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Autoregressive Approach to Extract 
      Ring-down Gravitational Wave of Black-hole Merger

Inspiral

Merger

Ringdown

BH quasi-normal modes 
⇦  BH perturbation theory 
⇨  (M, a)  
strongest gravity we can observe 
⇨  test of gravity theories 

We propose new method, which does not use any templates.
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challenging for data analysis 
   GW data is with noise 
   signal quickly decays 
        (M=60Msun, a=0.75   ̶>   300Hz, tau = 3 ms) 

Ideal vs Reality     (Theory vs Data Analysis)
GW150914 (S/N=23.7)

h(t)

16.25 16.45
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Mock data example (0) : QNM extraction contest

1. Standard Matched-filtering method 
2. Improved Matched-filtering method 
3. Hilbert-Huang transformation method 
4. Auto-Regressive method 
5. Neural network method

modified ringdown signals from GR 
with LIGO detectorʼs noise
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Fitting data with linear func.

e.g. 
Z1 = e�(r�j!)�t

Z2 = e�(r+j!)�t

xn = Ae

�rn�t
cos(!n�t)
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can be applied also to noisy data by adjusting M 

1. Auto-Regressive model (Method, general) I
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Fitting data with linear func.

• find  aj   (Burg method) 
• find  M   (FPE final prediction error method)   
• re-construct wave signal from fitted function 
• apply FFT with arbitrary precision.

power spectrum

1. Auto-Regressive model (Method, general) II

・・・・・

・・・・・
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Auto-Regressive model vs   Short FFT

segment = 1/128 sec = 32 points

shift = 1/1024 sec = 4 points

freq.

P(f)

AR
FFT

Even for short segment,  
AR model shows precise 
power-spectrum.

[mock data, SNR=40, inspiral part]

h(t)

The order M can be fixed at 2〜8.
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Fitting data with linear func.

• find  aj   (Burg method) 
• find  M   (FPE final prediction error method)   
• re-construct wave signal from fitted function 
• apply FFT with arbitrary precision.

power spectrum

1. Auto-Regressive model (Method, general) III

characteristic eq.
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Mock data example (1) fitting well  

Mock Data (Nakano02 p)
h(t) x original data, ̶ fitted

-6

-4

-2

 0

 2

 4
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 8

 1.593 1.594 1.595 1.596 1.597 1.598 1.599  1.6  1.601 1.602

"mockN02p_segmentH.txt"
"mockN02p_segmentR.txt"

freq.
spectrogram

Fitting data with linear func.

a.1  = -2.235e+00 
a.2  =  1.869e+00 
a.3  = -5.545e-01 
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freq.
spectrogram

power spectrum

Mock Data (Nakano02 p)

Mock data example (2) spectrogram  
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Fitting data with linear func.

a.1  = -2.235e+00 
a.2  =  1.869e+00 
a.3  = -5.545e-01 

characteristic eq.

     x.r       x.i      f_R[Hz]     |x|       f_I[Hz] 
1    0.962     0.566    346.800     8.025e-01  71.721 
2    0.962    -0.566   -346.800     8.025e-01  71.721 
 3    1.447     0.000      0.000     4.775e-01  240.931 

z = exp[�2⇡if�t]
<latexit sha1_base64="qLlUL+TuUzXdGJgBPG/gNGBc+b0="></latexit><latexit sha1_base64="qLlUL+TuUzXdGJgBPG/gNGBc+b0="></latexit><latexit sha1_base64="qLlUL+TuUzXdGJgBPG/gNGBc+b0="></latexit><latexit sha1_base64="qLlUL+TuUzXdGJgBPG/gNGBc+b0="></latexit>

xn�1 = zxn
<latexit sha1_base64="N6OULxLyV4n+YDLj4gzs3pFIM1g="></latexit><latexit sha1_base64="N6OULxLyV4n+YDLj4gzs3pFIM1g="></latexit><latexit sha1_base64="N6OULxLyV4n+YDLj4gzs3pFIM1g="></latexit><latexit sha1_base64="N6OULxLyV4n+YDLj4gzs3pFIM1g="></latexit>

Mock Data (Nakano02 p)

Mock data example (3) characteristic eq. 
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characterestic eq.

     x.r       x.i      f_R[Hz]     |x|       f_I[Hz] 
1    0.962     0.566    346.800     8.025e-01  71.721 
2    0.962    -0.566   -346.800     8.025e-01  71.721 
 3    1.447     0.000      0.000     4.775e-01  240.931 

z = exp[�2⇡if�t]
<latexit sha1_base64="qLlUL+TuUzXdGJgBPG/gNGBc+b0="></latexit><latexit sha1_base64="qLlUL+TuUzXdGJgBPG/gNGBc+b0="></latexit><latexit sha1_base64="qLlUL+TuUzXdGJgBPG/gNGBc+b0="></latexit><latexit sha1_base64="qLlUL+TuUzXdGJgBPG/gNGBc+b0="></latexit>

xn�1 = zxn
<latexit sha1_base64="N6OULxLyV4n+YDLj4gzs3pFIM1g="></latexit><latexit sha1_base64="N6OULxLyV4n+YDLj4gzs3pFIM1g="></latexit><latexit sha1_base64="N6OULxLyV4n+YDLj4gzs3pFIM1g="></latexit><latexit sha1_base64="N6OULxLyV4n+YDLj4gzs3pFIM1g="></latexit>

t              f_R (z_plane)  f_I (z_plane)  f_Rh(spectr)  f_Rmax(spectr)  f_Rh(spectr)
0.159375E+01   0.363837E+03   0.280414E+02   0.340000E+03   0.363000E+03   0.384000E+03
0.159668E+01   0.344258E+03   0.166608E+02   0.331000E+03   0.344000E+03   0.357000E+03
0.159766E+01   0.346800E+03   0.717212E+02   0.240000E+03   0.329000E+03   0.382000E+03
0.161230E+01   0.357677E+03   0.122067E+03   0.213000E+03   0.338000E+03   0.431000E+03
0.161328E+01   0.361098E+03   0.948919E+02   0.261000E+03   0.350000E+03   0.422000E+03
0.161523E+01   0.379918E+03   0.772796E+02   0.304000E+03   0.373000E+03   0.432000E+03
 average & variance zfr =    0.359E+03   0.118E+02  fr(sp) =    0.350E+03   0.148E+02
 average & variance zfi =    0.684E+02   0.365E+02

Mock data example (4) identify ring-down freq. 

Mock Data (Nakano02 p)
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Application to the LIGO/Virgo data

ref. M1+M2=Mf,  
Mdiff/Mtotal

spin 
a_final

Mpc 
z SNR deg^2

GW150914 PRL116, 061102 
(2016/2/11)

36.2+29.1=62.3+3.0 
4.59% 0.68 410Mpc 

0.09 23.7 600

LVT151012 (2016/2/11) 23+13=35+1.5 
2.78% 0.66 1000Mpc 

0.20 9.7

GW151226 PRL116, 241103 
(2016/6/15)

14.2+7.5=20.8+0.9 
4.15% 0.74 440Mpc 

0.09 13.0 850

GW170104 PRL118, 221101 
(2017/6/1)

31.2+19.4=48.7+1.9 
3.75% 0.64 880Mpc 

0.18 13 1300

GW170608 ApJ 851, L35 
(2017/12/18)

12+7=18.0+1.0 
5.2% 0.69 340Mpc 

0.07 13 520

GW170814 PRL119,141101 
(2017/10/6)

30.5+25.3=53.2+2.6 
4.66% 0.70 540Mpc 

0.11 18 60

GW170817 PRL119, 161101 
(2017/10/16)

1.36～1.60 + 1.17～1.36 
= 2.74 + ? ? 40Mpc 32.4 28

List of Detected GW events
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LIGO paper

AR model

freq.

P(f)

4096 sampling rate 
100-400 Hz filter 
1 segment = 1/64 sec= 64 points 
1 shift = 1/512 sec = 8 points

max M = 3

Hanford

Ringdown wave of GW150914
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AR model

freq.

P(f)

4096 sampling rate 
100-400 Hz filter 
1 segment = 1/64 sec= 64 points 
1 shift = 1/512 sec = 8 points

max M = 3

Hanford

AR model
Hanford

16384 sampling rate 

Ringdown wave of GW150914
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AR model

4096 sampling rate 
100-400 Hz filter 
1 segment = 1/64 sec= 64 points 
1 shift = 1/512 sec = 8 points

max M = 3

AR model
Livingston

16384 sampling rate 

Livingston

Ringdown wave of GW150914
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We see QNM at 300Hz, 0.003s after the merger. 

t f real f imag

LIGO paper says

Ringdown wave of GW150914

Berti, Cardoso & Will PRD 73, 064030 (2006).
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Ringdown wave of GW150914, GW170814, GW170104
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Applied to 3 real events, for extracting ring-down part. 

Summary & Outlook

New method for extracting GW signal from x(t)

It works for short segment data (〜 30 pts), accurate freq.  
It does not require any templates for finding signals.  

(S/N=23.7) (S/N=18)But not for GW170104. (S/N=13)

By combining with other methods, we expect to test the theories of gravity  
using the ring-down part of BH merger. 

Obtained similar (M, a) with LIGO/Virgo-papers for GW150914, GW170814 

We hope template-independent wave extraction method will contribute to  
find gravitational wave from unknown sources.  


