1. Motivation

Dynamics in Gauss-Bonnet gravity?

e Action
S = fM d‘\’r“:c\/—_g[%{aﬂ% - agﬁ(;B}—f—Ematmr}
where L = R? — AR W RN + R e RIVP?
e Field equation
a1Gyy + sty + g\ = mQTW
where H,, = 2[RR,, — 2R,1u R, — 2R R jaws + R;14-57"Rya57} - %gWEGB

¢ has GR correction terms from String Theory

e has two solution branches (GR/non-GR).

¢ is expected to have singularity avoidance feature.
(but has never been demonstrated.)

e new topic in numerical relativity. e much attentions in WH community
S Golod & T Piran, PRD 85 (2012) 104015
N Deppe+, PRD 86 (2012) 104011
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Field Equations (1)
Formulation for evolution [dual null]

n-dimensional, dual-null coordinate, 2 + (n — 2) decomposition

ds® = =210 qut da™ + r2 (2t 27 )y datda? (1)
L n  dimension
Q=- Conformal factor
" k  curvature

Y+ = (n—2)0+r expansion
A cosmological constant

f lapse function
vy = Oxf inaffinity (shift) For simplicity, we define
a = (n—=3)(n—4)as, (2)
Y scalar field (normal) A = a; +2a0°Z, (3)
— 2¢e
Ty = 10+ scalar r?omentum W € .0 (4)
o scalar field (ghost) (n—2)
Pr =10+0 scalar momentum Z = k+W (5)
) = QQ(n—Z)Q(n—S) 17, ()
Field Equations (2)
matter variables
normal field ¥)(u,v) and/or ghost field ¢(u, v)
T = Tw() + Tuw(9)
1 1
= {w,uw,u — Guv (§(V¢)2 + Vl(w))} + {_(i),uqﬁ,u — Qv (—§(V¢)2 + VQ(Qb))}
this derives Klein-Gordon equations
_dn _dVy
oy = me=02
) Klein-Gordon eqs.
Scalar field variables f
o
O = - w - uPv - vPu
T = Taiq/) _ g].zaiw @ , (27"@511(, + (TL 2)7” (b + (n 2)7" ¢ )
1 = _2€f¢uu - ef522 (ﬂfpﬂL + ﬁer*)
pr = 10:9 = 5ai¢

Energy-momentum tensor

Ty = 92(73 —pi)

T _ = Q*n* —p?)

T, = —e ! (V1(¢)+V2(¢5))1

Tzz = ef(ﬂ+7r_ —p+p—) - @ (Vl(lb) - V2(¢))

Field Equations (3)
evolution equations (1)

Equations for z* direction‘

1

0,0 = ———0.0 (7)
040y = —dyvy %thH =—divy — %HZQ(“’i *Pi) (8)
D9 = 11% {—alszz%g("*:‘)z +A+ RV + V)| — %Q-% - w (22 + W] (9)

of = (10)
dyvy = no evolution eq. exists
v = “—;Z(’_’522<n2;3) {_0_11 (n—3)+n-— 4}

a1 2(n —3)
A (n—2)
O

—7¢ T02(n - 5) x Flfilg(n - f&){l;’ +2WZ + 22‘3} + j”lz(” ~ 3){# +2H'Z}4

5 —1}{A+~2<v1+v2>}

1 . . 1
+—l§22(’_ff<2(7r+7r, —pip )+ —ed {

1 4

An—2

v E B
} l( 0% (n 5) x

i‘i]"{(n Nk +2WZ LZ—’} ' Z{A\ F (V4 \;)}}

A 9 | 9
—‘(”l( ’1z~(” e {40 (0-9_) + v-9_(249.4) + (0:92)(0-V_) + vy D0 — (9-0,)*} (11)

O = Oy (12)
.6 = Qp, (13)
0,m, = no evolution eq. exists
B 11y, 1 1 dv;
8+7T_ = (m - 5) S2U+7i'_ - iﬂﬁ_ﬂq. - md—u (14)
d.p. = no evolution eq. exists
, 1 1y 1. 1 dv, .
oo = (;=g=3) Wer-— W - e (15)
Field Equations (4)
evolution equations (2)
Equations for =~ direction
, 1 i
0.0 = — 21942 (16)
o9, = (9) (17)
1 1 ., . .
9. = —d_v_ — mﬁ.zT,, =—v_v_ — flﬂlﬁz(wi —p?) (18)
o_f = v (19)
v, = (11) (20)
O_v_ = no evolution eq. exists
o = Qm_ (21)
oo = Qp_ (22)
1 1 1 1 dV;
N = ——W, 7 —— )W my — ——— :
O_my 2&21 LT+ (n — 2) QY_7y 5670 dv (23)
O_m_ = no evolution eq. exists
1 1 1N\ 1 dV,
pe = —Q0p. —-—)sw, L 21
O-p+ 9 P +(n—2 2) VP T 5000 de (24)
d_p_ = no evolution eq. exists

This constitutes the first-order dual-null form, suitable for numerical coding.

http://www.oit.ac.jp/is/~shinkai/

Outline & Summary

We numerically investigated how the dynamics depends on the dimensionality and how the higher-order curvature terms

Nonlinear Dynamics in the Einstein-Gauss-Bonnet gravity
Physical Review D96 (2017) 044009

affect to singularity formation in two models: (i) perturbed wormhole in spherically symmetric space-time, and (ii) colliding

SCa
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ar pulses in planar space-time. Our numerical code uses dual-null formulation, and we compare the dynamics in 5, 6

/-dimensional General Relativity and Gauss-Bonnet (GB) gravity.

n results suggest that GB correction works for avoiding singularity formation in their dynamics. We also

found that the existence of the trapped surface in GB gravity does not directly indicates formation of BH.

Wormhole Evolutions

For wormhole dynamics, we observe that the perturbed throat will be easily enhance in the presence of GB term.

If we inject large positive energy, then the throat turns to a blackhole, but that threshold of energy becomes larger

for larger coupling constant, alpha, and for larger dimensions.

1. Motivation

Why Wormhole?

They increase our understanding of gravity when the usual energy conditions
are not satisfied, due to quantum effects (Casimir effect, Hawking radiation)

or alternative gravity theories, brane-world models etc.

They are very similar to black holes --both contain (marginally) trapped
surfaces and can be defined by trapping horizons (TH).

Wormhole = Hypersurface foliated by marginally trapped surfac

in GR

Locally.
defined

by

Einstein
eqgs.

Appear-
ance

in GB

n-dimGR oagg =0 Torii-HS PRD 88 (2013) 064027

Wormhole evolution in n-dim.

PHYSICAL REVIEW D 88, 064027 (2013)

4-dim. TABLE I. The negative eigenvalues w?.
Black Hole n w?
4 —1.39705243371511
5 —2.98495893027790
6 —4.68662054299460
7 —6.46258414126318
—8.28975936306259
9 —10.1535530451867
10 —12.0442650147438
11 —13.9552001676647
20 —31.5751101285105
50 —91.3457759137153
100 —191.283017729717

f(t,r) = folr) + efy(r)e’,

8(t,r) = 8o(r) + £8,(r)e”,
Positive Energy
R(t, r) = Ry(r) + eR,(r)ei®,

@(t, r) = ¢o(r) + ey (e

qn—2

Higher dim -> catch instability earlier

(€R))
(32)
(3.3)

(34
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§d GR vs Gauss-Bonnet WH : instability appears

BH & WH are interconvertible?

S.A. Hayward, Int. J. Mod. Phys. D 8 (1999) 373

They are very similar -- both contain (marginally) trapped
surfaces and can be defined by trapping horizons (TH)

evolve in plus / minus density which is given locally.

Black Hole

Achronal (spatial/null)
outer TH
— 1-way traversable

Wormhole

Temporal (timelike)
outer THs
— 2-way traversable

Positive energy density
normal matter (or
vacuum)

Negative energy density

occur naturally

“exotic” matter
Unlikely to occur < )
naturally. |

but constructible??

throat turns to

throat inflates
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initial data

e Static condition

(0, +0)0=0 = Y, +9_ =0
Oy +0 )0 =0 = 7, +7_=0
(0 +0)p=0 = p+p =0

Oy +0)9, =0 }

l 20,2 2N _ l 22 2
(84_ +a_)19_ 0 e 7-9+V+ + in (7T+ p+) = ".9,1/, -+ AQ,‘{ (Tr_ p_)

A

e Solve ™ and 2~ equations with the starting condition at the throat

'l9+ - 19_(: 0)
vy =v_(=0)

1 —2 — a(n—=2)n—>5) .
—k*Q(n2 = p2)el = —q {—OQQ?Wk + A+ K2V + Vg)} + deWk’Z

If we assume only ghost field ¢, then

b p = Jﬁzlef [Oq (n— 2)2(n =3), %(A—F K2V3) + szWm}

e add perturbation

pi(zt =2 27 =0) = p.(solution) + a exp[—100(x — 0.5)]

initial data (5-dim, Gauss-Bonnet alpha) initial data (5-dim, Gauss-Bonnet alpha)
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GB terms make wormhole unstable. Final structure depends
on the signature of coupling constant, but normal GB
prefers not to form a blackhole.
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Colliding Scalar Waves

For scalar wave collisions, we observe that curvature (Kretschmann invariant) evolves milder in the presence

critical behavior

existence of trapped surface
—> not necessary to form a BH

of GB term and/or in higher-dimensional space-time, while the singularity formation is inevitable.

Colliding Scalar Waves

Colliding Scalar Waves
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