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Abstract.

We investigate a finite analogue of the Mordell-Tornheim multiple zeta values
(the finite Mordell- Tornheim multiple zeta values). These values can be expressed
by a linear combination of finite multiple zeta values, and its rules are described

by the shuffle product. Using this expression, we give a certain relation among
finite multiple zeta values.



1. Multiple zeta values and Mordell-Tornheim multiple zeta values

Definition (Multiple Zeta Values)

1
Clhu k)= > ——%

m>>m,>0 M1 = Mr

for ky, ..., k. € Z>0 with ky > 2.

The case r = 2 was studied by Euler, and general cases have been studied by
many authors from the 1990s.

The following types of sums were first studied by Tornheim(1950) and
Mordell(1958).

Definition (Mordell-Tornheim multiple zeta values)

1
MMk keiken) = Y —

ml ...mf’(m1+...+mr)kr+1-

for kiy..., kr+1 € Z~yp.




2. Finite Mordell-Tornheim multiple zeta values

Definition (Finite multiple zeta values, introduced by Kaneko-Zagier)
Let A:=T],Z/pZ | €D, Z/pL where p runs over all primes. Then

CA(klv"‘vkl’)::< Z kllk’) S

p>mi>--->m >0

for ki, ..., k. € Z~g.

| A\

Proposition 1

For ki, ..., k., k € Z~g, the following identities hold:
Q Ca(k,...,k)=0.
9 C.A(kl, sy kr) = (71)k1+m+k’g«4(kn ceey kl)

Q Culki, ko) = (—1)k (klzkz)% where B, is the n-th Bernoulli number.

Qo Z Calks(r) - - -+ ko(r)) = 0 where &, is the symmetric group of degree r.
ceS,




The following theorem was proved by Saito-Wakabayashi (2015).

Theorem 2 (Sum formula)
Forl<i<r<k-—1, we have

k Zk . Calke, ... k) = ((—1)"1 ((i‘:f) +(—1)’(’: })) B’;{"‘)p.

ki>2, k> (1)

Definition (Finite Mordell-Tornheim multiple zeta values)

T (ke kei keg)

- > - 1 cA

kr k,
msmy >0 ml ceemy (m1++mr) +1
my+--+m,<p

for ki,..., kr+1 S Zzo.

It is clear that (7 (k1,0; k3) = Ca(ks, k1)



3. Main results

Let $ := Q(x, y) be the non-commutative polynomial ring over Q in two
indeterminates x and y. The shuffle product 1 on $ is a Q-bilinear map
H X H — $H satisfying

wiil = lmw = w,

(uywy)m(uawn) = wp(witn(waws)) + wa( (v wa )mws)
for w,w; € § and u; = x or y (i = 1,2). We denote x*~1y by z, for k > 1, and
define the Q-linear map Z4 : $ — A satisfying

Zu(z 2k, -+ 2x,) = Calki, ka, - . ., k). For example, Zs(x2yxy) = Za(z322)
=(a(3,2).

Theorem 3 (Main Theorem)

For ki,...,kr € Z~o and | € Z>q, we have

T (ke ke ) = Za(X! (zigmm - - - 1z, ). (1)




The right-hand side of (1) can be expressed by a linear combination of finite
multiple zeta values, hence the finite Mordell-Tornheim multiple zeta values can
be expressed by a linear combination of finite multiple zeta values.

RENEILS

Main Theorem is proved by using the partial fraction decomposition, and this
method can be applied for the classical Mordell-Tornheim multiple zeta values. In
fact, we can prove the identity

M (ky, .. ke ) = Z(X! (zigm - - - iz, ),

where Z : ) — R is the Q-linear map satisfying Z(zx, - - - zx,) = ((k1, - - -, kr).

We note
T (koo kei 1) = (DR HEMT (L by ks k).

This is obtained by changing the variables as my — p— m; —--- — m, in the
summation. Hence we obtain the following identity.



Corollary 4

For ki, ..., k, € Z~gq, we have
Zu(X(ziqm - - mzy,)) = (~1)H Zy(x" (zmzigm - - - mzg,)) (1> 1),

Zp(zpm - - -mizy, ) = (—1)kle(zk1(zk2m- --mzg,)).

These identities give linear relations among finite multiple zeta values.

4. Examples t

—
For (ki,.... k) = (ki,..., ke—t, 1,...,1) (ke—¢ > 2), we define uy,, 4 =t + 1.
For example, u»3 =1, u31 =2 and vy 1,1 = 4. Then the following identity holds.

Proposition 5

For m,l,r € Z~o, we have

0" > gk Call+ Lk k)

kit -k =m+r

ki>

=17 > g kCalmt+ Lk, k).




We give some relations derived from the above proposition.

Example

When | =3, m =1 and r = 2, we obtain

C.A(4, 1, 2) + 2C.A(4a 2) 1)
=Ca(2,1,4) +Ca(2,2,3) +Ca(2,3,2) + 2¢a(2,4,1).

With the help of Prop. 1, we have
4<A(47 17 2) = C.A(27 2, 3)
Similarly, when / =1, m =2 and r = 3, we have

204(3,1,2,1) +3Ca(3,2,1,1) +2Ca(2,1,3,1)
+3¢a(2,3,1,1) +2¢4(2,2,2,1) = 0.
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