Procedure of the Standard Numerical Relativity

m 3+1 (ADM) formulation

m Preparation of the Initial Data

Assume the background metric /

Solve the constraint equations

m [Ime Evolution

Need to solve elliptic PDEs
-- Conformal approach
-- Thin-Sandwich approach

singularity avoidance,
simplify the system,
GW extraction, ...

do time=1, time_end /

Specify the slicing conditions
Evolve the variables =<
Check the accuracy

Robust formulation ?

-- modified ADM

-- hyperbolization

-- asymptotically constrained

Extract physical quantities
end do




strategy 0 The standard approach :: Arnowitt-Deser-Misner (ADM) formulation (1962)

341 decomposition of the spacetime. shift vector, Ni

Evolve 12 variables (v;;, K;;) surface normal line| : :
Ni dt coordinate constant line

with a choice of gauge condition/ ,
A" A'
A A S(t+dt) /

lapse fuinction, N —, N dt /

5 74 >

A
/ t = constant hypersurface
Maxwell egs. ADM Einstein eq.
i — (3) 2 _ KU —
constraints d!v E = 47p R+ (trK)* — Kj; KY = 2rppg + 2/
div B =0 DjKJZ- — DZtI“K = /ﬁJJZ‘
Lo = rot B— 2T | Oy = —2NKy + DN + DN,
. ¢ ¢ | 0K;; = N(®R;; + ttKK;;) —2NKyK', — D;D;N
evolution egs. o - .
1 + (DJN )sz + (DZN )ij + N DmKij — N’}/Z]A
OB =—rot E — ke Sij + 371 (pir — t1S)}




Best formulation of the Einstein eqs. for long-term stable & accurate simulation?

Many (too many) trials and errors, not yet a definit recipe.

Blow up

error

time

Constrained / Surface
(satisfies /Einstein's constraints)




Best formulation of the Einstein eqs. for long-term stable & accurate simulation?

Many (too many) trials and errors, not yet a definit recipe.

Blow up Blow up

ADM

error

BSSN

|

time
Mathematically equivalent formulations, but differ in its stability!

strategy O:
strategy 1:
strategy 2:
strategy 3:

Arnowitt-Deser-Misner formulation

Shibata-Nakamura's (Baumgarte-Shapiro’s) modifications to the standard ADM
Apply a formulation which reveals a hyperbolicity explicitly

Formulate a system which is “asymptotically constrained” against a violation of constraints

By adding constraints in RHS, we can kill error-growing modes
= How can we understand the features systematically?




gr-qc/0209111

’ formulations | numerical applications
(0) The standard ADM formulation
ADM | 1962 Arnowitt-Deser-Misner [12, 78] | = many
(1) The BSSN formulation
BSSN 1987 Nakamura et al [62, 63, 72] = 1987 Nakamura et al [62, 63]

= 1995 Shibata-Nakamura [72]
= 2002 Shibata-Uryu [73] etc
1999 Baumgarte-Shapiro [15] = 1999 Baumgarte-Shapiro [15]
= 2000 Alcubierre et al [5, 7]
= 2001 Alcubierre et al [6] etc
1999 Alcubierre et al [8]
1999 Frittelli-Reula [41]

2002 Laguna-Shoemaker [54] = 2002 Laguna-Shoemaker [54]
(2) The hyperbolic formulations
BM 1989 Bona-Massé [17, 18, 19] = 1995 Bona et al [19, 20, 21]
= 1997 Alcubierre, Massé [2, 4]
1997 Bona et al [20] = 2002 Bardeen-Buchman [16]
1999 Arbona et al [11]
CB-Y 1995 Choquet-Bruhat and York [31] | = 1997 Scheel et al [69]
1995 Abrahams et al [1] = 1998 Scheel et al [70]
1999 Anderson-York [10] = 2002 Bardeen-Buchman [16]
FR 1996 Frittelli-Reula [40] = 2000 Hern [43]
1996 Stewart [79]
KST 2001 Kidder-Scheel-Teukolsky [51] = 2001 Kidder-Scheel-Teukolsky [51]

= 2002 Calabrese et al [26]
= 2002 Lindblom-Scheel [57]
2002 Sarbach-Tiglio [68]

CFE 1981 Friedrich[35] = 1998 Frauendiener [34]
= 1999 Hiibner [45]
tetrad 1995 vanPutten-Eardley[84] = 1997 vanPutten [85]
Ashtekar 1986 Ashtekar [13] = 2000 Shinkai-Yoneda [75]
1997 Iriondo et al [47]
1999 Yoneda-Shinkai [90, 91] = 2000 Shinkai-Yoneda [75, 92]
(3) Asymptotically constrained formulations
A-system  to FR 1999 Brodbeck et al [23] = 2001 Siebel-Hiibner [77]
to Ashtekar | 1999 Shinkai-Yoneda [74] = 2001 Yoneda-Shinkai [92]
adjusted to ADM 1987 Detweiler [32] = 2001 Yoneda-Shinkai [93]
to ADM 2001 Shinkai-Yoneda [93, 76] = 2002 Mexico NR Workshop [58]
to BSSN 2002 Yoneda-Shinkai [94] = 2002 Mexico NR Workshop [58]

= 2002 Yo-Baumgarte-Shapiro [88]
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strategy 1 Shibata-Nakamura's (Baumgarte-Shapiro’s) modifications to the standard ADM

— define new variables (gb,%ijl”fz) instead of the ADM's (;;,K;;) where
Yij = 6_4¢%’j7 zzlz'j = 6_4¢(Kij — (1/3)i; K), [ = féﬂjk,
use momentum constraint in ["-eq., and impose det¥;; = 1 during the evolutions.
— The set of evolution equations become
(0, Lo = —(1/6)ak,
(00— Lp)7yy = —2aAy,
0y — Lo)K = aAj ;A7 4+ (1/3)aK? — 47 (V;V;a),
(0 — Ls)Ay = —e(V;V,a)"F + 6_4¢QR§?) — e a(1/3)7;R® + a(K Ay; — 2A4. A%))
O = —2(0;0)AY — (4/3)a(0; K)7" + 120 A7 (9;0) — 20A (0;7'F) — 2al™); A1 4"
=0, (B* 07" — A0k = A (Ou) + (2/3)77(015Y))

Ry = OIf — o}, + Tk, — T = Ry + Ry,
Rj; = =2D:iD;¢ — 2§;;D' Dig + 4(D;6)(D;0) — 45;;(D'o) (D)
Rij = —(1/2)3" 0mii; + Gra0nL" + DT + 26" T3 L jyem + glmIy, Drgj
— No explicit explanations why this formulation works better.
AEI group (2000): the replacement by momentum constraint is essential.




strategy 2 Apply a formulation which reveals a hyperbolicity explicitly.

For a first order partial differential equations on a vector w,

uy uy uy
at Uz | = A a;g U9 + B U9
characteristic part lower order part

i i A 4 )

if the eigenvalues of A are Weakly hyp.
weakly hyperbolic all real.

Strongly hyp.

strongly hyperbolic  all real and 3 a complete set of eigenvalues. [ metric hyp]
symmetric hyperbolic if A is real and symmetric (Hermitian). N )

Expectations
— Wellposed behaviour
symmetric hyperbolic system = WELL-POSED , ||u(t)| < e"|[u(0)]|

— Better boundary treatments <= d characteristic field.

— known numerical techniques in Newtonian hydrodynamics.



strategy 2 Apply a formulation which reveals a hyperbolicity explicitly. (cont.)

symmetric hyperbolic C strongly hyperbolic C weakly hyperbolic systems,

e Are they actually helpful? — if so, which level of hyperbolicity is necessary?
e Under what conditions/situations the advantages will be observed?

Unfortunately, we do not have conclusive answers to them yet.

e Several numerical experiments indicate that the direction is NOT a full of success.

— Earlier numerical comparisons reported the advantages of hyperbolic formulations, but
they were against to the standard ADM formulation. [Cornell-Illinois, NCSA, ...]

— Numerical evolutions are always terminated with blow-ups.

— If the gauge functions are evolved with hyperbolic equations, then their finite propagation
speeds may cause a pathological shock formations [Alcubierre].

— No drastic numerical differences between three hyperbolic levels [HS Yoneda, Hern|.
— Proposed symmetric hyperbolic systems were not always the best one for numerics.

Of course, these statements only casted on a particular formulation, therefore we have to be
careful not to over-announce the results.
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Kidder-Scheel-Teukolsky hyperbolic formulation (Anderson-York + Frittelli-Reula)
Phys. Rev. D. 64 (2001) 064017

e Construct a First-order form using variables (K;;, ¢;;, dii;) where dj;; = 0kg;
Constraints are (H, M, Ci;j, Criij) where Ciij = diij — Orgij, and Cryij = Opdpi;

e Densitize the lapse, @ = log(Ng~7)
e Adjust equations with constraints
Oogij = —2NK;;
OKij = () +7NgiH + CNgabCa(ij)b
Oodri; = (--+) + N gpM;y + xNgijMy,
e Re-deining the variables (P}, gi;, M )
P = Kij+ zgi; K,
Myij = (1/2)[kdyi; + edjy + gij(ady + bby) + gra(cdy) + dbyy)],  dy, = 9y, b, = 9" dai
The redefinition parameters

— do not change the eigenvalues of evolution egs.
— do not effect on the principal part of the constraint evolution egs.
— do affect the eigenvectors of evolution system.

— do affect nonlinear terms of evolution egs/constraint evolution egs.



strategy 2 Apply a formulation which reveals a hyperbolicity explicitly. (cont.)

e Remarks to hyperbolic formulations

(a) Rigorous mathematical proofs of well-posedness of PDE are mostly for a simple sym-
metric or strongly hyperbolic systems. If the matrix components or coefficients depend
dynamical variables (like in any versions of hyperbolized Einstein equations), almost
nothing was proved in its general situations.

(b) The statement of “stability” in the discussion of well-posedness means the bounded
growth of the norm, and does not mean a decay of the norm in time evolution.

(c) The discussion of hyperbolicity only uses the characteristic part of the evolution
equations, and ignore the rest.

cf. Recent discussions
e KST formulation with “kinematic” parameters which enables us to reduce non-principal part.
e links to IBVP approach.

e relations between convergence behavior and levels of hyperbolicity.
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strategy 3 Formulate a system which is “asymptotically constrained” against a violation of constraints

“Asymptotically Constrained System”— Constraint Surface as an Attractor

Constrained / Surface
(satisfies /Einstein's constraints)

Blow up

error

— Stabilize?

>

time

method 1: A-system (Brodbeck et al, 2000)

— Add aritificial force to reduce the violation of con-
straints

— To be guaranteed if we apply the idea to a sym-
metric hyperbolic system.

method 2: Adjusted system (Yoneda HS, 2000, 2001)

— We can control the violation of constraints by ad-
justing constraints to EoM.

— Eigenvalue analysis of constraint propagation
equations may prodict the violation of error.

— This idea is applicable even if the system is not
symmetric hyperbolic. =

for the ADM/BSSN formulation, too!!




ldea of \-system
Brodbeck, Frittelli, Hiibner and Reula, JMP40(99)909

We expect a system that is robust for controlling the violation of constraints

Recipe
1. Prepare a symmetric hyperbolic evolution system ou = Jou+ K

2. Introduce A as an indicator of violation of constraint 9\ = aC — 3\

which obeys dissipative eqgs. of motion (a#0,8>0)
: : u A 0 U
3. Take a set of (u, \) as dynamical variables 7] ()\) ~ (F O) 0; ()\)
4. Modify evolution egs so as to form P (u) B (A F) 9 (u)
a symmetric hyperbolic system “\N)\F 0) 7\

Remarks

e BFHR used a sym. hyp. formulation by Frittelli-Reula [PRL76(96)4667]
e The version for the Ashtekar formulation by HS-Yoneda [PRD60(99)101502]

for controlling the constraints or reality conditions or both.
e Succeeded in evolution of GW in planar spacetime using Ashtekar vars. [CQG18(2001)441]
e Do the recovered solutions represent true evolution? by Siebel-Hiibner [PRD64(2001)024021]



ldea of “Adjusted system” and Our Conjecture
CQG18 (2001) 441, PRD 63 (2001) 120419, CQG 19 (2002) 1027

General Procedure
1. prepare a set of evolution egs. ou® = f(u®, dpu, - - -)

2. add constraints in RHS Brut = f(ul, s, ) +F(C", 9,0, - )

3. choose appropriate F(C*, 0,C%, )
to make the system stable evolution

How to specify F'(C*, 0,C",---) ?
4. prepare constraint propagation egs. 0,C* = g(C*, 9,C", - - )

5. and its adjusted version 0,C = g(C*, 0,C°, - - ) +G(C*,0,C°, -+ )

6. Fourier transform and evaluate eigenvalues 8,C% = A(C?) C*

———

Conjecture: Evaluate eigenvalues of (Fourier-transformed) constraint propagation egs.
If their (1) real part is non-positive, or (2) imaginary part is non-zero, then the system is more stable.




The Adjusted system (essentials):

Purpose: Control the violation of constraints by reformulating the system so as to have a
constrained surface an attractor.

Procedure: Add a particular combination of constraints to the evolution equations, and adjust
its multipliers.

Theoretical support: Eigenvalue analysis of the constraint propagation equations.
Advantages: Available even if the base system is not a symmetric hyperbolic.

Advantages: Keep the number of the variable same with the original system.

Conjecture on Constraint Amplification Factors (CAFs):

(A) If CAF has a negative real-part (the constraints are forced to be diminished), then we see more
stable evolution than a system which has positive CAF.

(B) If CAF has a non-zero imaginary-part (the constraints are propagating away), then we see more
stable evolution than a system which has zero CAF.




Example: the Maxwell equations

Yoneda HS, CQG 18 (2001) 441

Maxwell evolution equations.

&gEi = ceijkﬁjBk -+ PZ CE -+ Qz CB7 sym. hyp <~ PZ — Qz j Rz — Sz =0,
0,B; = —ce/*0.Ep+ R Cp+ S: Cp. strongly hyp < (P —S;)° +4R,Q; > 0,
oo~ 0. Oy op mp, WK YD & (P S+ ARQ >0

Constraint propagation equations
0,Cgp = (82P‘)CE + P&(a@CE) + (82Q&>CB + Qi(aiCB%
@CB = (6’LRZ>CE -+ RZ(&CE) + (@SZ)CB + 57(8103),
sym. hyp & Qi=R,
strongly hyp < (P — S;)? + 4R;Q; > 0,
weakly hyp < (P, —S;)* +4R:Q; >0
CAFs?
5 (OE) _ (@-Pé + Pk 0,Q +Q%) 9 (CE) N (P%ki Q?kz-) (CE> .7 (OE)
Cg O;R'+ R'k; 0;S"+ S'k; Cg R'k;, S'k; Cp ' Cg
= CAFs = (P'k; + S'k; £ \/(P'k; + S'k;)2 + A(Qk; Rik; — P'k;Sik;))/2

Therefore CAFs become negative-real when

Pk + Sk <0, and  QkREk;— PkS'k; <0



Example: the Ashtekar equations
HS Yoneda, CQG 17 (2000) 4799

Adjusted dynamical equations:

OE, = —iDj(" NEE)) + 2D;(NVE}) + iAje, B +-XiCu +YiCury + P'Ca
adjust
OA! = —ie™ NEJF: + N'F% + DAL + ANE! +QICy + R{Cor; + Z{"Ce
adjust

Adjusted and linearized:
X=Y=2=0, P =ri(iN6}), QF = k(e >NE?), RY; = ry(—ie 2Ne*yELEI)

Fourier transform and extract Oth order of the characteristic matrix:

Cu 0 i(142k3)k; 0 ( Ch
@ C]\/[z = 2(1 — 2/4;2)]% /i3€kj2']€k 0 CMj
CGa 0 2/%352 0 CGb

Eigenvalues:

(0, 0,0, g —ka? — ky? — k22, £/(—1 + 2k0)(1 + 2r3) (ka? + ky® + kz2))
In order to obtain non-positive real eigenvalues:

(—1 + 2/432)(1 + 2/433) <0



A Classification of Constraint Propagations

(C1) Asymptotically constrained :

Violation of constraints decays (converges to zero).

(C2) Asymptotically bounded :

Violation of constraints is bounded at a certain value.

(C3) Diverge :
At least one constraint will diverge.

Note that (C1) C (C2).

-~

(C1)
Decay

ch) Bounded

(C3)

Diverge

~

/

error

Diverge

Constrained,
\ or Decay
»

time




A Classification of Constraint Propagations (cont.)
gr-qc/0209106

(C1) Asymptotically constrained :
Violation of constraints decays (converges to zero).

< All the real parts of CAFs are negative.

(C2) Asymptotically bounded :
Violation of constraints is bounded at a certain value.

=

(a) All the real parts of CAFs are not positive, and

bl) the CP matrix M“; is diagonalizable, or
p
(b2) the real part of the degenerated CAFs is not zero.

(C3) Diverge :
At least one constraint will diverge.



A flowchart to classify the fate of constraint propagation.

Q1: Isthere a CAF which real part is positive?
NO / YES » Diverge

v

Q2: Are all the real parts of CAFs negative?
NO / YES

v

Q3: Is the constraint propagation matrix diagonalizable?

Asymptotically
Constrained

NO / YES » Asymptotically
* Bounded
Q4: Is areal part of the degenerated CAFs is zero?
YES /' NO > Asymptotically
* Bounded
Q5: Is the associated Jordan matrix diagonal?
NO / YES » Asymptotically
* Bounded

Diverge



Reformulating the Einstein eqs for Stable Numerical Simulations
— Formulation Problem in Numerical Relativity —

Hisaaki Shinkai

1. Introduction
(0) Arnowitt-Deser-Misner

2. Three approaches
(1) Baumgarte-Shapiro-Shibata-Nakamura formulation
(2) Hyperbolic formulations
(3) Attractor systems — “Adjusted Systems”

3. Adjusted ADM systems
Flat background
Schwarzschild background
+ Numerical Examples

4. Adjusted BSSN systems
Flat background
+ Numerical Examples

5. Summary and Future Issues



3 Adjusted ADM systems

We adjust the standard ADM system using constraints as:

Oy = —2aKi;+ ViB; + Vb, (1)
+PyH A+ Q"M+ p* i (ViH) + ¢35 (ViMy), (2)
0K, = aRY +aKKy — 20K K", — VVa+ (Vi3 Ky + (V85 K + 85V, K5 (3)
+RiiH + Skij./\/lk + Tkij(ka) + Sklij(vk/\/lz), (4)

with constraint equations
H = R® 4+ K? - K;; K", (5)
M; = V,K’; — VK. (6)

We can write the adjusted constraint propagation equations as

O/H = (original terms) + H{""[(2)] + H;m“&[@)] + HY™0:0,](2)] + HZ‘"[(KL)], (7)
Oy M,; = (original terms) + M;;""[(2)] + Ma/""0;[(2)] + M3,""[(4)] + My?™"0;[(4)]. (8)



Original ADM | The original construction by ADM uses the pair of (h;;, 7).

- 1
L = /—gR=VhN[®R - K+ K;;K"], where K;; = S Enhi
3 or 3 3
then 77 = — = \/E(K” — Kh"),
8hi]~
The Hamiltonian density gives us constraints and evolution egs.

H = why— L =Vh{NH(h,7) — 2N;M(h,7) + 2D;(h""*N;z")}
oM N

1
- OH. | 1N 1 N 1
Ol = — — —hN (S)Rw—*(g)Rh” A XY - mn 2 _ 9 (pin nj_i ij
s Shi VhN( 5 )+2\/ﬁ (TmnT 27r) \/E(ﬂ' T ST )
+VhD'DIN — hiD™D,,N) + vVhD,,(h"Y2N"7'i) — 27 D, NJ)

Standard ADM (by York) NRists refer ADM as the one by York with a pair of (h;;, K;;).

(9th@~j = —QNKU + DJNZ + DZ'NJ',
0,Kij = N( PR+ KK;j) —2NKyK'; — D;D;N + (D;N™) Ky + (D;N™)Kp; + N™ Dy, K

In the process of converting, H was used, i.e. the standard ADM has already adjusted.




3 Constraint propagation of ADM systems

3.1 Original ADM vs Standard ADM
0 the standard ADM
—1/4 the original ADM
e The constraint propagation eqs keep the first-order form (cf Frittelli, PRD55(97)5992):
H Ik —2ay/! H
% (M) B (—(1/2)04(% + R -8R Ol ) % (M) ' )
The eigenvalues of the characteristic matrix:
A= (8,68, 8"+ Ja2ll(1 + 4ky))

symmetric hyperbolic when k; = 3/2

The hyperbolicity of (5): { strongly hyperbolic ~ when o~ (1 + 4k;) > 0

Try the adjustment R;; = kjay;; and other multiplier zero, where k; = {

weakly hyperbolic when o~ (1 4+ 4k1) > 0

e On the Minkowskii background metric, the linear order terms of the Fourier-transformed
constraint propagation equations gives the eigenvalues

AL = (0,0, £y —E2(1 + 4ky)).

(two Os, two pure imaginary) for the standard ADM BETTER STABILITY
(four 0s) for the original ADM

That is, {



4 Constraint propagations in spherically symmetric spacetime

4.1 The procedure

The discussion becomes clear if we expand the constraint C,, := (H, M;)" using vector harmonics.

C =3 (A"™(t,r)aim(8, ) + B" by + C"" iy + D" di ) (1)
where we choose the basis of the vector harmonics as
Yim 0 0 0
S 0 — Yim S r 0 g r 0
Im 0 » Vlm 0 » Llm l(l n 1) a@}ﬁm y Wim l(l n 1) _ﬁﬁgp}/lm
O O agp}/}m Sin e a@%m

The basis are normalized so that they satisfy
(Cn Gy = [ de [T CEC, 1" sin 06,
where 1" is Minkowskii metric and the asterisk denotes the complex conjugate. Therefore
Alm = (a%, C,), A" = (a%, 0,C,), etc.

We also express these evolution equations using the Fourier expansion on the radial coordinate,

Alm = > Al (8) ™ ete. (2)
So that we will be able to obtain the RHS of the evolution equations for (/All(?,?) (t), -, ﬁ%(t))T

in a homogeneous form.



4.2 Constraint propagations in Schwarzschild spacetime

1.

the standard Schwarzschild coordinate
2M dr?
ds* = —(1 — T)dt2 + W +r2d?, (the standard expression)
. the isotropic coordinate, which is given by, 7 = (1 + M/27;5,)*7;s0:

1 — M/2r, _ _ _
ds® = —(1 - M?2:¢so>2dt2 + (1 + QTzso)4[dT§SO + 2 dO?), (the isotropic expression)
the ingoing Eddington-Finkelstein (iEF) coordinate, by ¢;pp =t + 2M log(r — 2M) :

2M 4M 2M
ds* = —(1 — “)dt?pp + ——dtippdr + (1 + ——)dr* 4+ r*dQ? (the iEF expression)
r r r
. the Painlevé-Gullstrand (PG) coordinates,
2 M 2M
ds® = — (1 — —) dt5e + 2, ~——dtpg dr + dr* + r*dQ* (the PG expression)
r r

which is given by tpg =t + V8Mr — 2M log{ (\/r/2M + 1)/(r/2M — 1)}



Example 1: standard ADM vs original ADM (in Schwarzschild coordinate)

a) (b)
no adjustments (standard ADM)
1 T

—~

original ADM (KFZ - 1/4)
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Figure 1: Amplification factors (AFs, eigenvalues of homogenized constraint propagation equations) are shown for the standard
Schwarzschild coordinate, with (a) no adjustments, i.e., standard ADM, (b) original ADM (kr = —1/4). The solid lines and
the dotted lines with circles are real parts and imaginary parts, respectively. They are four lines each, but actually the two

eigenvalues are zero for all cases. Plotting range is 2 < r < 20 using Schwarzschild radial coordinate. We set £k = 1,1 = 2, and
m = 2 throughout the article.

Orvij = —2ak;+ Vb + V0,
0K; = aR? +aKK;j — 20K K", — V,V,a+ (V8" Ky + (V8" K + 8V K + kpav H,



Example 2: Detweiler-type adjusted (in Schwarzschild coord.)
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Figure 2: Amplification factors of the standard Schwarzschild coordinate, with Detweiler type adjustments. Multipliers used in
the plot are (b) k;, = +1/2, and (c¢) Kk, = —1/2.

Oyyij = (original terms) + P,;’H.
0, K;; = (original terms) + R;;/H + Skz‘,jMIg - s"’lijw,f/\/u),
where P,; = —rkpa’y;;, Rij= ko’ (K — (1/3)K7;),
S*ij = kLa’3(0u)df) — (Bra)yy™], 8™y = ka0 — (1/3)7iM],



Example 3: standard ADM (in isotropic/iEF coord.)
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Figure 3: Comparison of amplification factors between different coordinate expressions for the standard ADM formulation (i.e.
no adjustments). Fig. (a) is for the isotropic coordinate (1), and the plotting range is 1/2 < ry,. Fig. (b) is for the iEF
coordinate (1) and we plot lines on the ¢ = 0 slice for each expression. The solid four lines and the dotted four lines with circles
are real parts and imaginary parts, respectively.



Example 4: Detweiler-type adjusted (in iEF /PG coord.)
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Figure 4: Similar comparison for Detweiler adjustments. xk;, = +1/2 for all plots.



Table 3. List of adjustments we tested in the Schwarzschild spacetime. The column of adjustments are nonzero multipliers in terms of (13) and (14). The column ‘Ist?” and “TRS’ are
the same as in table 1. The effects to amplification factors (when k > 0) are commented for each coordinate system and for real/imaginary parts of AFs, respectively. The ‘N/A’ means
that there is no effect due to the coordinate properties; ‘not apparent’ means the adjustment does not change the AFs effectively according to our conjecture; ‘enl./red./min.” means
enlarge/reduce/minimize, and ‘Pos./Neg.’ means positive/negative, respectively. These judgements are made at the » ~ O (10M) region on their r = O slice.

Noin Schwarzschild/isotropic coordinates iEF/PG coordinates
No table 1 Adjustment Ist?  TRS  Real Imaginary Real Imaginary
0 0 - no adjustments yes - - - - -
P-1 2-P P;j —krady; i no no makes 2 Neg. not apparent  makes 2 Neg. not apparent
pP-2 3 P;j —KLQYij no no makes 2 Neg. not apparent  makes 2 Neg. not apparent
P-3 - Pij P, = —kor Py = —ka no no slightly enl.Neg. not apparent  slightly enl.Neg. not apparent
P-4 - Pij —KYij no no makes 2 Neg. not apparent ~ makes 2 Neg. not apparent
P-5 - Pij —KVyr no no red. Pos./enl.Neg. not apparent  red.Pos./enl.Neg. not apparent
Q-1 - Q",-j K()lﬂk)/ij no no N/A N/A Kk ~ 1.35 min. vals.  not apparent
Q-2 - ok; i Q' =xk no yes red. abs vals. not apparent  red. abs vals. not apparent
Q-3 - Qk,-j Q"ij = «kyijor Q" = kay;j no yes red. abs vals. not apparent  enl.Neg. enl. vals.
Q-4 - ok, i Q" vy = KVyr no yes red. abs vals. not apparent  red. abs vals. not apparent
R-1 1 Rij KFaYij yes yes kp = —1/4 min. abs vals. kp = —1/4 min. vals.
R-2 4 Rij Ry = —kpaor Ry = —ky, yes no not apparent not apparent  red.Pos./enl.Neg. enl. vals.
R-3 - Rij R,y = —KYpr yes no enl. vals. not apparent  red.Pos./enl.Neg. enl. vals.
S-1 2-S sk, 1 KLOZZ[3(3(,'O[)5§) — ()i jy“ ] yes no not apparent not apparent  not apparent not apparent
S-2 - sk; 1 way® @y, i) yes no makes 2 Neg. not apparent  makes 2 Neg. not apparent
p-1 - pk,-j plij = —Kkay;j no no red. Pos. red. vals. red. Pos. enl. vals.
p-2 - pk,-j P =Kka no no red. Pos. red. vals. red.Pos/enl.Neg. enl. vals.
p-3 - p"ij P = KAy, no no makes 2 Neg. enl. vals. red. Pos. vals. red. vals.
q-1 - q"l,-J q"i; = Kkay;; no no K = 1/2 min. vals.  red. vals. not apparent enl. vals.
q-2 - g~ i 4" ==Ky, no yes red. abs vals. not apparent  not apparent not apparent
-1 - rk; i r'i; = Kkayij no yes not apparent not apparent  not apparent enl. vals.
r-2 - r"ij ' = —ka no yes red. abs vals. enl. vals. red. abs vals. enl. vals.
r-3 - rk,-j e = =KoYy no yes red. abs vals. enl. vals. red. abs vals. enl. vals.
s-1 2-s sk’,-j KLoz3[(Sé‘i8§.) — (1/3)yij yk no no makes 4 Neg. not apparent  makes 4 Neg. not apparent
s-2 - skl i s = —Kkayij no no makes 2 Neg. red. vals. makes 2 Neg. red. vals.
s-3 - s"'[,-j S = —KA Yy no no makes 2 Neg. red. vals. makes 2 Neg. red. vals.
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3.2.2 Numerical demonstration

Simplified Detweiler's adjustments

Detweiler's adjustments on Minkowskii spacetime

on Minkowskii spacetime
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Figure 1: We confirmed numerically, using Minkowskii perturbation, that Detweiler’s system presents better accuracy than the
standard ADM, but only form small positive L.



Comparisons of Adjusted ADM systems (Teukolsky wave)

3-dim, harmonic slice, periodic BC HS original Cactus/GR code
100
1=
= 10'1 | i
E Original ADM
C
8 1072 I
S
e Standard ADM
2 193] ]
= '.\l
% o Adjusted ADM (SimpDet)
-4 iV ia
"'5 10 B Ly O vy N
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-
107 |
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time

Figure 1: Violation of Hamiltonian constraints versus time: Adjusted ADM systems applied for Teukolsky wave initial data evolution
with harmonic slicing, and with periodic boundary condition. Cactus/GR/evolveADMeq code was used. Grid = 243, Az = (.25, iterative

Crank-Nicholson method.



HS original GR code (2002/0ctober)
Use the Cactus-code base structure (ht t p: / / cact uscode. or g)
-- parallelize, parameter control, 1/0, PUGH, elliptic solvers, ...

-- original module for all GR part (initial data/ADMevolution)
Cact us/ arrangenent s/ GR/

PC cluster with 4 (2002/September)
Pentium 4, 2.53GHz, 2GB each, 80 GHD each, gigabit ether

-- about 1.2 x 106 yen for total parts
-- TurboLinux 7, Intel Fortran compiler, MPICH, ... al free
-- possible up to 120"3 grid full GR simulation

Grant-in-Aid for Scientific Research Fund of JSPS, N0.14740179 (2002-2005)



“Einstein equations” are time-reversal invariant. So ...

Why all negative amplification factors (AFs) are available?

Explanation by the time-reversal invariance (TRI)

e the adjustment of the system I,

adjust term to @Kij = K1y
S ()

~—

preserves TRI. ... so the AFs remain zero (unchange).

e the adjustment by (a part of) Detweiler

adjust term to ?L%j =—L a1

—~~ -
(=) () (+) (1) (+)
violates TRI. ... so the AFs can become negative.

Therefore

We can break the time-reversal invariant feature of the “ADM equations”.




Reformulating the Einstein eqs for Stable Numerical Simulations
— Formulation Problem in Numerical Relativity —

Hisaaki Shinkai

1. Introduction
(0) Arnowitt-Deser-Misner

2. Three approaches
(1) Baumgarte-Shapiro-Shibata-Nakamura formulation
(2) Hyperbolic formulations
(3) Attractor systems — “Adjusted Systems”

3. Adjusted ADM systems
Flat background
Schwarzschild background
+ Numerical Examples

4. Adjusted BSSN systems
Flat background
+ Numerical Examples

5. Summary and Future Issues



strategy 1 Shibata-Nakamura's (Baumgarte-Shapiro’s) modifications to the standard ADM

— define new variables (gb,%ijl”fz) instead of the ADM's (;;,K;;) where
Yij = 6_4¢%’j7 zzlz'j = 6_4¢(Kij — (1/3)i; K), [ = féﬂjk,
use momentum constraint in ["-eq., and impose det¥;; = 1 during the evolutions.
— The set of evolution equations become
(0, Lo = —(1/6)ak,
(00— Lp)7yy = —2aAy,
0y — Lo)K = aAj ;A7 4+ (1/3)aK? — 47 (V;V;a),
(0 — Ls)Ay = —e(V;V,a)"F + 6_4¢QR§?) — e a(1/3)7;R® + a(K Ay; — 2A4. A%))
O = —2(0;0)AY — (4/3)a(0; K)7" + 120 A7 (9;0) — 20A (0;7'F) — 2al™); A1 4"
=0, (B* 07" — A0k = A (Ou) + (2/3)77(015Y))

Ry = OIf — o}, + Tk, — T = Ry + Ry,
Rj; = =2D:iD;¢ — 2§;;D' Dig + 4(D;6)(D;0) — 45;;(D'o) (D)
Rij = —(1/2)3" 0mii; + Gra0nL" + DT + 26" T3 L jyem + glmIy, Drgj
— No explicit explanations why this formulation works better.
AEI group (2000): the replacement by momentum constraint is essential.




Constraints in BSSN system
The normal Hamiltonian and momentum constraints

HBSSN
BSSN ADM
MPBSSN . pgADM

Additionally, we regard the following three as the constraints:

G = I' =3y,
A = A7,
S = 51,

s

Adjustments in evolution equations

_ RBSSN+K2 . KZijy

0fp = d'p+(1/6)aA — (1/12)771(9;8)5,
0% = 0% — (2/3)eq; A+ (1/3)7(0rS)8 35,
OPK = 0f'K — (2/3)aKA — oH"""" 4 ae (D;G),

0f Ay = 8 Ay + (1/3)ay K — (2/3)ady) A+ ((1/2)ae ¥ (937,) — (1/6)ae 5,5 1 (0,5))G"

+ae” 9,:(0)G") — (1/3)ae™3,(01G")

A~ I/~
co 1 O
 —

(9)

OFT" = 0T = ((2/3)(9;0)3" + (2/3)a(0/3") + (1/3)a7"771(0;S) — 407" (9;¢)) A — (2/3)a7(9;4)

12079 M, — (1/2)(O8)35 7 (038) + (1/6)(0:8Y797 (@4kS) + (1/3)(Bu")77 7 (0;8)
H(5/6)8"5257(948)(9,S) + 1/~ (077)(9,S) + (1/3)8"57(0,57) (43

(10)




A Full

aBS

set of BSSN constraint propagation eqs.

HBS All A12 A13 A14 A15 HBS
M, —(1/3)(ia) + (1/6)8;, oK Ay 0 Ass M,
G | = 0 ay? 0 Asy Ass G’
S 0 0 0 B%5S)  —2a7 S
A 0 0 0 0 aK + 3%0, A

= +(2/3)aK + (2/3)aA + B0,

= —46_4“°a(8k50)'~ykj - 26_4"0(61601)’3/]%

= —20e Y A¥,0), — ae Y (0;A)AM — e (9;0) A — e ¥ BR0,0; — (1/2)e % 3%471(0,8) 0
+(1/6)e™*571(0;8")(0S) — (2/3)e™*(0uB")0;

= 2ae 3715 lk(al<p)Aak+(1/2)ae 3719, A)7 lk8k+(1/2) A1 0,)3 " ADy + (1/2)e 371 3m3%0,.0,0,

o8y e 5n S50+ 405 (0,900 + (12 BB
+(3/4)e 4‘”_35’ FH(0:8)(9;8)0h — (3/4)e™ 772 B'(0:57°)(9;8)h + (1/3)e™ 771534 (9;8") 0,04
—(5/12)e” 57230 8) (0:8)0; + (1/3)e™ 71 (Or7V)(9;5°)0; — (1/6)e %7 o T (OkOB")Orm

= (4/9)aKA — (8/9)aK? + (4/3)ae™*(0:0;0)77 + (8/3)ae™*?(Op) (OF™) + ce™#(0;577%) 0,
+8ae 3% (0,0)0), + ae**37%0,0), 4 8¢ (1) (Orp) A 4 e (0,0) (kF*) + 2¢7 (1) 7 O
+e” 4“””’“(81(%04)

= ae 3 (04) (0ymi) — (1/2)ae” ¥ THAM (9;7ms)

(1/2)046 5 (D405 mi) + (1/2)ae” 5 72(8:8)(9;8) — (1/4)ae™ ?(0Am) (0;7™) + ae™ 5" (94)7i0m
+ae™%(9;0)0; — (1/2)ae T 0AM3,,0,, + ae™1%5 mkfzﬂﬁ + (1/2)ae**3%5,,0,.0,
+(1/2)e™ 5™ (05im) (Opar) + (1/2)e™9(0;0) 05 + (1/2)e™ 5™ 353 (0 ) O

= —A%(0pa) + (1/9)(0;0) K + (4/9)a(9;K) 4 (1/9)a K d; — e AF ;0

(1/2)ﬂk F208)0k — (1/2)(08)F* 3 0k + (1/3)(08)F*F Ok — (1/2) 83" (O1Fmn) 75" O

+(1/2) %5571 0,04
= —(Op)y™ +4047 *(Op) — a7 0k




BSSN Constraint propagation analysis in flat spacetime

e The set of the constraint propagation equations, d;(H?°Y, M;,G', A, S)T ?

e For the flat background metric g,,, = 1), the first order perturbation equations of (6)-(10):

oy = —(1/6)VK + (1/6)r, VA
0%y = —2VAi; — (2/3)r:6,{ A
MK = —(ajaj(lb) T /{Klaj(lbj — oAU BSSN

oA, = IR

i

DSSNYTE Dy Djo) ™" + /fAlcsk(i(aj)(le) — (1/3)k 420:5(0,G")

O = —(4/3) (VK — (2/3)kr, (OHHA) + 2k, OM,

We express the adjustements as

Radj = (/igm Ry, KK1, KK2, KA1, KA2, Ry /4;1:2).

e Constraint propagation equations at the first order in the flat spacetime:

at(l)}_(BSSN _
oM, =

oG =
8t<1>8 —
823(1).»4 -

(k5 — (2/3)kpy — (4/3)k, + 2) ;0 A + 2(kpy — 1)(91M;),
(—(2/3)kr1 + (1/2) ka1 — (1/3)k a2 + (1/2)) 0,016
+(1/2)k210;0,°G" + ((2/3)kxc2 — (1/2)) OFIHEIN,
26y M + (—(2/3)kpy — (1/3)55) (011 A),

—2/@(%4,

(ka1 — liAz)(aj(lgj)-

—_
O

A~~~ I/~
—_ =
= W

—_ — — Y ~—

(16)



Effect of adjustments

No. Constraints (number of components) diag? | Constr. Amp. Factors
H(1) M;3) G @3) A1) S in Minkowskii background
0. standard ADM use use - - - yes | (0,0,S,)
1.  BSSN no adjustment | use use use use use yes |(0,0,0,0,0,0,0,S, <)
2. the BSSN uset-adj use+adj use+adj usetadj use+adj| no |(0,0,0,3,9,8,3,S,9)
3.  no S adjustment use+adj use+adj use+adj use+ad] use no | no difference in flat background
4.  no A adjustment use+adj use+adj use4ad] use use+adj || no |[(0,0,0,9,3, 9,3, 3, 8)
5. no G’ adjustment uset+adj uset+adj use  usetadj usetadj| no |(0,0,0,0, 0 O 0 J)
6. no M, adjustment use+adj use usetadj use+adj use+adj| no |(0,0,0,0,0,0,0, 3%) Growing modes
7.  no H adjustment use  use+adj usetadj usetadj use+adj| no |(0,0,0,3,3,5, 3, S, D)
8. ignoreG', A, S use+adj use+ad] - - - no |(0,0,0,0)
9. ignore G', A use+adj use+adj use+ad] - - ves | (0,9,9,9,9,9,9)
10. ignore G’ use+adj use+tadj - usetadj use+adj|| no | (0,0,0,0,0,0)
11. ignore A use+adj use+adj use+ad] - usetadj | yes |(0,0,%,%,9, S, 9)
12. ignore S uset+adj use+adj usetadj use+adj - yes | (0,0,93,3,9, 5,3, Q)




New Proposals :: Improved (adjusted) BSSN systems

TRS breaking adjustments

In order to break time reversal symmetry (TRS) of the evolution egs, to adjust 5’tgb,8ﬁij,8tl~“i using

S,G", or to adjust 9; K, 0;A;; using A.

O =
OYij
K =

@Aij =
ol =

atBS¢ + lﬁ(/)HOéHBS + liqsg&bkgk + Kgs1aS + liqgggozbjbjs

- (9?5%]' + ’%H@:YszBS + /ﬁ/gloﬂ%jf)kzgk + liﬁxgﬂ%(z‘[}j)gk + Hl:/5104%j8 + mggozf)if)jé’
OP K + kg mad™(DjMy) + ke jy0A + e oD DA

8tBSfll~j —- /fAMlofyij(Dk/\/lk) + HJAMQOK([)(Z'MJ’)) - /fAAloz%jfl + KAAQQZNDiDjfl

8tBSﬁ + /ﬁ;fHozf)iHBS + /ﬁ;fglozgi - /fmaf)jf)jgi — ngga[)"[)jgj — KfSaDiHBS

or in the flat background

a;élDJ(l)gb .

ADJ(1
0; ij

azélDJ(l)]( _

(9;4DJ(1MZ’]‘
gADIOY

—l—/{@H(l)HBS -+ Ii@gak(lbk + /i@gl(llg + %528]-8]-(129

+/€:/H5ij(1>7‘fBS + /ﬁlﬁxgl&jak(lgk + (1/2)/<;5/g2(6?j(15i + 8Z<1C]) + 55/51(52']'(1)8 + /43:/5282'8]'(1)5
—|—/€[(Maj(1)./\/lj + /ijU(l)A + HKAQf)jaj(lM

+/€AM15U8;€<1)/\/1;{ + (1/2)/£AM2(8¢Mj + (9]./\/1@) + ’%A/U(SUA + /@A@@@A
+/<;fH6¢<1>7-(BS + lifgl(lgi + /{fgﬁjaj(l?i + /ffgg@-aj(lbj + Iifga@'(l)s



Constraint Amplification Factors with each adjustment

adjustment CAFs diag? effect of the adjustment

ohdp  KenaH (0,0, v/ —k2(%3), 8k k?) no | ke < 0 makes 1 Neg.
09  keg aDLG" (0,0, £/ —k?(*2), long expressions) yes | kyg < 0 makes 2 Neg. 1 Pos.
O¥ij ksp oM (0,0, £v/—Kk2(x3), (3/2)kspk?) yes | ksp < 0 makes 1 Neg. Case (B)
Oii  Kygi a%jDka (0,0, £+ —k?(*2), long expressions) yes | kygi > 0 makes 1 Neg.

s o | (00, (/4R R & K21+ K26/ 16)(2), N
OYi;  Kyg2 vk DjG long expressions) yes | kyga < 0 makes 6 Neg. 1 Pos. Case (E1)
8{%]' K381 Od’N}iij‘? (O, 0, :|:\/ —k’z(*g), 3/‘6@51) no R3S1 < 0 makes 1 Neg
0@2-]- K582 CEDZ'D]'S (0, 0, £v —k’z(*g), —HiSQkQ) no K382 > 0 makes 1 Neg

s 0,0,0, £v/—k2(x2)

oK k(D (0,0,0, ’ < 0 makes 2 Neg.

; N Krm R ( N]Mk) (1/3)srenh? + (1/3)\/k2(—9 TRRL) no | Kgm makes 2 Neg
DA Karm aFij(DFMy) | (0,0, v/ —k2(%3), =k ap1k?) yes | kami1 > 0 makes 1 Neg.

i - s (0,0, —k2kapia/4 £ \JK2(—1 + K2k ap2/16)(+2) |

01 Aij Kamez (D Mjy) long expressions) yes | Kam2 > 0 makes 7 Neg Case (D)
OtAij  Kaa i A (0,0, £v —k?(%3), 3Kk 441) yes | ka41 < 0 makes 1 Neg.
OtAij KaasaD;D;A (0,0, v/ —k2(x3), —k 442k?) yes | k442 > 0 makes 1 Neg.
oI Ky aD'H (0,0, £V —k2(%3), —k 4.42k?) no | Kpy > 0 makes 1 Neg.
O Kpgy oG’ (0,0, (1/2)”rg1 J—k2 + mfgl( 2) , long.) yes | kpg; < 0 makes 6 Neg. 1 Pos. Case (E2)
oI Kgo aD’D;G (0,0, =(1/2)kpgy £/ —K* + meQ( 2) , long.) | yes | Kpgy > 0 makes 2 Neg. 1 Pos.
O KpgyaD'D;GI (0,0, =(1/2)Kpgs £/—k* + /{fgg(*Q) , long.) | yes | Kpgy > 0 makes 2 Neg. 1 Pos.

gr-qc/0204002 (PRD in print)



Comparisons of Adjusted BSSN systems (linear wave)
Mexico NR 2002 Workshop participants

Tl ; . : : : s
e b SidGD ———
r acie_bade | jRade=0r 0] ——
I i _fricin § DGR 0] ——
I geb b sBade=d 0 ——
| .l 30 P m e sl (il —.—
g F |
]
0w |
£
|
o.04 [ 4 8
|
]
ool =I
|
{

Figure 2: Violation of Hamiltonian constraints versus time: Adjusted BSSN systems applied for Teukolsky wave initial data evolution
with harmonic slicing, and with periodic boundary condition. Cactus/AEIThorns/BSSN code was used. Grid = 243, Az = (.25, iterative

Crank-Nicholson method. Courtesy of N. Dorband and D. Pollney (AEI).
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Summary

Towards a stable and accurate formulation for numerical relativity

e Several reports say numerical stabilities depend on the formulations to apply,
although they are mathematically equivalent.

e status = chaotic, many trials and errors

We tried to understand the background in an unified way.

e Our proposal = “Evaluate eigenvalues of constraint propagation eqns”

We give satisfactory conditions for stable evolutions.
Fourier transformation allows to discuss lower-order terms.

e Our Observation = “Stability will change by adding constraints in RHS”
We named “Adjusted System”.
Numerically confirmed in the Maxwell system and Ashtekar system.

e Our Observation 2= The idea works even for the ADM formulation
We explain the effective parameter range of Detweiler’s system (1987).
We proposed variety of adjustments. Several numerical confirmations.

® Our Observation 3= The idea works also for the BSSN formulation
We explain why adjusting momentum constraints improves the stability.
We proposed variety of adjustments. Several numerical confirmations.

Evaluation of CAFs may be an alternative guideline to hyperbolization of the system.




Next Steps?

e Generalize the procedure to construct adjusted systems

— dynamical and automatical determination of « under a suitable principle.
— target to control each constraint violation by adjusting multipliers.

— clarify the reasons of non-linear violation in current test evolutions.

e More on hyperbolic formulations

— effects of non-principal part?, clarify the reasons of advantages of kinematic
parameters (in KST) mixed-form variables, and/or densitized lapse?

— links to the initial-boundary value problem (IBVP).

e Alternative new ideas?

— control theories, optimization methods (convex functional theories), math-
ematical programming methods, or ....

e Numerical comparisons of formulations, links to other systems, ...
— “Comparisons of Formulations of Einstein’s equations for Numerical Rel-
ativity” (Mexico NR workshop, 2002) in progress

— with MHD people, mini-symposium at The 5th International Congress on
Industrial and Applied Mathematics (Sydney, July 2003).





