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§1 00000 — York-OMurchadha (1974)

N.OMurchadha and J.W.York,Jr., Phys. Rev. D. 10, 428 (1974)
§2 Thin-SandwichD OO — York (1999)

0 J.W.York,Jr., Phys. Rev. Lett. 82, 1350 (1999)

Let the metric in general,
d52 = (_@2 + Blﬂl>dt2 + 2ﬁzdtd$l + ’y”dxzdajj
I e L N (s Y N Ty
w Bi Yij )’ Bila? AT — B3 o
where

O{El/\/—goo, ﬁ]Egoj

The projection operator to 3-space 3,

hf,uzz = Guv + nny,

where n, = (—«,0,0,0) and n* = g"'n, = é(l, —(3") is the unit normal vector of the spacelike
hypersurface.



1 00000 — York-OMurchadha (1974)

N.OMurchadha and J.W.York,Jr., Phys. Rev. D. 10, 428 (1974)

1.1 U0

0o0o00obOoooob200000

0 1a0 The Hamiltonian constraint equation

OR 4+ (trK)* — K K7 = 2kp + 2A (1.1)

0 1b0 The momentum constraint equation

D;(K" — 4"trK) = kJ"’ (1.2)

000000X000000000 (trial) metric 4;0000000000000000 trial
metricO (1.1), (1.2)0 00000 metric v,;,00000000000000 conformal 00

solution  7;; = ¥*4;;  trial metric (1.3)

00000000 conformal factor ¢ (> 0)0 000000000 Yorkd OMurchadhaO 0 000 O
goond

1.2 conformall O

extrinsic curvature K;;0 traced 0 0 trace-free0 00000000

trK = 9K trace part

Kij = { Ajj = Kij — 57i;trK  trace-free part (1.4)

K,;00000000000000000Otraced0000000000000O0DO DO trace-freedO
00000 (shear)DODDODOOOO0OO0OO
(1.3)00000000000000000conformal 0000O0O0OOOO

v o= Yy, Y =9TiRY (1.5)
Aij — w—lOAij’ Aij — ¢_2Aij
p = wfn/% J’L — wfl(]Ji
D000« KOOOOODOOOODOOOOOOconformal 00000000

trK = trK, trA=trA=0 (1.8)



0oooooon
(1.5)00

[y = D'+ 20718 Dito + 6Dy = A" D)) (1.9)

R = ¢ *R—-8)°Ay (1.10)
000000000A=4*D,D,, R=R(%)0000000

DAY = 710D A (1.11)

gooooo
ADD0O00000¢trace-freed 000000000000000divergence-free0 00000000
ugboobobooboboobab

A= Al 4 (W)Y (1.12)
000100 transverse-traceless (TT) 0000000
D;jA2. =0 and  trAyp =0 (1.13)
00000000000(1.12)000020 (IW)%00 AD longitudinald 0 00 00
(W) = D'W7 + DIW* — %w’fﬁkw’f (1.14)
00O0oooooooO
DA = D;(IW)" = (AW)’
:(AWV+§WUZWU+WJW (1.15)

000000000 Laplacian’ ADODDODDDO0O000000000000000000000 Laplacian
A=D'D,000000000000000self-adjoint0 00 0
00000000000(1.1),(1.2)0 200000000000000000000

0 1a’0 The Hamiltonian constraint equation

8&¢zzﬁ¢——@&W@ﬂ¢_7+[§@d(f——mﬂw5—]6ﬂGﬁw&% (1.16)

0 1b’0 The momentum constraint equation

PR RPN "y 2 L A
AW + gDszW’“ + R W = §w‘D%rK + 87G.J! (1.17)




1.3 QOO
Jgooooopooooooogodg

Conformal approach (York—()Murchadha, 1974)

00000000 constraint0 00 (1.1), (1.2) 00000 (v, Ky, p, J)OODODDOO0DO
00000000000

1. 4y, trK, ATT00000 p, JOODODOO
2. conformald 000000 constraints 1000 (¢, WHOODOOO
A A oA 2
8AY = Ryp — (Aj; AV~ 7 + [g(trK)Z — 2AJY° — 167Gpy° ™ (1.16)
N BN g 2 .
AW' + ngDkW’“ + R WE = gwﬁpltrK + 87GJ" (1.17)

where 5
Al = A+ D'WI 4 DIW - g&ijf?kW’“. (1.18)

3. conformal O OO

v = ¥y, (1.19)
or i - 1,

Kij = 1/1 Q[AZ?;T + (IW)ZJ] + §w4’}/ith'K, (120)

po= vp, (1.21)

Jo= g 0p (1.22)

000000000000000Y,;, Kij, p, J/O00000

1.4 UgdQoo

e OO, wiooo0O00O000000000000000000000000000000
(1.16)0y0000D00000D00000D0D0000D0DO0O0O0D0D000D0O0O00DO0O0O
Diterativel]DDDDDDDDDDDDDDDDD(1.17)DW¢DDDD2DDDDDDDDDD
0000000100000(1.16)0 coupled 0000
O0O00000¢trK = 0 (maximal slicing condition)d D;(trK) = 0 (constant mean
Curvatureslicing)DDDDDDD1DDDDDDD(l.lﬁ)DDDDDDDDDDDDDD

e 0 00conformald 000 O O4;;00conformally flat 4,; = 6,0 0000000000000
goddooouooooooooooooooobooooooouooon

° DDDA;TZ-TDE]DDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDD
booboobgoobobooboboobobbondg



1.5 Numerical procedures

1.5.1 Solve the Hamiltonian constraint

Two Methods:

1. Solve directly non-linear equation
~ A A Ny 2 A
8AY = R — KJF Ko™ + gK2 Y° — 167G py°" (1.23)

2. Solve iteratively the linearized equation v = ¥y + 01

~

8AY = EY+Fy " +GU°+HY P+ 1y 4+ J
[E — TFy® 4+ 5Gy; — 3Hy ' — 21454

+[8F T — 4Gy + AHW,? + 21y + ] (1.24)
Boundary conditions:
e Robin BC ;
const.
p=1+
e Dirichlet BC M
¢ — 14+ total
2r



1.5.2 Solve the momentum constraint

Three Methods:

1. Solve directly non-linear equation
) 1 . ) ) ) 2 A A
(AW)" 4+ gDZDjo + R W — 3 D'K =8rG J* (1.25)

2. Bowen’s method for conformally flat case [GRG14(1982)1183]
Under the (V'K = 0) condition, (1.25) becomes

) 1_. . )
AW* + gvlijJ = 8rS".

By introducing a decomposition of W into vector and gradient terms

) ) 1_.
[ v vAT]
w 4V ,
the equations to solve are:
AV' = 8rS', (26a)
A = V,V' (26b)

If the source is of finite extent, then the the asymptotic behavior of V* and 6 are given by

o0
Vi — —2%@”1][”]1 . njl,,al—j—L‘rl’ (27&)
Nl = 1) Kjvdi,, 1
b = _;Q Mgt M 1+§ 21+1 21+3)Q T
> 9] 1
+ZmM{z]1 Ji— l}nzn]1' N, 1@ (27b)

where n' = z'r~! in the Cartesian cordinate, the multipoles Q and M are defined as

Qijr"jz = W/Si(r)x{jlxh . --le}dV,

(21 — 1!

g =
M N !

/1"2,5”(1'):1:{]‘%]‘2 . 'le}dV,

and where brackets denote the completely symmetric trace-free part

gligay — pligi-a) _ ! Zk(jl"'jl—l(;jzi)
20+ 17k



Which term is the lowest order?
More direct expressions are:

. 9 . o
Vo= —;/Sde — —xJ/SZ:UJdV ixj:ck/SZx{jxk}dV
%:L‘jxkxl / Sialzkaltqy — ... (28a)
o 21 ¢ 4 & xla) o
0 = —T/SdV—ST/S x dV—Tg/S{xﬂ}dv—.-. (28b)

Inspiral Binary of equal mass stars

For the case of inspiral binary (circular motion) of equal mass, which locate
on z-axis and the orbital rotating vector aligns to z-axis, the lowest falling-off
behavior is

Vo= —2— 5 [ STydv (29a)
ZC

V= 23 [ Svadv (29b)

s STYE

Vi = =5 = /S xryzdV (29¢)
1

h = ——@ S Styav + [ Svadv] (29d)

Head-on situation of equal mass stars

For the case of head-on two equal mass stars, which move along z-axis and
with the center of mass is at the origin, then the lowest falling-off behavior
1S

Vo= —23 s [ Sexdv (30a)

VY = —5W/Syxyzdv (30b)

Ve o= —5% [ S*ayzdv (30¢)
2l

0 = —g;/S ZFdv (30d)

The expansion, (28a) and (28b), for general situation is ready in thorn outerBC
by HS.



3. Apply Bowen’s method for general case (HS)

In general case, longitudinal part of the momentum constraints become
AW' + %vivjwj + RWI =8rJ + ngiK (= 8nSY). (31)
By introducing a decomposition of W' into vector and gradient terms
W' =V"'—nV',
(31) becomes
AV + R W + zf)vi[vjvj — 4nAf) = 8rS",
which are devided into
AV = 815" — R, (VI —nVig) (=815, (32a)
1 .
Al = @VZ'VZ. (32b)

— These equations are not decoupled, but we may apply the similar
boundary conditions of Bowen’s conformally flat case.

— If the source is of finite extent, then the solutions in the outside vac-
uum region are expressed as the same way of conformally flat case.



2 Thin SandwichO O (0000000000 OOTS)

0 J.W.York,Jr., Phys. Rev. Lett. 82, 1350 (1999)

2.1 U

e 100000 0DODOODOODOODOODO:t=0000300000metric 0 extrinsic curvaturel
000000000000 000000D00D000000000DODt=00¢t=At02000
0000000000 extrinsic curvatureD D00 O conformald 00000000 O0O0OOOO
gooooouoooooon

e TSOOUIDDOODUDOOODOUOOOUODOOD]apse 0O (Yorketal,QS)DDDDDDDD
000000 Ashtekar0 0000 0D0000O0ODOinverse densitized lapsed geometricaldl
0doooooooooooooooooooooooon

e 00DD00DO0DDODD conformall0 0000000000000 00DOO0DODOO0
000000000000 AY =4 04900000 TSO00derive0 000000000

e JIDUOOUOOUDOOUDOOLDODODLOODLOODOOLOODLDOODOOLOODLOOLOOODOODO
boomooboobooboooboboobobooonog

2.2 metric, conformal metric, weighted conformal metric
conformal0 0000030 0metricO000000000DOODODODODODO O

(a) constraintd O O O metric, g,0 0000000000

(b) conformald O O O O conformal metric ¢,;, where

000000y, =4¢';,000000

0D ¢>000000000000000g,;,0¢;00conformally equivalentd 00O

(c) weightDOODOODODOOconformall 0000 class000000000000OO0Othe weight
(—2/3) “conformal metric”

—1/3—

9ij = 971/3

Gi; =30 Gij (1)

where g = det (g;;) and g = (det gy;).
00000000000000000000g98j;=000000

770,9ij = 970,915 = §”0,9:; = 0 . (2)
OoO0000oooon
0000000000000 000D000D0OweightDO00DO000000000000
weight 0000000 §¥99,9;; =0 000000 (2) Oconformal metric g;; 000

00000000O0o0oooooto

'0000000detg 00000000



2.3 velocity tensor O 0 [

t=0t00020slicel 000 0O OO O conformal metricO O
9ij = Gij + U0t (3)

00000000000000D0D0DO000O0 (velocity tensor)

Uij = Gij (4)

000000 00w;0known valued OO0 20 weighted conformal metricD 00 0O
gijuij =0, gijgij =0 (6)

00O00g; O g,;0046t Ofirst order 00 OO determinantd 00000000000 O conformal

equivalence classd 000 30
000000000(1.9),(1.10) 0000000000

0G5 = ?w = —2NK;; + (ﬁiﬁj +D;B;) (7)

O0000000DOtraceless part0 000000000

. 1 . - -
@j—§EMf@mE?%‘:—ZNAU+TL5%' (8)
where 4;; = K;; — (1/3)Kg,,
and (LB); = DiB; + D;B3; — (2/3)g,;D" By (9)
(8) OO0
Ui; = g (10)
0000000000000
(LB3)ij = v (LB)s5, (LB)7 =~ (LB)" . (12)

QDDDDDDDDUMDDDD (10) 0000000000 ¢tracefree0 000000

Uij:gij_%gijgklgkl (5)
DDDDDDEDdethDDDDDDDDD WeightedconformalmetricDDD (6)DDDDDDD2DDDD
ooad DDEDdetgD[ll:ll:ll]DDDD(E))DDDDDDDDDDDDDDDDDDDDDDDDDDDDD
ConformalmetriCDDD|:|DDDDDDDDDEDDDDDDDDDDDDDDDDD(27)DDDDDDDD
O000000York 000O0O consistentd 000

s0000DbO0o0ooo0ooOobOOobOoooOooo

10



2.4 lapse0D00000O0Oconformaldd /0000

00000 a(t,z) > 0 0 slicing functiond 000 Olapse 0O NOODOOOODO

N =732 (13)

0000000000 a=g >N =N O inverse densitized lapsed 0 0 O 00

0000 lapse NO0OgOOOO0000dynamical ] 000 gauged 0000000000000
00000000000 freely specifierdd 00000000 000000000

a=c« (00000(13) 000 N =¢SN

ugboobobooboobobooboobobon
gbooobood

K=K

0000000000000 traceless part0 00 (8) 000

AT = 0N [ LE) — ]

= ¢ {@N) 7 [IP)Y ~ ]} = ¢4 DooD | A =y0AY

0000000000 o0moodOlapsedconformald 0000000000000 O0O

2.5 0000 constraints

DDDDDDDconformalDDDDDDDconstraintDD(matterDDDDDDDDDDDD)5

02a’0 The Hamiltonian constraint equation 000000000

80, — R(g)y + Ay ATy — [CK — 9AJ0° — 16xGipy™™" =0, (14)

02b’'0 The momentum constraint equation0 000000000

D; [2N)(LB)Y] = D;[(@N)"u] + %wﬁpiK +87GJ" (15)

Yinverse densitized lapsed 00 formulationd 000000000000 TeitelboimO 000 00 AshtekarD O O Bianchi id.0
0O 00 Choquet-BruhatO hyperbolic O O IO
(150000000 0000

D, [(2N)71] (D'Lﬂa +Daﬂi _ lgiaDkﬁk) + (2N)71 [Aﬁi T %Dkaﬁk +Rikﬁk

3
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2.6 UUOMO
gpooooooodg

Thin-Sandwich approach (York, 1999)

00000000 constraintD 00 (1.1), (1.2)00000 (g, Ky, N,B,p,J)0 000
D00D000000000O00
1. gij,ui;(= gi;), N,KODODODODO p, JIOOODODO

2. conformal 000 00O constraints 0000 (¢, 400000

&yw—R@waw%Amﬁ7-%K@QM¢V—wmyw5”:0, (14)
Djﬂmvr%Lﬁw}:1%[@A04uﬁ}+§¢907<+8wGJi (15)

where
A = (2N) 7 |(LB)7 — u"] (16)

3. conformal OO

N = ¢°N, (17)
g = (18)
9ij = ¢4gija (19)
K = w2Aij+%w4gina (20)
po= U7, (21)
Jo= gy (22)

DDDDDDDDDDDDDDD(mﬁF%NjfnjﬁmDDDDD

e momentum constraint0 00000 Onumericall 0000000000000 0O0O0O0O0O0O
O000D00OD0O0oD000D0D0D0D0D000 (York, in preparation.)

e K =const. 000000O0OOdecoupleD 000D O0ODOOOOOODO
O00000O0momentum constraint 0 00000000000 OOO

gbooboboooboboooo
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27 UOUOOOOOOOOOOOOO
0000000 metric (000)

_ _ _ -

i and Jij = Gi; + g;;01 (23)
0000000000 conformald OO metric (DDD)

gij and ggj = gi]’ =+ uijét (24)

Dooooooooo
DO00¢t=000g; =¢%,00000000000 (7)000

Oy (w4gij) = ?w = —2N (Aij + %?MK) + (bi 5+ Dsz') .

0ooO _

9ij = U [y + 9150 (4log )] = Wy + 9i;0: (4log ) (25)
where

2
9 (4logv) = 2 (D" + 6840 logv — NKY')
2, _
= %(@/9)" =7 (D" ~NK) . 26)
gooog
- _ 2— T Rk T

000%0

e We see that ¢ and gw are fully determined by the constraints and, from (26).

e the rather obvious conformal invariance of B* (= Bk) and the primitive conformal invari-
ance of K (= K) are fully consistent.

‘0000conformall 000000000 (25)(26) 000 YorkO O DO
Uij = Gij
DDDD|:|D|:|DDDDDDDDDDD(5)DDDDDDDDDD
Gi; = V" [Gij + 9i;0¢ (4log )] = T; + 7;;0¢ (41og ) (28)
where

(D" - NE) - 2 (D - NK) (29)

[SVRIR )

Ot (4logy) =

ooon

13
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3.1

0d

OoooooTSOoooood

.conformald 000000000000 OOO0OOOOOOO

e 000y, K, AI'0DD0DDDOO 6,1, 20
e TSODOg;;, K,u;;, NOOODOOODOG, 1, 5, 10

. gauge OO (lapse, shift)0 0000000

e U0 Dlapse, shift030 00000000 0ODOOOOOOO
e TSOOlapseO conformalJ 000 0000000shift00000000000O0O

. momentum constraintd 000000

e [ 00O Hamiltonian constraintd O conformal factor 0 0 O 0O 0 O O momentum con-
straint0 O A;;0 longitudinal part (0003)000000

e TSSO O Hamiltonian constraintO O conformal factor v»0 O 0 O O O 0O momentum
constraintO O shift 4°0 (0003) 000000

.obobobooboboobooboo

e 10 IIOOOOYY momentum constraintd 10030 0000120030000000+
ext. curvatureld O 0 0O O lapse, shiftd 000

e TSODOODOOIOD 130 momentum constraint0 00 030000016003000000
0 4 ext. curvature+lapse+shift0 0 0 00O

YorkDOOOGOOO

e 10000000000 OIOOOOOOOOUOHamiltoniand O
e TSOOODDODOOODODDODOOODODODDOO Lagragiand O

. TSO000000000000000DO0OO0O0oUooooo
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3.2 TSOOOOOOOOOOO
1. lapse, shiftOinitial dataD D00 0000000000000

2.¢hift0000000000lapse0 00 0000000000000 OOODODOOOODOOOO
vbobobooboobobobobooboooboooobooboooobooboobonn
000000 lapseD0 0000000000000 0000O0DODOODOOOO0OOOOOOOT
O00O0shit000000O000OO00O0O00OO0O0OO

3. 0000000000000000A;;0 conformald 00 factordlapseD0 000000000
obooobobooobooboobooon

4 0DO000OOOOO0OOOOOO0OOOOOO0OODOOO0OODOOOODOOOOODDOOOOD

5. 0000000000 DOOO0OOOTTIOOOOODOOOODDOOOODOOTSODODODODOOODOOO
gobooboobooboobooobooboooboobooboobooboobooboboobOoDbO
ubooboobgoboboobobooboboboonbg

3.3 TSOODODOODOOODOOO

1. momentum constraint0 0000000 OO0O00OO0OOOO0OOO0OOO0O

2. densitized lapse0 00000000000 OOO?Y
3. weightD OO conformal] D0 0000000000 0O0OOO

4. shift0 0 0000000000000 D000MO momentum constraintst O longitudinal partO
gooooooooooo

"MO0000000000000K =00000000000 harmonic slicing0000000000000O
000000000000 harmonic slicingd 0000000000000
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