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To obtain an evolution system robust against the violation of constraints, we present a new set of
evolution systems based on the so-called Baumgarte-Shapiro-Shibata-Nakamura (BSSN) equations.
The idea is to add functional derivatives of the norm of constraints, C?, to the evolution equations,
which was proposed by Fiske (2004) and was applied to the ADM formulation in our previous study.
We derive the constraint propagation equations, discuss the behavior of constraint damping, and
present the results of numerical tests using the gauge-wave and polarized Gowdy wave spacetimes.
The construction of the C2-adjusted system is straightforward. However, in BSSN, there are two
kinetic constraints and three algebraic constraints; thus, the definition of C? is a matter of con-
cern. By analyzing constraint propagation equations, we conclude that C? should include all the

constraints, which is also confirmed numerically.

By tuning the parameters, the lifetime of the

simulations can be increased to 2-10 times longer than that of standard BSSN evolutions.

PACS numbers: 04.25.D-

I. INTRODUCTION

When solving the Einstein equations numerically, the
standard way is to split the spacetime into space and
time. The most fundamental decomposition of the Ein-
stein equations is the Arnowitt-Deser-Misner (ADM) for-
mulation [1, 2]. However, it is well known that in long-
term evolutions in strong gravitational fields such as the
coalescences of binary neutron stars and/or black holes,
simulations with the ADM formulation are unstable and
are often interrupted before producing physically inter-
esting results. Finding more robust and stable formula-
tions is known as the “formulation problem” in numerical
relativity [3-5).

Many formulations have been proposed in the last two
decades. The most commonly used sets of evolution
equations among numerical relativists are the so-called
Baumgarte-Shapiro-Shibata-Nakamura (BSSN) formula-
tion |6, [7], the generalized harmonic (GH) formulation

, 9], the Kidder-Scheel-Teukolsky (KST) formulation

], and the Z4 formulation [11,[12] (we here cite [13,[14]
for applications of the BSSN formulation, ﬂﬁ] for the GH
formulation, [16] for the KST formulation, and [17] for
the Z4 formulation).

The above modern formulations all include the tech-
nique of “constraint damping”, which attempts to con-
trol the violations of constraints by adding the constraint
terms to evolution equations. Using this technique, more
stable and accurate systems are realized (for examples of
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research on this technique, see ﬂE, @]) This technique
is simply an adjustment of the original system.

In M], two of the authors systematically investi-
gated how the adjusted terms change the original sys-
tems by calculating the constraint propagation equations.
The authors suggested some effective adjustments for
the BSSN formulation under the name “adjusted BSSN
formulation”@]. The actual constraint damping effect
was confirmed by numerical tests [23].

Fiske proposed a method of adjusting the original evo-
lution system using the norm of the constraints, C?, ﬂﬂ]
We call such a system a “C?-adjusted system.” The new
evolution equations cause the constraints to evolve to-
wards their decay if the coefficient parameters of the ad-
justed terms are set as appropriate positive values. Fiske
reported the damping effect of the constraint violations
for the Maxwell system [24] and for the linearized ADM
and BSSN formulations [25]. He also reported the limi-
tation of the magnitude of the coefficient parameters of
the adjusted terms.

In [26], we applied the C?-adjusted system to the (full)
ADM formulation and performed some numerical tests.
We confirmed that the violations of the constraints are
less than those in the original system. We also reported
the differences in the effective range of the coefficient pa-
rameters of the adjusted terms for the evolution equa-
tions of three-metric and extrinsic curvature.

In this article, we apply the C2?-adjusted system to the
(full) BSSN formulation and derive the constraint propa-
gation equations in flat space. We perform some numeri-
cal tests and compare three types of BSSN formulations:
the standard BSSN formulation, the A-adjusted BSSN
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formulation, and the C?-adjusted BSSN formulation. We
use the gauge-wave and polarized Gowdy wave testbeds,
which are the test problems as is known to apples-with-
apples testbeds ﬂﬂ] Since the models are precisely fixed
up to the gauge conditions, boundary conditions, and
technical parameters, testbeds are widely used for com-
parisons between formulations , , @I]

The structure of this article is as follows. We review
the ideas of adjusted systems and the C?-adjusted system
in Secl[ll In Sec[Tll we review the standard and adjusted
BSSN formulations and derive the C2-adjusted BSSN for-
mulation. In Sec[[V] we perform some numerical tests in
the gauge-wave and polarized Gowdy wave testbeds to
show the damping effect of the constraint violations. We
summarize this article in Sec[Vl In this article, we only
consider vacuum spacetime, but the inclusion of matter
is straightforward.

II. IDEAS OF ADJUSTED SYSTEMS AND
C?-ADJUSTED SYSTEMS

A. Idea of adjusted systems

Suppose we have dynamical variables u’ that evolve

with the evolution equations

atui :f(uiaajuiv"')v (21)
and suppose also that the system has the (first class)
constraint equations

C*(u®, 0u,---) = 0. (2.2)
We can then predict how the constraints are preserved
by evaluating the constraint propagation equations

0, C* = g(C*,0;,C*,---), (2.3)

which measure the violation behavior of constraints C*
in time evolution. Equation (23] is theoretically weakly
zero, i.e., 0;C® = 0, since the system is supposed to be
first class. However, free numerical evolution with dis-
cretized grids introduces a constraint violation, at least
at the level of truncation error, which sometimes grows
and stops the simulations. The unstable feature of ADM
evolution can be understood on the basis of this analysis
[15].

Such features of the constraint propagation equations,
23), change when we modify the original evolution equa-
tions. Suppose we add the constraint terms to the right-
hand-side of (ZT]) as

Ouu' = f(u',05u’, ) + F(C*,9;0%---),  (24)
where F(C®,---) = 0 in principle but not exactly zero in
numerical evolutions. Equation (Z3]) will also be modi-
fied to

8t0a :g(cavaicav"')+G(Oa78’ica7"')' (25)

Therefore, we are able to control 9;C* by making an
appropriate adjustment F(C%, 0;C%---) in (Z4). If
0,C* < 0 is realized, then the system has the constraint
surface as an attractor.

This technique is also known as a constraint-damping
technique. Almost all the current popular formulations
used for large-scale numerical simulations include this im-
plementation. The purpose of this article is to find a
better way of adjusting the evolution equations to realize
0.C* <0.

B. Idea of C?-adjusted systems

Fiske M] proposed a way of adjusting the evolution
equations which we call “C2-adjusted systems”;

2
8tui = f(uiaajuiv"')_’%ij <5C > ) (26)

Sul

where % is a positive-definite constant coefficient and
C? is the norm of the constraints, which is defined as
C? = /CaC’ad3:1:. The term (§C?/6u’) is the functional

derivative of C? with respect to v/. The associated con-
straint propagation equation becomes

6C? L (8C?
2 _ a a0 3 ]
8,C% = h(C, 8,07, --) /dw(aui)m (W).

(2.7)

The motivation for this adjustment is to naturally ob-
tain the constraint-damping system, 9;C? < 0. If we set
k% so that the second term on the right-hand side of (2.7))
becomes larger than the first term, then 0,C? becomes
negative, which indicates that constraint violations are
expected to decay to zero. Fiske presented numerical ex-
amples for the Maxwell system and the linearized ADM
and BSSN formulations, and concluded that this method
actually reduces constraint violations as expected. In a
previous work HE], we applied the C?-adjusted system to
the (full) ADM formulation and calculated the constraint
propagation equations, then we confirmed that 9;C? < 0
was expected in flat spacetime. We performed numer-
ical tests with the C2-adjusted ADM formulation using
the gauge-wave and Gowdy wave testbeds, and confirmed
that the violations of the constraint are lower than those
of the standard ADM formulation. The simulation con-
tinued 1.7 times longer than that of the standard ADM
formulation with the magnitude of the violations of the
constraint less than order O(10°).

III. APPLICATION TO BSSN FORMULATION
A. Standard BSSN formulation

As the notation [7] of the BSSN system, the dynamical
variables (¢, K, 5ij, Aij, ') are widely used instead of the



variables of the ADM formulation, (v;;, K;;), where

¢ = (1/12)log(det(vi;)), (3.1)
K =~ K, (3.2)
i = ey, (3.3)
gij =e " (K;; — (1/3)y;;K), and (3.4)
[ = 5" T . (3.5)
The BSSN evolution equations are, then,
dip = —(1/6)aK + (1/6)(9;5°) + B (Dip), (3.6)
WK = adjjAY + (1/3)aK? — D;D'a + (8, K),
(3.7)
0ij = —20A5; — (2/3)7:5(0e8")
+750(0:8) + 7ie(9;8°) + B (9e7i5); (3.8)
8t121v7jj = OCKAVij — 204&-@22 + a€74@RijTF
— e *(DiD;a)"" = (2/3)Ay;(9:8")
+ (98 Aje + (9;8) Aue + B (i), (39)

0T = 20{6(9;0) A7 +T";, AT — (2/3)79 (9, K)}
—2(0;0) AV + (2/3)T(9;87) + (1/3)7"7 (069, 8")
+ BYB,TY) — T7(8;8) + 774(9;008Y), (3.10)

where 7" denotes the trace-free part. The Ricci tensor
in the BSSN system is normally calculated as

(K

(3.11)
where
Ri; = %(iaj)fn + 7gm(2fke(ifj)km 4 Tt Tim)
— (/237 Fj,me + T (ijyms (3.12)
Rf; = —2D:Djo + 4(Dip)(Dj) = 23 Dm Do
— 43, (D" 0)(Dimp). (3.13)

The BSSN system has five constraint equations. The
“kinematic” constraint equations, which are the Hamilto-
nian constraint equation and the momentum constraint
equations (H-constraint and M-constraint, hereafter),
are expressed in terms of the BSSN basic variables as

H=e "R -8 *(D;D'¢+ (D™)(Dm))

+(2/3)K? — A;; AV — (2/3)AK ~ 0, (3.14)
M; = —(2/3)D;K +6(D;p)A7; + D, A7,
—2(Dyp) A = 0, (3.15)

respectively, whereNEi is the covariant derivative associ-
ated with 4;; and R = 3% R;;. Because of the introduc-
tion of new variables, there are additional “algebraic”
constraint equations:

G =T"—3T";, ~ 0, (3.16)
A= A5, ~ 0, (3.17)
S =det(y;;) —1 =0, (3.18)

which we call the G-, A-, and S-constraints, respectively,
hereafter. If the algebraic constraint equations, (BI0)-
BI3), are not satisfied, the BSSN formulation and ADM
formulation are not equivalent mathematically.

B. (?-adjusted BSSN formulation

The C?-adjusted BSSN evolution equations are for-
mally written as

O = B8) — Ay (%) : (3.19)
K = B1) — Ak (%) : (3.20)
87i; = BB) — Mijmn ((%%) : (3.21)
0 Aij = B3 — Afijmm (%) : (3.22)
O, = BI0) — A7 (%) : (3.23)

; _ iy ij
where all the coefficients Ay, Ak, Aijmn, A Fijmn, and )‘f

are positive definite. C? is a function of the constraints
H, M;, G", A, and S, which we set as

02 = /(H2 + ’YZJMZMJ + Cg"yijgigj

+caA? + csS?)d (3.24)

where, cg, ca, and cg are Boolean parameters (0 or 1).
These three parameters are introduced to prove the ne-
cessity of the algebraic constraint terms in (3.24)).

The adjusted terms in (BI9)-B23) are then written
down explicitly, as shown in Appendix[Al The constraint
propagation equations of this system are also derived for
the Minkowskii background, as shown in Appendix

Now we discuss the effect of the algebraic constraints.
From (BI)-(BY), we see that the constraints affect each
others. Also, the constraint propagation equations of the
algebraic constraints, (B3)-(B3), include cq(A5A§%, —
2)\1:5“b)gb, —6ca) ;A, and —6csA5S, respectively. These
terms contribute to reducing the violations of each con-
straint if ¢, ca, and cg are nonzero. Therefore, we adopt

cg =ca=cs=1in B24);
C? = / (H2 + ’Yij./\/li./\/lj + %‘jgigj + A% + 82) d3z.
(3.25)

In SecllVl we verify the validity of this decision using
numerical examples.

C. Z—adjusted BSSN system

In @], two of the authors reported some examples
of adjusted systems for the BSSN formulation. The au-



thors investigated the signatures of eigenvalues of the co-
efficient matrix of the constraint propagation equations,
and concluded three of the examples to be the best can-
didates for the adjustment. The actual numerical tests
were performed later ﬂﬁ] using the gauge-wave, linear-
wave, and polarized Gowdy wave testbeds. The most
robust system among the three examples for these three
testbeds was the A-adjusted BSSN formulation, which
replaces ([B9)) in the standard BSSN system with

(%Aiij = M) + fanlAj(iMj)v

where k4 is a constant. If k4 is set as positive, the
violations of the constraints are expected to be damped
in flat spacetime ﬂﬂ] We also use the A-adjusted BSSN
system for comparison in the following numerical tests.

(3.26)

IV. NUMERICAL EXAMPLES

We test the proposed adjusted systems (C2-adjusted
BSSN, A-adjusted BSSN, and the standard BSSN) in
numerical evolutions using the gauge-wave and polarized
Gowdy wave spacetimes, which are the standard tests for
comparisons of formulations in numerical relativity, and
are known as apples-with-apples testbeds ﬂﬂ] We also
performed the linear-wave testbed but the violations of
the constraint were negligible; thus, we employ only the
above two testbeds in this article. These tests have been
used by several groups and were reported in the same
manner (e.g., [23, 28 30]).

For simplicity, we set the coefficient parameters in
B2I)-B.23) to AFijmn = A70imjns AZijmn = AzOimOjn,
and )\%3 = Az with non-negative coefficient constant
parameters A5, A3, and Ag. Our code passes the conver-
gence test with second-order accuracy. We list the figures
in this article in Table[Il

A. Gauge-wave Testbed

1. Metric and Parameters

The metric of the gauge-wave test is

ds* = —Hdt* + Hdz® + dy* + d2?, (4.1)

where

H=1-Asin(2n(z —t)/d), (4.2)

which describes a sinusoidal gauge wave of amplitude A
propagating along the z-axis. The nontrivial extrinsic
curvature is

TA cos(@)

Kop = —— :
1 — Asin 22220

(4.3)

Following ﬂﬂ], we chose the numerical domain and pa-
rameters as follows:

e Gauge-wave parameters: d =1 and A = 1072
e Simulation domain: x € [-0.5,0.5], y = z = 0.

e Grid: 2" = —0.54+(n—1/2)dx withn = 1,--- , 100,
where dx = 1/100.

Time step: dt = 0.25dx.

e Boundary conditions: Periodic boundary condition
in z-direction and planar symmetry in y- and z-
directions.

Gauge conditions:

oo =—a’K, B'=0. (4.4)

e Scheme: second-order iterative Crank-Nicolson.

2. Constraint Violations and Damping of Violations
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FIG. 1. L2 norm of each constraint in the gauge-wave evo-

lution using the standard BSSN formulation. The vertical
axis is the logarithm of the L2 norm of the constraints and
the horizontal axis is time. The thin solid line (A-1) is the
‘H-constraint, the thick solid line (A-2) is the M-constraint,
the dotted line (A-3) is the G-constraint, the dot-dashed line
(A-4) is the A-constraint, and the two-dot-dashed line (A-5)
is the S-constraint.

Figure [Ml shows the violations of five constraint equa-
tions H, M;, G', A, and S for the gauge-wave evolution
using the standard BSSN formulation. The violation of
the M-constraint, line (A-2), is the largest during the
evolution, while the violations of both the A-constraint
and S-constraint are negligible. This is the starting point
for improving the BSSN formulation.

Applying the adjustment procedure, the lifetime of the
standard BSSN evolution is increased at least 10-fold. In
Figll we plot the L2 norm of the constraints, (3:25]), of
three BSSN formulations: (A) the standard BSSN formu-

lation @I)-@3), (B) the A-adjusted BSSN formulation



TABLE 1. List of figures.

Gowdy wave test

IAE]

gauge-wave test

JIVAl

(A) (D) standard BSSN (3.1)- (3.5

(constraint propagation, see App. in [22])

Figlll norm each
Figl2 norm all

Fig[fnorm each
FiglRlnorm all

(B) (E) A-adjusted BSSN
BD-B3), B.3) and B.26)

(constraint propagation, see [22])

Figllnorm all
Figll norm each

FiglRlnorm all

(C) (F) C*-adjusted BSSN BI19)-B23)
(constraint propagation, see App. [B])

Figl2 norm all
Figll norm each Figl norm each

Figl] correction test  FigllQ] correction test
Fighl 319)-B23) test FiglT BI9)-@B23) test
Figlol (3:25)) test Fig2] (3:28)) test

FiglRlnorm all

2
I I (A) Standard BSSN -
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FIG. 2. L2 norm of all the constraints in gauge-wave evo-

lution comparing three BSSN formulations: (A) standard
BSSN formulation (solid line), (B) A-adjusted BSSN formu-
lation (dotted line), and (C) CZ-adjusted BSSN formulation
(dot-dashed line). The adopted parameters are k4 = 107¢
for (B), and A\, = 107%° A = 107%% X5 = 10773,
Az =107%% and Az = 10 "® for (C). The violations of C? for
the A-adjusted BSSN formulation, (B), increase with time and
the simulation stops at t = 1200, while the violations of C? for
the CZ-adjusted BSSN formulation, (C), remain at O(107")
until ¢ = 1300 and the simulation stops before ¢ = 1400.

BI)-B3), BI), and @28), and (C) the C*-adjusted
BSSN formulation BI19)-B23). We set the parameter

of the A-adjusted BSSN formulation to x4 = 10~1¢ and
the parameters of the C?-adjusted BSSN formulation to
Ao = 10785 A = 10734, A5 = 10773, A7 = 10725,
and A\ = 10~ 18 to minimize C? at ¢t = 1000. The fig-
ure shows the damping of the constraint violations for
the A-adjusted BSSN formulation [line (B)] and the C?-
adjusted BSSN formulation [line (C)] in contrast to the
standard BSSN formulation [line (A)]. Line (B) monoton-
ically increases, while line (C) has an L2 norm remaining
at a level < O(1071) after ¢ = 600.

The violation of C? for the A—adjusted BSSN formu-
lation is the smallest among the three formulations until

t = 50, after which that for the C?-adjusted BSSN for-
mulation is the smallest.

To observe the behavior of each violation of the con-
straint for the two adjusted BSSN formulations, we plot
the norm of each constraint equation in Figlll We see
that the violations of the M-constraint for the two ad-
justed BSSN formulations, (B-2) and (C-2), are less than
those of the standard BSSN formulation in Fig[ll This
is the main consequence of the two adjusted BSSN for-
mulations.

In the two panels in Fig[3l we see that the domi-
nant violation changes from the M-constraint to the S-
constraint as the evolution continues. Before ¢ = 100,
line (B-2) in lower than line (C-2). After that, line (C-5)
in lower than line (B-5). This explains the intersection
of lines (B) and (C) at ¢ = 50 in Figl2 Since line (B-
5) overlaps with line (B) in Figll after ¢ = 100 and line
(C-5) overlaps with line (C) in Figll after ¢ = 500, the
reduction of the violations of the S-constraint is the key
to reducing C? for the C?-adjusted BSSN formulation.

In panel (b), we see that all the violations of the con-
straints are better controlled than in panel (a), and we
thus conclude that the C?-adjusted BSSN formulation is
more robust against the violation of constraints than the
A-adjusted BSSN formulation.

The violations of the A-constraint and S-constraint are
larger than those in Fig[ll From (B4) and (C4), the viola-
tion of the A-constraint is triggered by the M-constraint
and A-constraint. The increase in the violations of the
A-constraint is caused by the term 2 16 (9; M), since
the other adjusted term, —6caA3;A, contributes to re-
ducing the violations of the A-constraint. Similarly, in
(BE) and (CH)), the violation of the S-constraint is trig-
gered by only the A-constraint since the magnitude of Ay
is negligible. Therefore, the increase in the violations of
the S-constraint is due to the increase in the violations
of the A-constraint.

The lower positions of lines (B-2) and (C-2) in Fig[3
than line (A-2) in Figlll is explained by the terms
AzAM, in (B2) and (1/2)kaAM; in (BD), respectively,
since these terms contribute to reducing the violations of
the M-constraint.

From (ATl and ([A3)), it can be seen that the adjusted
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FIG. 4. L2 norm of (adjusted terms)/(original terms) of

each evolution equation for the C2-adjusted BSSN formula-
tion, (319)-(323), in the the gauge-wave test. We see that
the largest ratio is that for the evolution equation of ZU
The corrections to the ¢, K, and 5;; evolution equations are
reasonably small.

terms of the evolution equations of ¢ and 7;; for the
C?-adjusted BSSN formulation include a second-order
derivative of the H-constraint. This means that these
evolution equations include fourth-order derivative terms
of the dynamical variables. To investigate the magni-
tudes of the adjusted terms, we show the ratio of the L2
norm of the original terms to that of the additional terms
in the evolution equations in Figldl We see that the mag-
nitudes of the adjusted terms of ¢ and 7;; are reasonably
small. Therefore, the characteristic of the C?-adjusted

evolution system cannot be changed from hyperbolic to
parabolic by adjusting the procedures.

In the simulations with the C?-adjusted BSSN formu-
lation, the constraint with the largest violation is the
S-constraint. The S-constraint depends only on the dy-
namical variables 7;;. To control the S-constraint di-
rectly, there is no other choice than setting Ay to an
appropriate value, as can be seen from (BJ]). However,
we must set \y to a value as small as possible since the
adjusted term of 7;; includes higher derivatives of 7;;.
Therefore, it is difficult to control the S-constraint, and
we have not yet found an appropriate set of parameters.

3. Damping Effect of each Adjusted Term in C?-adjusted
BSSN Formulation

To observe the differences in the effect of the reduction
of the violations of constraints for each of the adjusted
terms, we compared evolutions for a set of equations ap-
plying only one of the adjusted terms. As previously
mentioned, the reduction of the M-constraint is the key
to improving constraint damping in gauge-wave space-
time at an earlier time (approximately ¢ = 100). From
([B2), we see that the adjusted terms of K and A;; di-
rectly affect the M-constraint. The left panel in Fig[l
shows the norm of C? with A 7 # 0 and A\, = Ag = Ny =
Ay = 0. The right panel shows C? with A\g # 0 and
Ao = A5 = A7 = Ag = 0. In both cases, we confirm that
the violation of constraints is dominated by that of the
M-constraint. In the left panel, we see that the case of
Az = 1073 is the best-controlled evolution, while in the
right panel we see that the standard BSSN evolution min-
imizes the violation of constraints. The latter indicates
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when A; # 0 and the other parameters are zero. The right panel shows the case when A5 # 0 and the other parameters are
zero. We see that if we set A ; to an appropriate value such as Ay = 1073, then the violation of C? decreases ideally. However,
the violation of C? is larger than that for the standard BSSN formulation if only Axis nonzero.

that the adjustment to the K-equation, ([B:20), does not
contribute to reducing any of the constraint violations if
it is the only adjustment implemented.

4. Damping Effect of Algebraic Constraints

In SeclIB| we started that the definition of C?,
B29), should include the algebraic constraints. We here
confirm this using the gauge-wave evolution in Figl6l The
coefficient parameters A,, Ak, A5, A, and As are the
same as those in Figl2l We plot each constraint equation
in the panels. Panel (a) shows the case c¢ = ¢4 = ¢g = 0,
(b) shows the case c¢ = 0,ca = cs = 1, (c) shows
the case ¢4 = 0,cqg = cs = 1, and (d) shows the case
¢s = 0,cg = ca = 1. In panel (a), we see that the sim-
ulation stops at t = 800 owing to a sudden increase in
the violation of the constraint. In comparison with panel
(b) in FigBl [c¢ = ca = ¢s = 1], the violation of the
constraint is lower if C? includes the algebraic constraint
terms. This result is consistent with the discussion in
SecllTBl Panels (b) and (¢) show that if we turn off
ca or ca, then the violations of the G-constraint or A-
constraint become worse than those indicated by lines
(C-3) and (C-4) in Fig[3] respectively. These results are
consistent with the discussion of the definition of C? in
SeclllTBl Panel (d), on the other hand, appears similar
to FiglBl This is due to the smallness of A5 as mentioned
above.

B. Gowdy wave Testbed

1. Metric and Parameters

The metric of the polarized Gowdy wave is given by

ds? = t71/2eM2(—dt? 4 da®) + t(ePdy? + e Tdz?),
(4.5)

where P and A\ are functions of z and ¢t. The forward
direction of the time coordinate ¢ corresponds to the ex-
panding universe, and ¢ = 0 corresponds to the cosmo-
logical singularity.

For simple forms of the solutions, P and X\ are given
by

P = Jy(27t) cos(2mx), (4.6)
A\ = =27t Jo(27t)Jy (2nt) cos? (2mx) + 2n2t2[J3 (2t)
+ J7 (2mt)] - (1/2){(2m)*[J§ (2m) + J7 (27))]

— 27 Jo(2m)J1(2m)}, (4.7

where J,, is the Bessel function.

Following ﬂﬂ], a new time coordinate 7, which satisfies
harmonic slicing, is obtained by the coordinate transfor-
mation

= ke, (4.8)

where k and ¢ are arbitrary constants. We also follow
ﬂﬂ] by setting k, ¢, and the initial time ¢ as

k ~9.67076981276405, ¢~ 0.002119511921460,

(4.9)

to = 9.87532058290982, (4.10)

so that the lapse function in the new time coordinate is
unity and ¢t = 7 at the initial time.
We also use the following parameters specified in ﬂﬂ]



=0, €4=0, cg=0

or@ ]

-5 | H-constraint
M-constraint
-6 [G-constraint -------- b
A-constraint
-7 [ S-constraint

Log(L2 norm of constraint)

0 200

Time

1%
-5 [ H-constraint ——
M-constraint
-6 [G-constraint -------- b
A-constraint
-7 [ S-constraint

0 200

Log(L2 norm of constraint)

=0, cp=1, cg=1

M-constraint
- G-constraint  -------- 1

Log(L2 norm of constraint)

A-constraint
[ S-constraint

0 200

4
-5 ¥ H-constraint
6
7

" H-constraint
M-constraint
- G-constraint  -------- 7]
A-constraint
[ S-constraint

0 200

Log(L2 norm of constraint)

E= TS B N S Y
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e Simulation domain: x € [-0.5,0.5],y = z = 0.

e Grid: z, = =05+ (n — (1/2))dz, n = 1,---,100,
where dx = 1/100.

e Time step: dt = 0.25dx.

e Boundary conditions: Periodic boundary condition
in z-direction and planar symmetry in y- and z-
directions.

e Gauge conditions: harmonic slicing and 3° = 0.

e Scheme: second-order iterative Crank-Nicolson.

2. Constraint Violations and Damping of Violations

We first show the case of the standard BSSN formu-
lation, [B.6)-(BI0). Figure [1shows the L2 norm of the
violations of the constraints as a function of backward
time (—t). We see that the violation of the M-constraint
is the largest at all times and that all the violations of
constraints increase monotonically with time. Compared
with [23], our code shows that the H-constraint (A-1)

remains at the same level but the M-constraint (A-2) is
smaller.

Similarly to in the gauge-wave test, we compare the
violations of C? for three types of BSSNs in Fig[®
(A) the standard BSSN formulation E8)-@EI0), (B)
the A-adjusted BSSN formulation (30)-@X), @I0),
and [326), and (C) the C%-adjusted BSSN formulation
BI9)-B23). We adopt the parameters kg = —107%2,

Ao = =107 Ag = —107%6, A5 = —1071, A =
—10712, and Ap = —10~ -3 to minimize the violations of
the constraints at t = —1000 for these evolutions. In the

case of the A-adjusted BSSN formulation, the violation of
the constraints decreases if we set |k 4| larger than 10702,
In the case of the C?-adjusted BSSN formulation, it de-
creases if we set |\ ;| larger than 10712, Note that the
signatures of the above k4 and As are negative, contrary
to the predictions in ﬂﬂ] and SeclITI] respectively. This is
because these simulations are performed with backward
time.

As shown in Fig[§| the violations of C? for the standard
BSSN formulation and A-adjusted BSSN formulation in-
crease monotonically with time. On the other hand, that
for the C2-adjusted BSSN formulation decreases after
t = —200 and maintains a magnitude under O(1072)
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is the M-constraint, the dotted line (A-3) is the G-constraint,
the dot-dashed line (A-4) is the A-constraint, and the two-
dot-dashed line (A-5) is the S-constraint.

after t = —400.

To investigate the reason why C? starts to decay
rapidly after ¢ = —200, we plot each constraint in Fig[dl
We see that the violations of the A-constraint and S-
constraint increase with negative time, in contrast to
the standard BSSN formulation, and those of the M-
constraint and G-constraint decrease after ¢ = —200.
The propagation equation of the M-constraint, (B2), in-
cludes the term —2ca\ ;04.A, which contributes to con-
straint damping. Similarly, the propagation equation
of the G-constraint, (B3), includes §%°{(1/2)A\50,A +
2A50, JH — A;cs5ab8b8; the decay of the violations of
the G-constraint is caused by these terms. Therefore,
these terms are considered to become significant of ap-
proximately ¢ = —200 when the violations of the A, H,
and S-constraints become a certain order of magnitude.

In contrast to the gauge-wave testbed (FigHl), we pre-
pared Fig[IQl which shows the magnitudes of the ratio of
the L2 norm of the adjusted terms to the original terms.
Since the magnitudes of the adjusted terms of ¢ and 7;;
can be disregarded, the effect of the reduction of the ad-
justed terms of ¢ and 7;; is negligible. Therefore, the
C?-adjusted BSSN evolution in the Gowdy wave can be
regarded as maintaining its hyperbolicity.

3. Damping Effect of each Adjusted Term in C?-adjusted
BSSN Formulation

To investigate the contribution to constraint damp-

ing of each adjusted term, @BGI9)-B23), we per-
form evolutions with only one of the parameters,

4 T T T T
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3 | (B) A-zadjusted BSSN -------- |
(C) C*-adjusted BSSN — =~
2 - -
-
r\I2 1 W —
IE;
> 0 i
o
1k i
2+ . -
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-Time
FIG. 8. L2 norm of the constraints, C?, of the polarized

Gowdy wave tests for the standard BSSN and two adjusted
formulations. The vertical axis is the logarithm of the L2
norm of C? and the horizontal axis is backward time. The
solid line (A) is the standard BSSN formulation, the dot-
ted line (B) is the A-adjusted BSSN formulation with xa =
—107%2 and the dot-dashed line (C) is the C*-adjusted BSSN
formulation with A, = =107 A\ = —107%6 A5 = —107*,
Ay = —107%2, and Ap = —107'3. Note that the signa-
tures of k4 and As are negative since the simulations evolve
backward. We see that lines (A) and (C) are identical until
t = —200. Line (C) then decreases and maintains its magni-
tude under O(1072) after t = —400. We confirm this behavior
until ¢ = —1500.

(A, Ak, A3, A1, Ap), nonzero. Since the magnitudes of
the adjusted terms of Aij and K are largest until ¢ =
—200 in Fig[IQ these terms are expected to be the key
to reducing the constraint violation.

The effect of these terms on reducing C? is plotted in
Fig[ITl The left panel shows the case of A ; # 0 with the
other parameters equal to zero. The right panel shows
the case of A\ # 0 with the other parameters equal to
zero. In the left panel, we see that the violation of C?
decreases with increasing negative time. Therefore, the
adjusted terms of A;; contribute to the reduction of con-
straint violations. On the other hand, the adjusted terms
of K do not appear to contribute to the reduction of con-
straint violations. These results are consistent with the
case of the gauge-wave testbed; thus, it is important to
adjust A7 to an appropriate value to control the con-
straints.

4. Damping Effect of Algebraic Constraints

In Secl[Tll we investigated the effect of the definition
of C?. Similarly to the gauge-wave test in the previous
subsection, we here show the effect of constraint damp-
ing caused by the algebraic constraints. The coefficient

parameters, Ay, A, Ay, A7 and Ag, are all the same as
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FIG. 10. L2 norm of (additional terms)/(original terms) of
each evolution equation for the C2-adjusted BSSN formula-
tion, (B19)-([B23]). We see that the largest ratio is that for the
evolution of sz The corrections to the 7;; and T evolution
equations are reasonably small.

those for (C) in FigRl

In Figs[I2 (a) and (c), we see that all the violations
of the constraints are larger than those in Figll These
results are consistent with the discussion in SeclIII Dl
On the other hand, the violations of each constraint
in panels (b) and (d) almost overlap with those in
Figldl These results are, however, not contradictory.
For example, the parameter cg appears in the terms
CG(—(l/Q)AqAam—Q)\fam)gm in m, CG()WA—2/\1:)QG
in (B3), and ccA59,G* in (BE). All these terms include A5
or Az. Both A5 and Ay are set to reasonably small values
in these simulations; thus, a reduction of the constraint
violations owing to the existence of the G-constraint in
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C? is not observable. Therefore, a difference in the vio-
lations of the constraints between panel (b) and Fig[is
not distinguishable. Similarly, the parameter cg appears
in the terms 3csA3AS in (BI)), —csA567°9,S in (B3I,
and —6A5¢sS in (B3, all of which include A5. Conse-
quently, the constraint-damping effect via the algebraic
constraints G, A, and S is apparent.

V. SUMMARY AND DISCUSSION

To obtain an evolution system robust against the vi-
olation of constraints, we derived a new set of adjusted
BSSN equations applying the idea proposed by Fiske ﬂﬂ]
to obtain what we call a “C?-adjusted system.”

That is, we added the functional derivatives of the
norm of the constraints, C?, to the evolution equations
[(B19)-(B323)]. This implementation was applied to the
ADM formulation in our previous study HE] and is ap-
plied to the BSSN equations in this study. We per-
formed numerical tests in the gauge-wave and Gowdy
wave testbeds and confirmed that the violations of con-
straints decrease as expected, and that longer and accu-
rate simulation than that for the standard BSSN evolu-
tion is possible.

The construction of the C2-adjusted system is straight-
forward. However, in BSSN, there are two kinetic con-
straints and three algebraic constraints; thus, the defini-
tion of C? is a matter of concern. By analyzing constraint
propagation equations, we concluded that C? should in-
clude all the constraints. This was also confirmed by
numerical tests.

To evaluate the reduction of the violations of the con-
straints for the C2-adjusted BSSN formulation, we also
performed evolutions for the A-adjusted BSSN formu-
lation proposed in m] We concluded that the C2-
adjusted BSSN formulation exhibits superior constraint
damping to the standard and A-adjusted BSSN formu-
lations. In particular, the lifetimes of the simulations
for the C2-adjusted BSSN formulation in the gauge-wave
and Gowdy wave testbeds were ten times and two times
larger than those for the standard BSSN formulation, re-
spectively.

Fiske reported the applications of the idea of C2-
adjustment to “linearized” ADM and BSSN formulations
in his dissertation [25]. (As he mentioned, his BSSN is
not derived from the standard BSSN equations but from
a linearized ADM using a new variable, I'. His set of
BSSN equations also does not include the A- and S-
constraints in our notation.). He observed damping of
the constraint violation of five orders of magnitude and
the equivalent solution errors in his numerical evolution
tests. Our studies reported in this article show that the
full BSSN set of equations with fully adjusted terms also
produces the desired constraint-damping results (Fig[Z]
and Figl); although improvements of fewer orders of
magnitude were obtained, the improvements are appar-
ent.
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FIG. 11. Effect of adjusting parameters for the C*-adjusted BSSN formulations, I9)-@2I) The left panel shows the case
when A; # 0 and the other parameters are zero. We see that the value Ay = —107! exhibits the best performance for
controlling C?. (The standard BSSN case diverges at ¢ = —750, while the case A ; = —107* diverges at t = —1500.) The right
panel shows the case when A # 0 and the other parameters are zero. However, the violation of C? is larger than that for the
standard BSSN formulation if only Ax is used for adjustment with the other parameters equal to zero.

We found in the application to the ADM system m]
that the adjustment to the Kj;-evolution equation is es-
sential. In the present study, we found that the adjust-
ment to the A;j-evolution equation is essential for con-
trolling the constraints. In both cases, the associated ad-
justment parameters (Lagrangian multipliers), A 7 in this
study, are reasonably sensitive and require fine-tuning.
Methods of monitoring the order of constraint violations
and maintaining them by tuning the parameters auto-
matically would be useful. Applications of control theory
in this direction are being investigated.

The correction terms of the C2-adjusted system in-
clude higher-order derivatives and are not quasi-linear;
thus, little is known mathematically about such systems.
These additional terms might effectively act as artificial
viscosity terms in fluid simulations, but might also en-
hance the violation of errors. To investigate this direction
further, the next step is to apply the idea to a system in

g
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— 2(0 M1;*)e 59 M + 8My;%e ™4 (00)77 M,
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which constraints do not include second-order derivatives
of dynamical variables. We are working on the Kidder-
Scheel-Teukolsky formulation ﬂﬁ] as an example of such
a system, which we hope to report in the near future.
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Appendix A: Additional C*-adjusted terms

The adjusted terms 5C2%/5p, 5C%/5K, 6C?/6%mn,
§C? /5 App, and 6C? /6T in BI9)-[B.23) are written as

follows:

=2 H — 2(0, HSYH — 2HS9,H + 2(0 0y HEYH + 2(0o HS®) Oy H + 2(0p HS )0y H + 2HS 0,00 H

— 2M1ia674@(8af”7ij)./\/lj — 2]\7[11-“674“"5”&1/\/13-
(A1)

= 2H47'[ — 2((%]\7421'2)674%%”/\/1]‘ =+ 8M2i6674ap(82g0)5iij — 2M2i£674¢(8g§ij)/\/lj — 2M2i6674ap5ijale, (AZ)
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FIG. 12. Effect of differences in the definition of C*. Panel (a) shows the case cg = ca = c¢s = 0, panel (b) shows the case
ca =0, ca = cs = 1, panel (c) shows the case c¢ = 1, ca = 0, and c¢s = 1, and panel (d) shows the case c¢ = ca = 1 and
¢s = 0. In comparison with Fig[d] all the violations of the constraints in (a) and (c) are larger. On the other hand, the lines
in (b) and (d) are almost identical.

5C? _ _ . _ . . . iy
S = 2HEH = 2O VH = 2H O H + 20,0, Y+ 2070 + 20 H ) OH
+ 215[;”""616]7-[ + 2M3imne—4<p;~y*iij — 2(66M4icmn)€_4ip:)7iij + 8M4icmn6_4cp (8&,0)%”/\/1]‘
_ 2M4l_cmnef4gp (86?13)/\/1] _ 2M4l_cmnef4<pf?ijaCMj o ef4gof?imf?jnMiMj + 2CGG1imne4<p§ijgj
- 2CG(8eGém"e)e4“’%jgj - SCgGém”ee‘l“’ (8@<p)%jgj - ZCgGém”eeW(aﬁij)gj - 2cGG§m”fe4%jaegj
+ cqe®GMG™ + 2c) AT A + 2¢5STS, (A3)
5C? _ S _ Yy _ Y
5;4 = 2H§nn7‘[ + 26_44'0’)/”M5imn./\/1j — 2(8CM6icmn)6_4¢71JMj + 8M6icmn€_4ip(acgﬁ)’)/”./\/lj
— 2Mi ™" e P (0T )M — 2Me; e T 9 M + 2c 4 AT A, (A4)
5C _ ) _ -
e = 2HodH — 2(0pHYyo)H — 2H? 0, 0H + 2¢6 G, e*%7;;G7, (A5)
where Hy = (4/3)K — (2/3)79 Ay, (A9)

Hy = —de *R+ 32674“0{5iﬁi<ﬁ + (Ei@(DZ‘P)},

g = 8% (3T;; — 2D%),

Hézb _ _8674<pf?ab7

(A6)
(A7)

(A8)



Hy'™ = —e= 4 R 4 =4 (9,T0m3m)
_ ge-tofhm in, _ pe-tefitinfn),
e,
+ (1/2)e™ 47, o AIFOMF 4 8e~4 D™Dy
—8e (D)™ ;7 + 8~ (D™p) (D" p)
£ AT, 4+ (2/3) ATE, (A10)

Hgmn _ 674@{flmn + 2f(nm)€ + (1/2)Ffﬁmn

+ 851 (DM ) — 43" D}, (A11)
HP™ = —(1/2)e” 7™, (A12)
HJ™" = —2A™" — (2/3)7""K, (A13)
E[ga = (1/2)6_450/’?”/’%]‘@, (A14)
Yo = e 426, (A15)
Mi;® = 6A4% — 24,,,7""6%, (A16)
My = —(2/3)87;, (A1T)

Mz;™™ = —6(D™p)A™; + 2(Dyp) A™™ — D™ A™),
+ ga(nl—‘m)m‘ + Ai(ml—‘n)jg’y (A18)

9yH = [Original Terms] + (—128\,A? —

M, = [Original Terms] + {(8 JNAK D0y + A 7ASE + A ;5“&&}/\46 —2ca) 10, A,

0¢G* = [Original Terms]

9y A = [Original Terms] + 2\ 76" (9; M) — 6ca) 7 A,
9;S = [Original Terms] + 3\5AH + caA59,G* —

and those of the g—adjusted BSSN formulation are

8,57-[ [Original Terms], (B6)
= [Original Terms] + (1/2)ka AM,, (B7)
atgl [Original Terms, (B8)
= [Original Terms] + #46”9; M, (B9)
= [Original Terms], (B10)

(3/2)A5A% + 2X:A) H + ci (—(1/2)A\5A0m

+ 6% ((1/2)A500A + 2X0:05) H + c (A5 A8, + (1/2)A56°0:0p —

605/\78,
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My = =5 A™ 4 (1/2)7" A% = (1/2) A6,

(A19)
M5 = 6(D"0)6™; — 2(Dyp)7™™ — 6, T ;79

+ (127", (A20)
Mﬁ‘icmn = f"?c(misn)iv (A21)
Giob — [iab 4 FitbTa) zmn (A22)
Géabl ,Yl(b a)i +(1/2)7 ab~w7 (A23)
Gy =0'j, (A24)
Afb = — A, (A25)
Ag® =5, (A26)
S§b = (1/2)eFebnt, (A27)

Appendix B: Constraint Propagation Equations for
C?-adjusted BSSN Formulation and A-adjusted
BSSN Formulation in Minkowskii spacetime

Here we give the constraint propagation equations for
the C?-adjusted BSSN formulation and A-adjusted BSSN
formulation in Minkowskii spacetime. For simplicity, we
set Aﬁijmn = )\ﬁ(simisj‘n, A = /\gdl-mzijn, and /\? =
A% . The constraint propagation equations for the C2-
adjusted BSSN formulation are

gijmn

— 2/\1:3m) gm+ 305)\§AS,
(B1)

(B2)

2)\f5ab) Qb — A;Cs&ababs,
(B3)
(B4)

(B5)

where A is the Laplacian operator in flat space. “Origi-
nal Terms” refers to the right-hand side of the constraint
propagation equations for the standard BSSN formula-
tion. Full expressions for the terms are given in the ap-



pendix of [22].

Appendix C: Constraint Propagation Equations for
BSSN Formulation with §° =0

The constraint propagation equations for the standard
BSSN formulation with 3 = 0 are as follows (the full

OH = [(2/3)aK + (2/3)aA|H + [—4e ¥ alarp)y

[—204674“"11%8;6 —ae

[(4/9)aK A — (8/9)aK? +

+ 8ae_4“’§jk(6jgo)8k + ae_4“’ﬁjk6j8k + 8¢~ 4“"(8g0¢)(6k<p)7 +e 4“"(8ga)(8k5%) + 2e~

+ e Y H(9p0a) A,
[—(1/3)(9icx) +
+ (1/2)ae 23" (01,07mi) +

+ ae 4y km(aw)yﬂa + ae” 4“’(83@
+ (1/2)ae™*7*%5,,01.00 + (1/2)e

+ [ AR (8a) +

(9,5./\/11‘ =

8t.A = OAKA,
(9t8 = —2(1/’\}7./4.

(1/6)0i|H + K M; + [ae™ 3" (90) (9;Ymi) —
+ (1/2)ae 497 2(5,8)(8,8) —

(1/9)aKd; — aA*;0] A,
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expressions are available in the appendix of m])

M — 2”4 (Or)7 I M;
+ (054507 — e*#(9;0) AlG?

+ 20e ™7 (000) ADk + (1/2)ae™ 9T OLAT 0k + (1/2)e
+ (4/3)ae™*?(0:0;0)7" + (8/3)ae ™ (Dup) (97" + ae ™ (8,70

~4051(9,0)7 A9 ]S

22 (9p)7* 0

(C1)
(1/2)ce™ T A% (07 mi)
(1/4) e (9:7ke) (0;7")

—(1/2)ae™ 4“"ka[~7 VjiOm + ce” 4oz mkf ijkOm
4@~mk(aj%m)(8ka)
(1/9)(a) K + (4/9)a(9:K) +
2:G' = 2077 M; + [405 (Djp) — 0790; — (9r)7¥] A,

+(1/2)e™*(9;0)0; + (1/2)e™5"7:(01) O] G’
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