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Fate of the first traversible wormhole: Black-hole collapse or inflationary expansion

Hisa-aki Shinkali
Computational Science Division, Institute of Physical & Chemical Research (RIKEN), Hirosawa 2-1, Wako, Saitama, 351-0198, Japan

Sean A. Haywarll
Department of Science Education, Ewha Womans University, Seoul 120-750, Korea
(Received 10 May 2002; published 16 August 2002

We study numerically the stability of the first Morris-Thorne traversible wormhole, shown previously by
Ellis to be a solution for a massless ghost Klein-Gordon field. Our code uses a dual-null formulation for
spherically symmetric space-time integration, and the numerical range covers both universes connected by the
wormhole. We observe that the wormhole is unstable against Gaussian pulses in either exotic or normal
massless Klein-Gordon fields. The wormhole throat suffers a bifurcation of horizons and either explodes to
form an inflationary universe or collapses to a black hole if the total input energy, is, respectively, negative or
positive. As the perturbations become small in total energy, there is evidence for critical solutions with a certain
black-hole mass or Hubble constant. The collapse time is related to the initial energy with an apparently
universal critical exponent. For normal matter, such as a traveller traversing the wormhole, collapse to a black
hole always results. However, carefully balanced additional ghost radiation can maintain the wormhole for a
limited time. The black-hole formation from a traversible wormhole confirms the recently proposed duality
between them. The inflationary case provides a mechanism for inflating, to macroscopic size, a Planck-sized
wormhole formed in space-time foam.
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[. INTRODUCTION opposite sign to normal, as was shown earlier by several
authorg 5], the earliest of which appears to be E[l&, who

Wormholes are known as a kind of solution to the Ein-called it a drainhole. To our knowledge, this is the earliest
stein equations, and have become a popular research topsnlution which would nowadays be called a traversible
raising theoretical possibilities of rapid interstellar travel, wormhole.
time machines and warp drives. These topics sound like sci- We study dynamical perturbations of this static wormhole,
ence fiction, but after the influential study of traversibleusing the spherically symmetric Einstein system with the
wormholes by Morris and Thornfd], it became widely ac- above exotic matter model, the massless ghost Klein-Gordon
cepted as a scientific topji2]. The only physically nonstand- field. We developed a numerical code based on a dual-null
ard feature is that one has to assume negative-energy matigsordinate system in order to follow the horizon dynamics
to construct such a wormhole. However, such exotic matteand radiation propagation clearly. Our main experiment is to
occurs extensively in quantum field theory and in alternativeadd or subtract Gaussian pulses in the ghost field, i.e., re-
gravitational theories such as scalar-tensor theories. spectively, with negative or positive energy. We also consider

Until recently, wormholes have been studied mainly asGaussian pulses in a normal Klein-Gordon field to see the
static or cut-and-paste models, or without an independentlgffect on the wormhole of normal matter, like a human being
defined exotic matter model. Not long ago, one of the autraversing the wormhole. We discover how the initially static
thors[3] proposed a unified theory of black holes and tra-wormhole will change its structure due to these dynamic
versible wormholes, arguing that the two are dynamicallyperturbations. Although our model is specific to spherically
interconvertible, and that traversible wormholes are undersymmetric space-times, we believe that it illustrates the dy-
standable as black holes under negative energy density. Thigamical nature of traversible wormholes. To our knowledge,
opens a new viewpoint on the dynamical nature of bothhis is the first numerical study of wormhole dynamics.
black holes and wormholes, including Hawking radiation. \We describe our model and numerical method in Sec. Il
This synthesis has been examined using a low-dimensionaind present numerical results in Sec. Ill. Section IV con-
model[4], where the theory is affirmed. cludes.

The purpose of this article is to investigate wormhole dy-
namics in four-dimensional Einstein gravity, using numerical

simulations. Our starting point is a static wormhole which is Il. MODEL AND NUMERICAL METHOD
perhaps best known as Morris and Thorne’s opening example _ _
(their box 2. This metric is actually a solution for a massless A. Field equations

Klein'Gordon f|e|d Whose gl’aVitationa| COUp|ing takeS the The f|e|d equations for a ma.SSIeSS Conventiona| and ghost
Klein-Gordon field,i and ¢, respectively, in Einstein grav-

ity are, in standard notation,
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O¢=0, Oy=0, 2.2

where the coupling constants have been fixed by choice o
units for ¢ and ¢. We adopt a dual-null formulation devel-
oped by one of the authof§]. The spherically symmetric
line-element may be written in dual-null form

ds?=r2dS—-2e fdx"dx, 2.3 o+

¥

whered$? refers to the unit sphere. Then the configuration
fields are ¢,f,¢,4) as functions of X*,x 7). The Einstein
equations in spherical symmetry are expressd@,@, lead-
ing to the field equations

0T +(9F)(d.r)= _r(ai‘//)z"'r(é’t(f’)zv (2.9
r29,.0_f+2(a.r)(o_r)+ef

=2r2(9, ) (d_)—2r%(d,. ) (d_¢p), (2.5 wormhole throat

ra+§,r+(a+r)((7,r)+e’f/2= 0, (2.6) FIG. 1. Numericisll grid §tructure. Initie_tl _data are_given on null
hypersurface& . (x™=0, x~>0) and their intersectiofs.

rd d-¢+(9.1)(d-¢)+(d-1)(d.$)=0, (2.7

[?i d):Qz@i 1 (22@
rd,d_+(ayr)(d_y)+(d_r)(d.¢)=0. (2.8
To obtain a system accurate nér, we can use the confor- Jetp=Qs (2.2
mal factor()=1/r instead ofr and, as first-order variables,
the conformally rescaled momenta constitute the first-order dual-null form, suitable for numeri-
cal coding.
$.=20.r=—20723.0Q, (2.9
vo=0.f (2.10 B. Numerical method
S We prepare our numerical integration range as drawn in
P=rd.p=0"19. ¢, (2.17 Fig. 1. The grid will cover both universes connected by the
. wormhole throat " =x". The grid is assumed to be equally
Te=r9. =070 4. (212 spaced iAx™=A.

) ) . The basic idea of numerical integration is as follows. We
Hered.. has the meaning of expansion, though it is rescaleq;iye injtial data on a surfacand the two null hypersurfaces

. e _ 71
from the usual definition, 6.=2r""d.r. Then 35 generated from it. Generally the initial data have to be
(9p+,7m+,0.,v.) are finite and generally nonzero at. given as

The remaining first-order equations follow from the above

field equations and the spherically symmetric idenditys (Q,f,9:,¢,4) on Sx'=x=0, (2.22
=d_d,:
ﬁi'ﬂi:_Viﬁi_ZQWi‘f‘ZQWiv (2.13 (v2.px,mx) ON 3pixT=0x">0. (2.23
99 =—Q(,9_[2+e ), (2.14
We then evolve the data=(Q, 9. ,f,v. ¢, ¥, ,7+) ON
deve=—QX9 O _2+e " —27 7_ a constank slice to the next.
Because of the dual-null decomposition, the causal region
+2p.9-), (219  of a grid is clear, and there are in-built accuracy checks: the
integrability conditions or consistency conditiors ¢, u
I+p5=—00:9./2, (216 —j5,9_u. In order to update a point Khorth), we have two
routes from the points Eeasj and W (wes). The set of
deme=—QVm./2. (2.17) equations(2.13—(2.21), gives usx" -direction(W to N) and

X~ -direction (E to N) integrations together with the consis-
tency conditions.
9.0=—029./2, (2.18 All the equations can be written as

These equations plus the inverted momentum definitions

d-f=v., (2.19 Unew=Uola* F(Urng)A, (2.24
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and the input variablegjrys, in the right-hand-side term a?
depend on the integration schemes. In more detail, we fol- Te=— 8 (a2t 19)? (2.33

lowed these steps:

@ Intggrate Q9.9 v ,f,dhl//,@— 7-) .usmg the  \yith unitsG=1. The negative energy density is a maximum
d, equations(update N from W. useugus= Uw, (2) Inte- 54 the throat =0, tends to zero at infinity, and is smaller for
grate @, 9.,9_ v F, 490 mi)  using  the 5000 wormholes. Note that the wormhole throat is a double
a,-equatlons(quate N from E useurys=Ue; (3) update trapping horizony}, =9 _=0. The behavior of these gener-
N from W again: uselgys= (Uw+ Un)/2; (4) update N from o itferent trapping horizons will be a key indicator of the
E again: uselrys= (Ug + Uy)/2; (5) check the consistency of o\ o tion of the perturbed wormhole.

(Q,9,9_,f,¢) at point N. If the convergence is not sat-  The gual-null initial data for the static wormhole is
isfactory, repeat back to the step 3. We set the tolerance as

maXUg_.n—Uw_n[<107° for (Q, 9,9 .f,¢). (¢,0,f,9.)=(0,14,000 on S, (2.34
As a virtue of the dual-null scheme, we can follow the -

wormhole throat or black-hole horizons easily. They are both _ RV

trapping horizons, hypersurfaces whede =0 or 9_=0 (92 ,vz)=[*aly2a™+(x)%0] on X..

[9,10]. Another benefit is the singular point excision tech- (2.39

nique. As we described, the causal region of each grid point
in the dual-null scheme is apparent. When a grid point is
inside a black-hole horizon and near to the singularity, we
can exclude that point and grid points in its future null cone We find that the dynamical structure will be characterized
from further numerical computation. Actually we excised by the total mass or energy of the system, the Bondi energy.
grid points if one of [9.[,|9_|,Je ) exceeds~25. We Localizing, the local gravitational mass-energy is given by
found that this is useful for investigating inside a black-holethe Misner-Sharp enerdy, while the(localized Bondji con-
horizon, though there is naturally a limit on how closely aformal flux vector components™ were defined ir{8,9]:

singularity can be approached.
J Y PP E=(1/2r[1—g (dr,dr)]

D. Gravitational mass-energy

C. Static wormhole =(1/2)r+er(a.r)(a_r)
The first Morris-Thorne wormhole metrid] was given
1 1
as =g 1+ 5e' 0.9 (2.39
ds?=(a%+1%)dS?+dI?—dt?, (2.25

wherea denotes the throat radius of the wormhole. Since it is
an overall scale, we set=1 for numerical purposes but ot 2 )
retain it in the text. Transforming the proper radial lentth =e” (75 —p3)0./8m. (2.37

and the static proper timeto dual-null coordinates
They are related by the energy propagation equations or uni-

Xt =(t=1)/2 (2.26  fied first law[9]
the analytic expressions for the Ellis wormhole solutj6é 1
are Y p t[ ﬂ] ﬁiE:4W¢i:_§ef(wi_Sgi)ﬁI: (238)
$=tan *(l/a), (229 5o that one may integrate to
Q=1//a*+1?, (2.28 a (x* x7)
E(x*,x’)=§+47rf (@ dx"+@_dx7),
(0,0)
f=0, (2.29 (2.39
p.==xal\2\a?+1?, (2.30  where the integral is independent of path, by conservation of
energy[8,9]. Here the initial conditiorE|s=a/2 corresponds
V== J211\aZ+12, (2.3) to the static wormhole. The definitions are local, but
IimX+HwE is the Bondi energy and Ii)r(nﬁwgo_ the Bondi
v.=0 (2.32  flux for the right-hand universe. For the static wormhole, the

energyE=a?2\a?+1? is everywhere positive, maximal at
with the conventional field/ vanishing. The wormhole is the throat, and zero at infinitls— * o, i.e., the Bondi energy

symmetric in interchange of the two universdsy —1, is zero. Generally, the Bondi energy-loss property, that it
though this will not be so for the perturbations. The energyshould be nonincreasing for matter satisfying the null energy
density is condition[8], is reversed for the ghost field.
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10 P B—— expansion plus
S N 0rid=801 1.0
— - grid=1601
o — - - grid=3201 .
R — — - grid=6401 0.5
£ g
E grid=9601 o5
0.0
- 0.0
-0.5
0 --0.5
0 5 10 15 20 4.0 \
x plus ~-1.0
FIG. 2. Convergence behavior of the code for exact static worm-
hole initial data. The location of the trapping horizah. =0 is . 4 ] 15
plotted for several resolutions labelled by the number of grid points X minus 2 5 0 x plus
for x*=[0,20]. We see that numerical truncation error eventually
destroys the static configuration. Energy
Ill. DYNAMICAL BEHAVIOR OF TRAVERSIBLE
WORMHOLES
A. Evolution of a static wormhole 0.4

. . . . - 0.4
We start with the numerical evolution of the static worm-

hole. We find that a numerical truncation error can quite 0-37

easily destroy the stability. In Fig. 2 we show our tracking of 02
the location of the trapping horizofi_ =0 for static worm- 0.2
hole initial data, with different numbers of grid points: 801, 0.2

1601, ...,9601, forx* =[0,20]. The location of the throat, 0.1
where®, =9_=0, is supposed to be stationaryxat=x".

The figure shows that at sufficient resolution, we can main-
tain a static wormhole for a given time. Vice versa, this
shows that in our dual-null scheme and the current applied R 2 5 10
numerical integration scheme, the lack of resolution inevita- x plus
3:!032253? eagytrl]r;f;?cbellle ;\:SI;SSQ g;/ eg él:ful%az\éen Shec:fe atfr:((aar FIG_. 3. Static V\_/ormhole conf_iguration obtained with _the_ highest
wormhole only in the reliable evolution range, with the reso-resolution calculationta) expansiond .. and (b) local gravitational
lution kept good enougk®60]) to preserve the static case. mass-energi are plotted as functions f)fx.(fx )- Note that the

. . . energy is positive and tends to zero at infinity.
In Fig. 3 we demonstrate the numerical evolution of the

0.1

8
15

static wormhole, giving the expansiofi, and the local Figure 4 shows the horizon locations for bath =0 and
gravitational mass-enerdy as functions of x*,x7). 9_=0, for c,=3. We plotted three cases,==*=0.1 and
—0.01, and it can be seen that in each case, the double trap-
B. Gaussian perturbations in ghost field ping horizon comprising the initial wormhole throat bifur-

We first put perturbations of the static wormhole in thecates when the pulse hits |t The two hor_izons then accelerate
form of Gaussian pulses, input from the right-hand universé Y from gach other, rapidly gpproachlng the speed qf light
1~0. The initial data orE, is a_n(_j appearing to be asymptotically null. Due to the_ grid ex-
' + cision technique for strong curvature regions, the final hori-
50+=a/\/§ a2+ 12+ cexf—c(l—co)?],  (3.D) zon coordinate?(,], where _the right-hand trapp_ing horizon
becomes null, is often excised from the numerical computa-
with all other initial data as for the static wormhole. Here tion. In such a case, we determing by extrapolating the
Ca,Cp,C. are parameters, with runs being performed for in-horizon trajectory with a functiox™ =bg+ biXx™ +by(x7)?
creasingly small values of the amplitudg, ¢,=3,6,9 and +bs/(x~ —xg), whereb; andx,; are unknown constants. A
c.=3. That is, the pulses will hit the wormhole throat at partial Penrose diagram of the evolved space-time is given in
xT=x"=3. Forc, positive or negative, this corresponds, Fig. 5, which is like the prediction ifi3]. However, the two
respectively, to enhancing or reducing the supporting ghogtorizons move in opposite directions depending on the sign
field. Note that this pulse-type perturbation starts only fromof c,. In the following, one should bear in mind that,
the right-hand universe. This situation is available because-0,_<0 initially in the right-hand universg® >x", with
our numerical region covers both sides of the wormholesigns reversing for the left-hand universe.
though we assume that the space-time is locally spherically When we supplement the ghost fietd=0.1, we see that
symmetric. the 9. =0 horizons move, respectively, in tke directions,
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(a) pulse input with negative energy Black Hole
10 : . or
| : Inflationary
i expansion
s 9+ =0 H Inflationary i
{ expansion = 1
8 <0 : 21
. i 3
9_ >0 : 8 1
6 / il
= 1
T :
£ 8 =0 1
x 4 / 1
2 .
x minus -
ghost scalar 6 >0 s
pulse 9
8 <0 s
o P
0 2 4 6 8 10

X plus
(b1) pulse input with positive energy FIG. 5. Partial Penrose diagram of the evolved space-time.

10

meaning thaty.>0 in the region between them. This de-
fines past trapped surfaces, which occur in expanding uni-
verses, such as the de Sitter solution. In Fig. 6 we plot the

6 <0 Black
+

o Hole areal radiug of the “throat” [11] x"=x", as a function of
L 0=0 proper time
£ < x| -446 = “fl2gt,  t=(xT+x7)/2 (3.2
X4 s e T x**x’e , ( . .
8 =0 -

It can be seen to rapidly increase, actually exponentially: the
T lines in the figure can be expressed with a functiva=1

ghost scala %,>0 +bsexdH(7—bs)] whereb; and H are constants, and we
] 6 <0 show the Hubble constarid in Table |. This exponential

0 2 4 6 8 10 expansion, combined with the horizon structure, indicates
% plus that the wormhole has exploded to an inflationary universe.
(b2) pulse input with smaller positive energy The two trapping horizons become the cosmological hori-
10 zons. This connection between wormholes and inflation was
unanticipated, but is consistent with the general thg8iy
8 6 T 7
6 =0 Black
} Hole . | e amplitude = +0.10
] =, 5|7 — — -amplitude = +0.01
8 e € 8 no perturbation E X
£ - X, =564 £ — - - amplitude = -0.01 ] !
£ /7 6 =0 H 4 . 7
., “ [0} —----amplitude = -0.10
ey
= /
© 3 7
(2]
2 2 /
el /
© 2 ;
Tgho t scalar o /'
pulse © o
0 ! e A
0 2 4 6 8 10 < 1 e
x plus .\‘ . \
. . 0
FIG. 4. Horizon locationsg. =0, for a perturbed wormhole. 0 2 4 6 8 10 12

(a) is the case where we supplement the ghost fielé; 0.1, and
(b1) and(b2) are where we reduce the field,= —0.1 and—0.01.
Dashed lines and solid lines afie. =0 andd_ =0, respectively. In FIG. 6. Areal radiusr of the “throat” x*=x", plotted as a

all cases, the pulse hits the wormhole throatxat,k~)=(3,3). A function of proper time. Additional negative energy causes infla-
45° counterclockwise rotation of the figure corresponds to a partiationary expansion, while reduced negative energy causes collapse to
Penrose diagram. a black hole and central singularity.

proper time on the "throat"
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TABLE I. Initial Bondi energyE, and the final structures for ergy, yet the final structure is dramatically different. Thus we
different ghost pulse inputs described by E8.1). The energy is  conclude that the static wormhole is unstable.
evaluated ak* =20, subtracting that of the exact static solution. Accepting that the static wormhole is stable to linear per-
The final structure was judged &t =10 by the horizon structure. turbations[12,13, we seem to have discovered a nonlinear
For inflation cases, the Hubble constatitwas measured on the jnstability, something of interest in itself. Circumstantial evi-
“throat,” Fig. . For black-hole cases we show the final horizon gence for a quadratic instability is that it is first signalled by
C(.)ordlnatexH , whgre thed . =0 trapping horlzon. becomes null, nonzero values of.. , and the propagation equatiof&15
Fig. 4(b), and the final masMl of the black hole, Fig. ®). for v, have quadratic terms on the right-hand side, which
should cancel to zero in the static solution. This could be
addressed by second-order perturbation theory, but we know

Final structure

Ca ‘b Eo/a Ha of no such studies for wormholes.

+107! 3.0 —5.07x10°2 inflation 1.56 [Fig. 4a)] In Fig. 7 we plot the energ(x™,x") as a function of

+10°2 3.0 —4.45<10° 2 inflation 1.19 x~, for x*=12,16,20 for the three cases in Fig. 4. In each

+10°3 3.0 —4.40<10°% inflation 1.13 case, the mass increases rapidlyxin as the horizond .

+10°% 3.0 —4.39x10°5 inflation 1.12 =0 forms, but rapidly approaches a constant valug inat
the horizon. This value

0.0 3.0 0.0 static (Fig. 3

M =E(,X5) (3.4

—10* 3.0 +4.39<10°° black hole 8.42 0.296
—107% 3.0 +4.38<10°“* black hole 6.98 0.310
—10"2 3.0 +4.32x10°° black hole 5.64 0.325Fig. 4b2)]
—10! 3.0 +3.70x10°2 black hole 4.46 0.420[Fig. 4b1)]

is the final mass of the black hole. Obtaining this easily is
another virtue of the dual null scheme. The values are shown
in Table I. The graphs indicate that an observer at infinity
will see a burst of radiation as the wormhole collapses or

*101 6.0 +2.60x 10:2 black hole 4.82 0.38 explodes. For collapse, a certain fraction of the field energy
—107° 9.0 +2.12<10°% black hole 4.90 0.35 radiates away, the rest being captured by the black hole, con-
Xyla Mla stituting its mass. For explosion, the radiated energy contin-

ues to rise in an apparently self-supporting way as the uni-
verse inflates.
The two universes connected by the wormhole have essen- Figure 8 gives a survey of various parameters pfnd
tially been combined into one universe. _ ¢y, fixing c.=3. Figure 8a) shows how quickly the black-

On the other hand, when we reduce the ghost field;  hole horizon, the outer trapping horizah, =0, develops
—0.1, the 9.=0 horizons move, respectively, in the"  after the pulse hits the throat. We see that the dots are close
directions, meaning that. <0 in the region between them. o one line, indicating a logarithmic relation between the

This defines future trapped surfaces, which occur insidgo|lapse time and the initial energy of the perturbation,
black holes, such as the Schwarzschild solution. Figure 6

shows that the areal radius is heading towards zero in finite eXn 35 E- 060 (3.5
proper time, though the code cannot follow it into the appar- 0

ent central singularity. This and the horizon structure indi‘Figure gb) is the final black hole magd as a function of the

cates that the wormhole has collapsed to a black hole. Thjiia| energy of the perturbation. Interestingly, as the pertur-
trapping horizons appear to_become asymp§0t|03||y nullpations become small, the black-hole mass seems to ap-
where they would coincide with the event horizons of theproach a nonzero constant

black hole. This occurs around, ~4.46 for the right-hand
universe. M~0.30a. (3.6

If the amplitude of the pulse is reduced, the black hole
forms later, as shown in Fig.(d2) for c,=—0.01. As a In the inflationary case, the Hubble paramétefor horizon
physical measure of the size of the perturbation, we take thmass 1/21) also seems to have a limiting value for small
initial Bondi energy perturbations, as seen in Table I:

Eo=E(»,0 3.3 H~1.1Aa. 3.7

tive Eq will cause explosion to an inflationary universe. Also,
the speed of the horizon bifurcation increases with the en-
ergy. One could also scale the total energy by the maximal
initial energyE, but this occurs at the throat andag2. In Similarly, we next consider adding a small amount of con-
either case, the perturbations are small, down to 1% in enventional scalar field to the static wormhole solution. This is

C. Gaussian pulses in conventional field
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(a) pulse input with negative energy (a)
10? ‘ ‘ . 7.0
— — -xplus=12 »"f‘ ee)= (10%,9)
-eee---x plus = 16 /445/ 6.0 Ay
7 l.\\ (107, 6)
5.0 A%
% ® 40 {0t 3) \
% h \
s < 30 N
g ' \ (1Lo/",9)
w - 2.0 \<.\'
0.010 ey
1.0 (.87 " 7
(10", 3)
0.0010 0.0
0 1 2 3 4 5 6 7 8 10° 10* 10° 10?2 10"
X minus E,
(b1) pulse Input with positive energy (b)
1.0 I I 0.50
— — -xplus=12 0.45
----e--x plus = 16 ’ 107, 3)
--------- x plus =20 \ 0.40 ¥n
/ (¢, c,) = (10%,9) Aot g
—_— Black hole masq 0.35 .
= L __.% |w=0a M <
% - Lo s 030 S A (107, 9)
B ] 025 /f A
8 10%,3
i ) 0.20 { )
horizon 9+=0 (10, 6)
formed iat x'=4.46 013
NY 0.10
o010 p 2 3 4 s p 10° 10°* 10° 102 10"
X minus E
(b2) pulse input with smaller positive energy FIG. 8. Relation between the initial perturbation and the final
10 : , mass of the black holga) The final horizon ¢ . =0) coordinate
— — -xplus=12 Xy — 3, since we fixed.=3, versus initial energy of the perturba-
"'"xp:u5=;§ tion, Eo. We plotted the results of the runs of=10"1, ...,10*
""""" e Black hole mass with ¢,=3,6, and 9. They lie close to one lind) The final black
-~ hole mas3d for the same examples. We see thhappears to reach
x .. .
% o1 o a nonzero minimum for small perturbations.
I it S —
- O e ) o L
G T We show the horizon structure in Fig. 9 and initial total
horizon 6 =D energy in Table Il. The additional normal field slightly en-
formed at x'=5.64 “ hances the total energy, with either sign of amplitude, and the
0.010 wormhole collapses to a black hole. The fundamental dy-
0 1 2 3 4 5 6

namical behavior is the same as for the previous ghost per-
. _ - . turbations with positive energy. We see again a logarithmic
FIG. 7. Energy E(x",x") as a function ofx™, for x relation between the time and the initial energy of the per-
=12,16,20. Herez, is (a) 0.05, (b1) —0.1, and(b2) —0.01. The . 3 =06l . .
turbation,e*r 2« E, "%, Fig. 10a). The critical exponent is

energy for differentx® coincides at the final horizon locatioq, , X ) } i )
indicating that the horizon quickly attains constant mads consistent with that found for perturbations in the ghost field,
=E(,xy). This is the final mass of the black hole. The values areindicating a new kind of critical behavior reminiscent of that
shown in Table I. found by ChoptuiK14] in black-hole collapse. In the limit of

small perturbations, the black-hole mass also appears to ap-

a simplified model of a situation that a positive-energy creaProach the same nonzero constalt>~0.3(, Fig. 10b).
ture jumps into a traversible wormhole. Again we add GaussAlthough the current code has a limit on how small pertur-

X minus

ian pulses to the initial data ab . as bations can be, since the black-hole collapse should occur
within the reliable evolution range, the data suggest the ex-
. =Ccaexd — cp(l —Co)?], (3.8 istence of a critical solution with a certain black-hole mass.

For these perturbations, the energy perturbation is as
. o . small as about 0.01%, a quite convincing indication of insta-
with all other initial data as for the static wormhole. We Setbmty From this and genera| pr|nc|p|d:§], we expect that
Cp=Cc=3, so that the pulse will again hit the wormhole any normal matter traversing the wormhole will cause its
throat atx " =x"=3. collapse to a black hole.
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D. Wormhole maintenance

Supposing the normal field pulse represents an actual
traveller of the traversible wormhole, then he, she, or it may FIG. 10. The same plots as in Fig. 8 for conventional field
go through the wormhole and exit safely into the other uni-Pulses.(@ The final horizon ¢,=0) coordinatex,,—3 versus
verse if the speed is high enough, as can be seen from thitial energy of the perturbatiork,. We plotted the results of the

Penrose diagram obtained from Fig. 9. However, the wormtuns ofc,=0.5, ... ,10° with ¢,=3,6, and 9. They lie close to
hole itself will collapse to a black hole, ending its usefulnessone line, different to that of Fig.(&), but with the same gradient.
for travellers. (b) The final black hole masil for the same examples.

We here demonstratg a !<|nd of temporary malntenanqe Oéxpansion, to keep the throat as it was requires a fine-tuning
the wormhole by sending in an additional ghost pulse JUSht “the parameters, and may not be realistic. However, it

after the passing of the traveller. In Fig. 11 we show theshows how the wormhole life may be extended. This indi-

results for pulse parameter,(cy,c;)=(0.1,6.0,2.0) for cates that the wormhole might be maintained by continual

the normal field representing the traveller, combined with aadjustments to the radiation level, though it would be a
balancing pulse ¢ ,c,,c.) =(0.02390,6.0,3.0), case B, or never-ending project.

(ca,Cp,C.)=(0.02385,6.0,3.0), case C. If we do not send

th_e bala_ncing p_ulse, the Wormh_ole collapses to a black hole IV. DISCUSSION

with horizons given by case A in the plot. Case B ends up

with an inflationary expansion, while case C keeps the We have numerically studied the dynamic stability of the

wormhole structure at least unkl’ = 10. Since the final fate apparently earlieg6] and most frequently rediscoverggi5]

of the wormhole is either a black hole or an inflationary traversible wormhole, most famous as the first Morris-

Thorne wormholg1]. We observe that the wormhole is un-

TABLE II. Initial Bondi energyE, and the final structures for Stable against Gaussian pulses in both exotic and normal

different conventional pulse inputs described by B48). The col- ~ Massless Klein-Gordon fields. The wormhole throat suffers a

umns are the same as for Table I. bifurcation of horizons and will either explode to an infla-
tionary universe or collapse to a black hole if the total energy
. T Eo/a x,/a Mla is, respectively, n_egative or .positivg.. For the normal matter,
the total energy is necessarily positive and a black hole al-
+1Xx10°2 3.0 +6.86x10°° black hole 9.61 0.31 ways results. This black-hole formation from a traversible
+5x1072 3.0 +1.71x10° 3% black hole 7.50 0.32 wormhole confirms the unified theory of badt8].
+1x10°! 3.0 +6.86x10°° black hole 6.68 0.34(Fig. 9 The inflationary expansion provides a mechanism for en-
+5x10°1 3.0 +1.71x10° ! black hole 4.82 0.46 larging a quantum wormhole to macroscopic size. Wheeler
+1x10° 3.0 +6.86x10° % black hole 3.70 0.90 introduced wormholes to gravitational physics as part of his

still-popular idea of space-time foafd5], which envisages
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case C rally inflate. The problem is only to stop the inflation pro-
l ceeding indefinitely.
The results also provide an entertaining answer to the
question of what happens if someone attempts to traverse the

e
o
-4

T wormhole. At best, with sufficient alacrity, our hero could
8 exit into the other universe, only to look behind and see that
V the passage has caused the wormhole to collapse to a black
case B hole, thereby sealing off the causal connection to the home

universe. Perhaps there was also an unlucky companion who
did not make it through, suffering the well-known grisly fate
of being trapped in a black hole. The survivor would be left
'Y to ruminate on the ironic fate of those who would tamper
4 \ with the fabric of space-time: stranded forever in the twilight
case A (no maintenance) zone. As we showed, such a tragedy could be avoided by a
normal scalar pyi€e carefully calculated burst of ghost radiation, just before or
(travellers) after the traveller passes, which maintains the static worm-
B A hole for a certain time. The traveller then has a limited time
ghost scalar puls to explore the other universe before the wormhole collapses.
for cuaintenaes For our colleagues who are understandably sceptical
0 about wormholes and exotic matter, we hope that our nu-
0 2 4 6 8 10 merical study has at least demonstrated that they can be stud-
x plus ied and understood by the same local, dynamical methods as
used for black holes with normal matter. Indeed, the results
FIG. 11. Temporary wormhole maintenance. After a normal scajead straight back to mainstream physics of black holes and
lar pulse representing a traveller, we beamed in an additional ghosflation, with new discoveries about both, particularly the
pulse to extend the life of the wormhole. Horizon locatiohs apparent critical behavior. For a general audience, perhaps

=0 are plotted for three casd#) no maintenance, which results in the message is thatalbeit theoretical science can be
a black hole;(B) with a maintenance pulse which results in an stranger than science fiction

inflationary expansion{C) with a more finely tuned maintenance
pulse, which keeps the static structure up to the end of the range. ACKNOWLEDGMENTS
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