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P
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W
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S
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S
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M
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V
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P
R
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E
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3.
A
sym
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4.
N

o
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for
travel

through

5.
T

idal
gravitational

forces
should

b
e

sm
all

for
traveler

6.
T
raveler

should
cross

it
in

a
finite

and
reasonably

sm
all

prop
er
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e

7.
M

ust
have

a
physically

reasonable
stress-energy

tensor

⇒
W

eak
E
nergy

C
ondition

is
violated

at
the

W
H

throat.

⇒
(N
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E
C

is
also

violated
in

general
cases.)
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S
hould

b
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p
erturbatively

stable

9.
S
hould

b
e

p
ossible
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assem
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1
W

h
y

W
o
rm

h
o
le

?

•
T

hey
m

ake
great

science
fiction

–
short

cuts
b
etw

een
otherw

ise
distant

regions.
M

orris
&

T
horne

1988,
S
agan

“C
ontact”

etc

•
T

hey
increase

our
understanding

of
gravity

w
hen

the
usual

energy
conditions

are
not

satisfied,
due

to
quantum

eff
ects

(C
asim

ir
eff

ect,
H

aw
king

radiation)
or

alternative
gravity

theories,
brane-w

orld
m

odels
etc.

•
T

hey
are

very
sim

ilar
to

black
holes

–b
oth

contain
(m

arginally)
trapp

ed
sur-

faces
and

can
b
e

defined
by

trapping
horizons

(T
H

).

W
orm

hole≡
H

yp
ersurface

foliated
by

m
arginally

trapp
ed

surfaces

•
B
H

and
W

H
are

interconvertible?
N

ew
duality?
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an
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W
H

are
in

tercon
vertib

le
?
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D
u
ality?)

S
.A

.
H

ayw
ard,

Int.
J.

M
od.

P
hys.

D
8

(1999)
373

•
T

hey
are

very
sim

ilar
–

b
oth

contain
(m

arginally)
trapp

ed

surfaces
and

can
b
e

defi
ned

by
trapping

horizons
(T

H
)

•
O

nly
the

causal
nature

of
the

T
H

s
diff

ers,
w

hether
T

H
s

evolve
in

plus
/

m
inus

density.

B
lack

H
ole

W
orm

hole

L
ocally

defi
ned

by

A
chronal(spatial/null)

outer
T

H

T
em

p
oral

(tim
elike)

outer
T

H
s

⇒
1-w

ay
traversable

⇒
2-w

ay
traversable

E
instein

eqs.
P
ositive

energy
density

N
egative

energy
density

norm
al

m
atter

(or
vacuum

)
“exotic”

m
atter

A
pp

earance
occur

naturally
U

nlikely
to

occur
naturally.

but
constructible

???



2
F
a
te

o
f
M

o
rris-T

h
o
rn

e
(E

llis)
w

o
rm

h
o
le

?

•
“
D

y
n
a
m

ica
l
w

o
rm

h
o
le

”
d
e
fi
n
e
d

b
y

lo
ca

l
tra

p
p
in

g
h
o
rizo

n

•
sp

h
e
rica

lly
sy

m
m

e
tric,

b
o
th

n
o
rm

a
l/

g
h
o
st

K
G

fi
e
ld

•
a
p
p
ly

d
u
a
l-n

u
ll

fo
rm

u
la

tio
n

in
o
rd

e
r

to
se

e
k

h
o
rizo

n
s

•
N

u
m

e
rica

l
sim

u
la

tio
n

2
.1

g
h
o
st/

n
o
rm

a
l
K

le
in

-G
o
rd

o
n

fi
e
ld

s

L
agrangian:

L
=
√
−

g



R16π
−

14π


12
(∇

ψ
)
2
+

V
1 (ψ

) 

︸
︷︷

︸
norm

al

+
14π


12
(∇

φ
)
2
+

V
2 (φ

) 

︸
︷︷

︸
ghost



T
he

field
equations

G
µ
ν

=
2

ψ
,µ ψ

,ν −
g

µ
ν


12
(∇

ψ
)
2
+

V
1 (ψ

) 

−
2

φ
,µ φ

,ν −
g

µ
ν


12
(∇

φ
)
2
+

V
2 (φ

) 



ψ
=

d
V

1 (ψ
)

d
ψ

,
φ

=
d
V

2 (φ
)

d
φ

.
(H

ereafter,
w
e

set
V

1 (ψ
)

=
0,V

2 (φ
)

=
0)



2
.2

d
u
a
l-n

u
ll

fo
rm

u
la

tio
n
,
sp

h
e
rica

lly
sy

m
m

e
tric

sp
a
ce

tim
e

S
A

H
ayw

ard,
C
Q

G
10

(1993)
779,

P
R
D

53
(1996)

1938,
C
Q

G
15

(1998)
3147

•
T

he
spherically

sym
m

etric
line-elem

ent:

d
s

2
=

r
2d

S
2−

2e −
fd

x
+
d
x
−
,

w
here

r
=

r(x
+
,x

−
),f

=
f
(x

+
,x

−
),···

•
T

he
E
instein

equations:

∂±
∂±

r
+

(∂±
f
)(∂±

r)
=

−
r(∂±

ψ
) 2

+
r(∂±

φ
) 2,

r∂
+
∂−

r
+

(∂
+
r)(∂−

r)
+

e −
f/2

=
0,

r
2∂

+
∂−

f
+

2(∂
+
r)(∂−

r)
+

e −
f

=
+

2r
2(∂

+
ψ

)(∂−
ψ

)−
2r

2(∂
+
φ
)(∂−

φ
),

r∂
+
∂−

φ
+

(∂
+
r)(∂−

φ
)
+

(∂−
r)(∂

+
φ
)

=
0,

r∂
+
∂−

ψ
+

(∂
+
r)(∂−

ψ
)
+

(∂−
r)(∂

+
ψ

)
=

0.

•
T
o

obtain
a

system
accurate

near	
±
,
w
e

introduce
the

conform
al

factor
Ω

=
1/r

.
W

e
also

define
first-order

variables,
the

conform
ally

rescaled
m

om
enta

expansions
ϑ
±

=
2∂±

r
=
−

2Ω
−

2∂±
Ω

(θ±
=

2r −
1∂±

r)
(1)

inaffi
nities

ν±
=

∂±
f

(2)

m
om

enta
of

φ
℘
±

=
r∂±

φ
=

Ω
−

1∂±
φ

(3)

m
om

enta
of

ψ
π
±

=
r∂±

ψ
=

Ω
−

1∂±
ψ

(4)



T
he

set
of

equations
(cont.):

∂±
ϑ
±

=
−

ν±
ϑ
±
−

2Ω
π

2±
+

2Ω
℘

2±
,

(5)

∂±
ϑ
∓

=
−

Ω
(ϑ

+
ϑ
−
/2

+
e −

f),
(6)

∂±
ν∓

=
−

Ω
2(ϑ

+
ϑ
−
/2

+
e −

f−
2π

+
π
−

+
2℘

+
℘
−
),

(7)

∂±
℘
∓

=
−

Ω
ϑ
∓
℘
±
/2,

(8)

∂±
π
∓

=
−

Ω
ϑ
∓
π
±
/2.

(9)

and
rem

em
b
er

the
identity:

∂
+
∂−

=
∂−

∂
+
:

2
.3

In
itia

l
d
a
ta

o
n

x
+

=
0,

x
−

=
0

slice
s

a
n
d

o
n

S

G
enerally,

w
e

have
to

set
:(Ω

,f
,ϑ

±
,φ

,ψ
)

on
S

:
x

+
=

x
−

=
0

(ν±
,℘

±
,π

±
)

on
Σ
±
:

x
∓

=
0,

x
±
≥

0



G
rid

S
tructure

for
N

um
erical

E
volution

xplus
xm

inus

w
orm

hole throat

S



2
.4

M
o
rris-T

h
o
rn

e
(E

llis)
w

o
rm

h
o
le

a
s

th
e

in
itia

l
d
a
ta

on
Σ

+
(x

−
=

0
surface)

on
Σ
−

(x
+

=
0

surface)

Ω
1/ √

a
2
+

z
2

1/ √
a

2
+

z
2

f
0

0

ϑ
±

±
√

2z/ √
a

2
+

z
2

∓
√

2z/ √
a

2
+

z
2

ν
+

0

ν−
0

φ
tan −

1(z/a
)

−
tan −

1(z/a
)

℘
+

+
a
/ √

2 √
a

2
+

z
2

℘
−

−
a
/ √

2 √
a

2
+

z
2

ψ
0

0

π
+

0

π
−

0

w
here

z
=

(x
+
−

x
−
)/ √

2.

W
e

put
the

p
erturbation

in
℘

+
:

δ℘
+

=
c
a

exp
(−

c
b (z−

c
c )

2)

w
here

c
a ,c

b ,c
c

are
param

eters.



2
.5

G
ra

v
ita

tio
n
a
l
m

a
ss-e

n
e
rg

y

•
L
ocalizing,

the
local

gravitational
m

ass-energy
is

given
by

the
M

isner-S
harp

energy
E

,

E
=

(1/2)r[1−
g −

1(d
r,d

r)]
=

(1/2)r
+

e
fr

(∂
+
r)(∂−

r)
=

12Ω
[1

+
12
e
f
ϑ

+
ϑ
−
]

w
hile

the
(localized

B
ondi)

conform
al

flux
vector

com
p
onents

ϕ
±

ϕ
±

=
r

2T
±
±
∂±

r
=

r
2e

2fT
∓
∓
∂±

r
=

e
2f(π

2∓
−

℘
2∓
)ϑ

±
/8π

.

•
T

hey
are

related
by

the
energy

propagation
equations

or
unified

first
law

.
∂±

E
=

4π
ϕ
±
,

E
(x

+
,x

−
)

=
a2

+
4π

∫
(x

+
,x −

)

(0,0)
(ϕ

+
d
x

+
+

ϕ
−
d
x
−
),

w
here

the
integral

is
indep

endent
of

path,
by

conservation
of

energy.

–
lim

x
+→

∞
E

is
the

B
ondi

energy

–
lim

x
+→

∞
ϕ
−

the
B
ondi

flux
for

the
right-hand

universe.

–
F
or

the
static

w
orm

hole,
the

energy
E

=
a

2/2 √
a

2
+

z
2

is
everyw

here
p
ositive,

m
axim

al

at
the

throat
and

zero
at

infinity,
z
→

±
∞

,
i.e.

the
B
ondi

energy
is

zero.

–
G

enerally,
the

B
ondi

energy-loss
prop

erty,
that

it
should

b
e

non-increasing
for

m
atter

satisfying
the

null
energy

condition,
is

reversed
for

the
ghost

field.
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itial
d
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on
n
u
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h
y
p
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rfaces
Σ

±
(x

∓
=

0,
x
±

>
0)

an
d

th
eir

in
tersection

S
.

F
igu

re
2:

C
on

vergen
ce

b
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av
iou

r
of

th
e

co
d
e

for
ex
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static

w
orm

h
ole

in
itial

d
ata.

T
h
e

lo
cation

of
th

e
trap

p
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g
h
orizon

ϑ
−

=
0

is
p
lotted

for
several

resolu
tion

s
lab

elled
b
y

th
e

n
u
m

b
er

of
grid

p
oin

ts
for

x
+

=
[0,20].

W
e

see
th

at
n
u
m

erical
tru

n
cation

error
even

tu
ally

d
estroy

s
th

e
static

con
fi
gu

ration
.
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S
tatic

w
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h
ole

con
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ob

tain
ed

w
ith

th
e

h
igh

est
resolu

tion
calcu

lation
:

(a)
ex

p
an

sion
ϑ

+
an

d
(b

)
lo

cal
grav

itation
al

m
ass-en

ergy
E

are
p
lotted

as
fu

n
ction

s
of

(x
+
,x

−
).

N
ote

th
at

th
e

en
ergy

is
p
ositive

an
d

ten
d
s

to
zero

at
in

fi
n
ity.
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rb
ed

w
orm

h
ole.

F
ig.(a)

is
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e
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w
e

su
p
p
lem

en
t

th
e

gh
ost

fi
eld

,
c
a

=
0.1,

an
d

(b
1)

an
d

(b
2)

are
w

h
ere

w
e

red
u
ce

th
e

fi
eld

,
c
a

=
−

0.1
an

d
−

0.01.
D

ash
ed

lin
es

an
d

solid
lin

es
are

ϑ
+

=
0

an
d

ϑ
−

=
0

resp
ectively.

In
all

cases,
th

e
p
u
lse

h
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th
e

w
orm

h
ole

th
roat
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A
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w
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d
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p
artial
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en
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d
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p
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