, we can dfine the distinguished signal
as f = 1. And if types of sequences belong to the weighted Lucas sequence, we can also put
that as f = 0. Under these conditions, we can calculate the modified Pascal’s matrices as
follows

Lsn(k—2),F(F((a,).k),F((ab)k—1)),l,i

= (=) (SoLs(r—2).r(F((ab) k). F((ab) k-1))1i50) © Br, (4.23)
Lsn(k—2),L(F((ab)k),F((a,b),k—1)).L,i
= (=1)") - (SoLis(r—2) L(F((ab) ), F((ah) k-1))1iS0) @ Br. (4.24)

If the number of columns of the conveyor belts for the sequence is an even number in
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0 skipped Fibonacci sequence (-1)i+t.

Lran7 = Ganr = Lean7Gans = SoLr(1,0,76(1,1750 =
Ao o[ o[ o o o A o[ o[ o o o A o[ o[ o[ o o S o o o o o
A 1 o[ o o of o of [ 1] of of of o 1 1o o o o i 2 o[ o of o
[ 1] 1 2[ [ o o o o o o 1l [ o of o [ 1 3 3 1] o o o [ Al 3 ] 1 o o o
1 1 3 3 1] o o o o o o 1| 1] of o [ 2 1 4 ¢ 4 [ o o [ 2 1 4l o[ 4] 1 o o
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Figure 15: Visualization of negative numbers of weighted skipped Fibonacci sequence using
the modified Pascal’s matrices [19]

Figure 15, these are the parallel lines using that as follows

Lsn(k—2), F(F((a,b),k),F((a,b)k—1)),1,i
= (=) Lige o) r(r((a) k). F(ab)b-1)) 0 © S © By, (4.25)

Lsn(k—2),L(F((ab)k),F((ab),k—1)),0,i
= (=1 Liggeo) k() 1) F(ap) k-1 © SE O Br. (4.26)

where ® means Hadamard product, sgn(-) means the sign function of (-), and the matrices
So and Sg are used as the computing techniques for the estimation of the zigzag or parallel
lines such as

1 -1
1 -1
1 -1
1 -1

—1
—1

—_ = = =

(4.27)

o O O
=
—_
S = O O
o O O
o O O O

= diag[(—-1)"] (h=0,1,2,---,1—1)

(4.28)
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and

B; =
b=t p—i—1 p—i—2 p—i—3 . bfif(lfl)
p—i—(k—1) p—i—(k—1)—1 p—i—(k—1)-2 p—i—(k—1)-3 L p—i—(k—1)—(-1)
p—i—2(k=1) p—i—2(k—1)-1 p—i—2(k—1)-2 p—i—2(k—1)-3 L p—i—2(k—1)—(1—1)
p—i—3(k=1) p—i—3(k—1)-1 p—i—3(k—1)—2 p—i—3(k—1)-3 o p—i—3(k—1)—(1-1)
bfif(l;l)(kfl) bfif(lfl.)(kfl)fl bfif(lfl.)(kfl)fQ p—i—(=1(-1)=3 . bfif(lfl)(.kfl)f(lfl)
(4.29)

In case of b = 1, we need not to use B; to calculate (4.23) or (4.25) for the negative
numbers of flexibly skipped sequences. From Figure 15, we can understand to rely on the
processes of the calculations throughout the numerical examples specifically. However, for
the proposals, we must inform the readers that these techniques might give some numerical
calculation errors about the upper or lower parts of the modified Pascal’s matrices because
the calculation bounds are within (I x [) even if the practical orders of the sequences are
widely spreading for positive or negative directions infinitely.

5. Other Flexibly Original One Skipped Sequences

5.1. Padovan or Perrin sequences as original one skipped sequences based on
plastic ratio

As the readers know, there are two types of original one skipped sequence as follows. One
is Padovan sequence in the following equation

G() = 1, G1 = 1, G2 = 1, Gj = Gj_g + Gj_g (] > 3), (51)

or the following description

(1,1,1) (1,1,1) (1,1,1)
P(1,1),0 =1, P(1,1),1 =1, P(1,1),2 =1,
(1L,1,1) _ (1,1,1) (1,1,1) )
oy = Puj—e T Hanyg-s (72 3). (52)

The other is Perrin sequence in the following equation
G() = 3, G1 = 0, G2 = 2, Gj = Gj_z + Gj_g (] > 3), (53)
or the following description

P =3, PO =0, POYY =2,

(1,1),0 (1,1), (1,1),2
(3,0,2) __ p(3,0,2) (3,0,2) :
P(Ll)u’ - P(171)7j—2 + P(l,l),j—3 (j =3). (5.4)

From (5.1) and (5.2), we can estimate the following relation shown in Figure 16 if we consider
the plastic ratio as the symbol p. That is

R
510 (1,1,1) (1,1,1) 1
= P(l,l),j73 P P(1,1),j72 + P(1,1),j74 o (5.5)
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Similarly, from (5.3) and (5.4), we can clarify the following relation using the constant,
C =1.3848029 - - -, in Figure 16. That is also

C-p=C-pP2+C-p7°

=P p+ PO+ POYY o, C=13848029- . (5.6)
These findings obtain several new visualizations shown in Figure 16. One is that the negative
numbers of Padovan sequence are illustrated. The other is that the modified Pascal’s triangle
about Perrin sequence is displayed. In the next subsection, we plan to demonstrate flexibly
changing the initial constants about these sequences using (5.5) for Padovan sequence or
(5.6) for Perrin sequence throughout the above described and shown in Figure 16.
5.2. Padovan or Perrin sequences as one skipped sequences based on plastic

ratio with flexibly changing the initial constants

If we think that the modified Pascal’s triangle using the binomial theorem is described as
(Gy-a?+Gy- a6+G’0-52) -(I-a+1-p)*" based on the initial condition G; = pLLy Gy =

(1,1),i41
P((ll,’ll)’,lizrz, Gy = (1 1)1) using the indicators o and 3, we can propose the Padovan sequences

with flexibly changing the initial constants according to (5.5) for Padovan sequence or
(5.6) for Perrin sequence in Figure 16. Therefore, we can calculate the modified Pascal’s

triangles according to the initial condition G; = P(ll’ll’llﬂ, Gy = (11’11)’1H2, Gy = (11’11’1 for
flexible Padovan sequence and G = P( 3.0, 3 1, Ga = P((3 0 21)+27 Gy = (13 10)2 for flexible Perrin
sequence. First, we can prepare the band matrix for the initial condition such as
Gisn Gigar Gy 0 e 0
0 G Gipe Gy e 0
0 0 . :
Gearcarcant = | L . (5.7)
: : Giy1 Gipa G
0 0 - 0 Gin G
0 0 e 0 0 Gin

Second, if we use the original Pascal’s matrix (4.1) in the case that a = 1 and b = 1, we can
define the modified Pascal’s matrices for the flexibly changing Padovan sequence as follows.
That is

Lsq).c) = Lran.Geir),ci42),66).10- (5.8)
Simply, if we use the initial condition G; = P((1310)21+17 Gy = 3021)”, Gy = P((l?’l)Q) instead
of Gy = 1’1’1 Gy = PN Gy = P(l’l’l) we can apply the modified Pascal’s triangle

),i+17 (1 1),i+27 1,1),
using the blnomlal theorem as (G - o? + Gy-af+Gy-B%)-(1-a+1-p)" to that for

the flexibly changing Perrin sequences. This is how we can calculate the modified Pascal’s
triangles for that using (5.7) and (5.8).

6. Conclusions

We conclude the following highlighted things. We can understand that the modified Pascal’s
triangles and these related matrices are proposed to create the weighted skipped Fibonacci
or Lucas sequences effectively. These findings can be expanded by introducing the flexi-
bly changing initial constants according to the weighted skipped sequences concretely and
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Flexibly one skipped sequences such as Padovan sequence & Perrin sequence plLY
J o 1 q Plastic ratio p is related to Padovan sequence. p = lim ( (DI ) = 1.7548+,and p3 = 1 +'l7

with these modified Pascal’s triangles on the conveyor belts jooo P((l":)'j
1,1,1 are originally initial constants based on Padvan sequence. 3,0,2 are originally initial constants based on Perrin sequence.
2,2,3 are flexibly initial constants based on Padovan sequence. 3,2,5 are flexibly initial constants based on Perrin sequence.

Go=2,6,=2,6,=3, Go=3,6,=2,G,=5,

[as] 3] 5| — . - .
25 3 G=1-Gi,+1-G_3 (j23) G=1-Go+1-Giy (23
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Figure 16: Visualization of Flexible Padovan or Perrin sequences using the modified Pascal’s
matrices [18]

systematically. To perform that more effectively, we can suggest the addition theorem of
Fibonacci sequence should be indispensable for visualizing skipped sequences by using the
above descriptions in this paper. Thus, we imagine the extended knight moving summations
obtain the various sequences and these visualizations based on the proper conditions. Sim-
ilarly, we can apply these findings to that of the original Padovan or Perrin sequences with
flexibly changing the initial constants. These ideas can also provide some visual illustra-
tive figures systematically and effectively about creating the modified Pascal’s triangles and
these related matrices for the various weighted skipped sequences with flexibly changing the
initial constants. Finally, we need further investigation about negative numbers to create
the modified Pascal’s triangles more effectively even if we propose the computing techniques
in this paper.

Acknowledgments

The author would like to acknowledge the considerable encouragements from Professor Sei-
ichi Iwamoto, Professor Masami Yasuda, Professor Jun Kniwa, Professor Hidetoshi Nakayasu,
Professor Yukiji Yamauchi, and Professor Masamitsu Ohnishi. The author also wishes to
thank the kind supports from Associate Professor Hitoshi Hohjo.

References
[1] C. J. C. Ballot and H. C. Williams: The Lucas Sequences — Theory and Applications
—. Springer Nature, Switzerland, (2023).

. I Benjamin and J. J. Quinn: Proots that really count: the art of combinatoria
2] A. T. Benjami d J. J. Qui Proofs th 11 h f bi ial
proof. The Mathematical Association of America, (2003).

[3] M. Billal and S. Riasat: Integer sequences: divisibility, Lucas and Lehmer sequences.
Springer, (2021).

24



[4] G.S. Call and D. J. Velleman: Pascal’s matrices. The American Mathematical Monthly,
100, 4, (1993) 372-376.

[5] A. Edelman and G. Strang: Pascal matrices. The American Mathematical Monthly,
111, 3, (2004), 189-197.

[6] A. Giuseppina, L. Németh, and G. Vincenzi: Generalized Pascal’s triangles and as-
sociated k-Padovan-like sequences. Mathematics and Computers in Simulation, 192,
(2022), 278-290.

[7] T. M. Green and C. L. Hamberg: Pascal’s triangle, 2nd edition. CreateSpace Indepen-
dent Publishing Platform, (2012).

[8] T. M. Green: he Simplex, duplex and Pascal’s triangles: relatives of Pascal’s triangle,
with excursions into hyperspace. CreateSpace Independent Publishing Platform, (2015).

[9] H. H. Gulec and N. Taskara: On the (s, t)-Pell and (s, t)-Pell-Lucas sequences and
their matrix representations. Applied Mathematics Letters, 25, (2012), 1554-1559.

[10] S. Iwamoto and Y. Kimura: Gibonacci Optimization - duality -. (Mathematical Decision
Making Under Uncertainty and Related, Topics), RIMS-Kokyuroku, Kyoto University,
2242, (2023), 1-13.

[11] T. Koshy: Pell and Pell-Lucas numbers with applications. Springer, (2014).

[12] T. Koshy: Fibonacci and Lucas numbers with applications, Volume 1 (2nd Edition).
Wiley, (2014).

[13] T. Koshy: Fibonacci and Lucas numbers with applications, Volume 2 (2nd Edition).
Wiley, (2018).

[14] https://en.wikipedia.org/wiki/Lucas_sequence,(last accessed on December 24, 2023).

[15] G. B. Meisner and R. Araujo: The golden ratio: the divine beauty of mathematics.
Race Point Publishing, (2018).

[16] S. Nakanishi: Geometric visualizations about modified Pascal’s triangles for the
weighted Fibonacci sequence and Lucas sequence. Abstract of the Annual Fall Meeting
of ORSJ, (2023) 144-145 (in Japanese).

[17] S. Nakanishi: Extended chart of Hosoya’s triangle and visualizations of several modified
Pascal’s triangles and spirals related to the sequences about golden ratio or plastic ratio.
Abstract of the Annual Fall Meeting of ORSJ, (2023) 148-149 (in Japanese).

[18] S. Nakanishi: Visualizations and characterizations about sequences for secondary metal-
lic ratios using modified Pascal’s triangles. Proceedings of the Annual Meeting of Japan
Society for Graphic Science, (2023) 63-68 (in Japanese).

[19] S. Nakanishi: Calculations about skipped Fibonacci or Lucas sequences using modified
Pascal’s matrices. Abstract of the Annual Spring Meeting of ORSJ, (2024) unknown
about pages (in Japanese, in press).

[20] https://en.wikipedia.org/wiki/Padovan_sequence,(last accessed on December 24, 2023).

[21] A. Panwar, K. Sisodiya, and G.P.S. Rathore: On the products of k-Pell number and
k-Pell Lucas number. IOSR Journal of Mathematics, 13, 5-111(2017), 85-87.

[22] https://en.wikipedia.org/wiki/Perrin_number,(last accessed on December 24, 2023).

23] K. Sokhuma: Matrices Formula for Padovan and Perrin Sequences. Applied Mathemat-
ical Sciences, Vol. 7, no. 7, 142,(2013), 7093 - 7096.

[24] V. W. de Spinadel: The family of metallic means, Vismath, 1, 3, (1999),
https://www.mi.sanu.ac.rs/vismath /spinadel /index.html, (last accessed on December
24, 2023).

25



[25]
[20]
[27]

[28]

[29]

S. Uygun: The (s t)-Jacobsthal and (s t)-Jacobsthal Lucas sequences. Applied Mathe-
matical Sciences, 9, 70, (2015), 3467- 3476.

S. Uygun and H. Eldogan: k-Jacobsthal and k-Jacobsthal Lucas matrix sequences.
International Mathematical Forum, 11, 3, (2016), 145 - 154.

E. Wilson: Scales of Mt. meru. (1993), https://www.anaphoria.com/meruone.pdf (last
accessed on January 11, 2024).

M. Yasuda: Increasing product and Perrin sequence. https://www.math.s.chiba-
u.ac.jp/ yasuda/ippansug/fibo/Perrin14U.pdf, (2016),(in Japanese) (last accessed on
January 14, 2024).

7. Zhizheng and M. Liu.: An extension of the generalized Pascal matrix and its algebraic
properties. Linear Algebra and Its Applications, 271,1-3 (1998), 169-177.

Shingo Nakanishi

Associate Professor

Osaka Institute of Technology

5-16-1 Omiya, Asahi-Ku,

Osaka 535-8585, Japan

E-mail: shingo.nakanishi@oit.ac.jp

26



